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It is known that the robustness properties of estimators depend on the choice of a metric in the space of distributions. We introduce
a version of Hampel’s qualitative robustness that takes into account the /n-asymptotic normality of estimators in R¥, and examine
such robustness of two standard location estimators in R¥. For this purpose, we use certain combination of the Kantorovich and
Zolotarev metrics rather than the usual Prokhorov type metric. This choice of the metric is explained by an intention to expose a
(theoretical) situation where the robustness properties of sample mean and L, -sample median are in reverse to the usual ones. Using
the mentioned probability metrics we show the qualitative robustness of the sample multivariate mean and prove the inequality
which provides a quantitative measure of robustness. On the other hand, we show that L, -sample median could not be “qualitatively
robust” with respect to the same distance between the distributions.

1. Introduction

The following Hampel’s definition (originally given for the
one-dimensional case) of qualitative robustness [1, 2] deals
with 7r-balls in the space of distributions rather than with
standard “contamination neighborhoods” (see for the latter,
e.g., [3,4]).

The sequence Q,, n > 1, of estimators is qualitatively
robust at the distribution & if for every e > 0 there exists
8 > 0 such that 7(&#, &) < 8 entails

Slillm(Q” (Xl,...,Xn),Qn(Xl,...,Xn)) <e. (1)

Here, and throughout, 7w denotes the Prokhorov metric,
and X, X,,...; X;,X,,..., are iid. random vectors dis-
tributed, respectively, as Z and Z.

For a metric ¢ on the space of distributions and random
vectors X, Y we will write p(X,Y) (as in (1)) having in mind
the y-distance between the distributions of X and Y.

By all means, the use of the Prokhorov metric is only an
option. For instance, in [5] other probability metrics in the

definition of qualitative robustness were used. (See also [6-
9] for using different probability metrics or pseudo-metrics
related to the estimation of robustness).

Asnoted in [1,2] in R', sample means are not qualitatively
robust at any &, while sample medians are qualitatively
robust at any Z having a unique median. (See also [10] for
lack of qualitative robustness of sample means in certain
Banach spaces).

Moreover, in [11] it was shown that for symmetric dis-
tributions the median is, in certain sense, the “most robust”
estimator of a center location when using the pseudo-metric
corresponding to neighborhoods of contamination type. (See
more with this respect in [8]).

At the same time, it is known from the literature that
under different circumstances, in particular, using distinct
probability metrics (as, e.g., in (1) or in other definitions) the
robustness properties of estimators can change considerably
(see, for instance, the discussion in [12]).

The first aim of the present paper is to consider a modified
version of Hampel’s definition of qualitative robustness taking
into account the +/n-asymptotic normality of the sequence of



estimators. The formal definition is given in the next section
but, basically, we replace (1) with the following condition:

sup vl (Q, (Xy,...,X,),Q, (X,

n>1

,)~(n) + y) <& (2)

where y is some constant, and [ is a probability metric
(different from the Prokhorov metric in our case).

The second goal of the paper is to present an example of
two probability metrics [ and y (on the space of distributions

in R¥) for which the following holds:

(i) whenQ, = T,, n > 1, are multivariate sample means,
the left-hand side of inequality (2) (with some y) is

bounded by const -u(Z, Z);

(ii) when Q, = M,,, n > 1, are sample medians, we give
an example of symmetric smooth distributions & and
Zy» & > 0,in R, such that u(#, Z,) — 0asa — 0,
while there is a positive constant r such that the left-
hand side of inequality (2) (with y = 0) is greater than
r for all sufficiently small « > 0. Therefore, sample
medians are not qualitative robust (in our sense) with
respect to these metrics.

The metrics/ and p are the following (the complete definitions
are given in Section 2). [ is the Kantorovich metric (see, e.g.,
[13]) and p is certain combination of I and of the Zolotarev
metric of order 2 (see [14]).

We should stress that this choice is not determined by
any advantages for statistical applications. Moreover, the
closeness of distributions in the Kantorovich metric implies
the closeness in the Prokhorov metric, but also reduces the
probability of “large-valued outliers” (but not the rounding
errors). Therefore, our selection of metric is not quite con-
sistent with the standard approach to qualitative robustness
where the Prokhorov metric (or its invariant versions) is used.

Nevertheless, our choice allows to unveil the possible
unusual robustness properties of sample means and medians
and to assess the certain quantitative robustness of the
multivariate sample mean (with respect to the considered
metrics!). The obtained “robustness inequality” does not
work in the “gross error model” but (jointly with inequalities
(23)) it could be useful for quantitative assessment of the
robustness of sample means, under perturbation of data of
“rounding” type.

2. Basic Definitions

Let (H,| - |) be a separable Hilbert space with the norm | -
| generated by an inner product (:,-), and let %B(H) be the
Borel g-algebra of subsets of H. Letalso X; X;,...,X,,,...and
X;X,,..., X, ... betwo sequences of i.i.d. random vectors in
H with their respective distributions denoted by & and Z.
Under the assumption
E|X|<oco, E |§E| < 00, 3)
the means EX and EX are defined as the corresponding
Bochner integrals.
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The definition of the median of X is less standard (consult,
e.g., [15] for different definitions in H = RF). We will use
the definition of median given in general setting in [16]
(sometimes called L, -median):

M :=arg min E (| X — x| - |x]), (4)
x€H

M :=arg minE (|X — x| — |x]).
g min E (|X - | - |x) )

In [16] it was shown that M exists, and it is unique unless
& is concentrated on a one-dimensional subspace of H. In
the last case the set of minimizers in (4) is {tx, : ¢ € [a,b]}
for some x, € H, and one can set M := ((a + b)/2)x,.

In what follows we denote (n = 1,2,...):

S, =X+ +X,

. (6)

T,=-", T,:=-" (sample means).
n n

S, =X+ +X,

On the other hand, let (n = 1,2,...),

M,=M,(X,,....X,), M,=M,(X,,....X,) )

be sample medians defined by (4) and (5) replacing < and
Z by the corresponding empirical distributions #,, and Z,,
(obtained from X,,..., X, and X, ..., X,, resp.). Robustness
(in terms of e-contamination neighborhoods) and asymptotic
normality of M,, n > 1, were proved, for instance, in [17]
(see also [18]). The qualitative robustness properties of sample
means {T,} and sample medians {M,} when the Prokhorov
metric is used were discussed in Introduction.

Let us first see what happens with qualitative robustness
of {T,} and {M,} if in the above definition we replace 7 with
the Kantorovich metric:

1(x.X)=1(2.2) = sup |E¢ (X) - E¢(X)]. (g)

where

Lip:= {¢: H+— R:¢ is bounded and
()= ¢ ()| < [x - yl5 xy e H}.

Under condition (3) I(X, X) < oo, and it is well known
(see, e.g., [13]) that [(Y,,Y) — 0O if and only if 7(Y,,Y) — 0
and E|Y,| — E[Y]|.

For H = R,

)

1(X,X) = fo |y (x) - Fy ()] dx. (10)

Now, applying the regularity properties of I (see, e.g.,
(13]):

S, S, ¢ =\ _ Z
(%)< nm)-i@2). o

we see that the sequence of sample means {T,,,n > 1} is
“qualitatively robust” using / instead of the Prokhorov metric.
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It seems straightforward (using the approach similar to
one given in [10, 19] and results in [16]) to show that the
sequence of sample medians {M,,,n > 1} is also “qualitatively
robust” with respect to I. However, this is out of the scope of
this paper.

3. [-u—+/n-Robustness and Main Results

Now and in what follows we suppose that H = R¥ with the
Euclidean norm [-|. The results presented in this section are an
extension to the multidimensional case of the similar findings
for H = R, published in the hardly accessible proceedings
[20]. Moreover, we improve the results of [20] even in the one-
dimensional case.

In order to simplify calculations in the proof of Theorem 5
below we will use in the definitions of Kantorovich’s and
Zolotarev’s metrics (see below) the following norm |[|x|| :=
Zle |x;| in the space R,

Thus, in what follows the Kantorovich metric [ is defined
by relationships (8), (9), where in (9) in place of the norm | - |
the norm || - || is used.

Let p be some fixed simple probability metric on the set
of all probability distributions on (R, B(RF)).

We will consider a sequence Q,, n > 1, of estimators
of some parameter @ € R* of the distribution & (@ of the
distribution Z, resp.).

Definition 1. We say that a sequence Q,, n > 1,is (I — u -
/n)-robust at & if there is some fixed vector y = p(Z, D) e
R* such that for every e > 0 there exists 8 > 0 such that
u(<Z, P) < b entails

sup/nl (Qn (Xy,...,.X,),Q, (XD""Xn) +y) <e. (12)

n>1

Remark 2. Taking into account that [(aX + b,aY + b) =

al(X,Y),a > 0,b € RF, we see that (12) can be related
with the +/n-asymptotic normality of estimators Q,, n > 1.
The “scaling parameter” y (in (12)) is necessary to ensure
the equality of means of the corresponding limit normal

distributions (when they exist). Only in case EX = EX in
(12)y=0.

Zolotarev’s probability metric of order 2 {, is defined as
follows (see, e.g., [14, 21]):

6(0X) =4 (2. 7) = sup (600 - B4 (D).
where
2, = {¢:R*— R : D¢ (x) - D¢ (y)] < |x - y|:
X,y € Rk} )
and D¢ = (D, ¢, ..., D, ¢) is the gradient of ¢.

Remark 3. The distance {,(X, X) can take infinite value.
Particularly, from (13), (14) we see that {,(X, X) = oo if

EX # EX. On the other hand, if there exist second moments,
EX = EX and EX* < 00, EX* < 00, then {,(X,X) < oo
(see, e.g., [14]). The function ¢(x) := (1/2)|x)* € D, in (14).
Therefore, by (13),

|EX2 - EX’Z| < (X.X). (15)

Thus, if EX* < oo and {,(X,X) < co then EX* < oo.
Consequently, if EX = EX and E|X|* < 0o, then LX,X) <
oo if and only if EIX|* < oo.

We now define the metric y to work with:
X, X) = 2(X,X), inf§, (X, X+b);. (16
p(%.X) = max 21 (X.X). inf &, (X X +0)} . 09)

3.1. (I-u—+/n)-Robustness of Sample Means. To prove the
inequality in Theorem 5 below we need to impose the
following restriction on the distribution Z.

Assumption 4. (i) E|X |2 < oo, and the covariance matrix
M of X is positive definite.

The distribution £ of X has a density f such that for some
s> 1:

(ii) the density f, of Sy :== X, + --- + X is bounded and
differentiable;

(iii) the gradient Df, is bounded and |Df| belongs to

L, (Rk);
(iv) for some o« > 0

«[I I |Dfs|dx:O(n_1/2), as n — oo. 17)
x|>an

Note that in view of Remark 3 under the condition (i)
u(X, X) < oo if and only if

E[X[ < o, (18)
(see (15)).
Theorem 5. Under Assumption 4 and supposing (18) it holds

supVnl (Tn,Tn + y) <cu (3, :@) , (19)
nz1

wherey = EX — EX,

c= max{(lOs— 1)1/2,5.4dk}, (20)
d = sup max|[D;g, [y, ) < 00 1)

and g,, is the density of (1/\n)(X; +---+ X,)), n > L.

Remark 6. (i) The constant c in (20), (21) is entirely deter-
mined by the distribution & of X. For various particular
densities of X the constant d in (21) can be bounded by
means of computer calculations. For this one can use the fact
(true under wide conditions) that the sequence D;g,, n > s,
converges in [ ;-norm to the corresponding partial derivative



of the limit normal density with covariance matrix .# (and
zero mean since || D; g,,| I[Ll (r¥) is invariant under translations).

For example, let k = 2 and X = (X', X", where X' and
X" are independent random variables; X' has the gamma
density with « = 2.1 and arbitrary A’ > 0, while X" has the
gamma density with & = 3 and arbitrary A”. Simple computer
calculations show that in (21) d < max{0.70651",0.54141"'},
and since we can take s = 1, we obtain in (20) that

¢ < max {3, 10.8 max {0.7065/\',0.5414/\"}}. (22)

For instance, ¢ < 7.6302 for A’ = A" = 1. (For these values of
A, A" we can take s = 3 in (20) and obtain ¢ < 6.3829.)

(ii) Since under the above assumption u(Z, P) < ©
entails (18), inequality (19) ensures (I — yu — +/n)-robustness
of the sequence of sample means T,, n > 1.

(iii) For k = 1, in [20] an example is given showing that
in general the sequence of sample means T,, n > 1 is not
(I — 1 — \/n)-robust (even if (18) holds and EX = EX). It is
also almost evident that the sample means T, n > 1, are not
(I = u — +/n)-robust, for example, if y is the total variation
metric V (or, if y = max(l, V). The appearance of Zolotarev’s
metric on the right-hand side of (19) is related to closeness of
corresponding limit normal distributions.

Corollary 7. Suppose for a moment that 0 = 0 and that one
evaluates the quality of estimators by mean of absolute errors:
S, == E||T, - 0|, 8, := E||T, - 6||. Then from (19) it follows
that

5,—96

n n

< n_l/zconsty (5?, §), n>1. (23)

(The simple proof is similar to the one given in [20]).

3.2. About (I-p—~/n)-Robustness of Sample Medians. Let
again y be the metric defined in (16). We show that the
sequence of sample medians M,, n > 1, in general, is not
(I- p— \/n)-robust even when X and X have strictly positive,
bounded, smooth densities symmetric with respect to the
origin, and the sequences of sample medians M,,, n > 1, Mn,
n > 1, are y/n-asymptotically normal. We consider a modified
version of the corresponding example from [20].

Example 8. Let H = R, X ~ N(0,1), and for € € (0,1) let X,
be a random variable with the density:

—x?/2
R e R, 24
c(e) e + x? ) ¢ x 24

2
fx (%)= L (€+ *

where c(e) is a normalizing constant. By symmetry of the
density, we get

M=M=EX=EX=0, (25)
and also it is clear that fy, fx € C*(R), and

sup fy(e (x) < oo. (26)

€€(0,1), xeR
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First of all let us show that for this example the left-hand
side of (12) is infinite for any y#0. It is well known (see,
eg., [16]) that M, — M = 0,M, - M = 0asn — oo
with probability 1. Also, from the results of [16] we can obtain
that [M, | < (2/n) ZL |X;]. Using this inequality it is easy to
show that the sequence |M,|, n > 1, is uniformly integrable.
Therefore, E|M,,| — 0 (and also EIM,,I — 0)asn — 00, and
for this I(M,, M,, + y) — 1(0,y) = y.

Let now y = 0 in (12). By the well-known asymptotic
normality (see [22, page 307]),

7 (VnM,,n) — 0,

1803 ) =N (05)

e N<°’ 2th (0)) -¥(052).

From (27) and (28) it follows that there is r > 0 such
that for all small enough € and all large enough n we get

n(\/nM,, \/nM,)) > r. Consequently, for all such € and 7,

n(VaM,.n) —0,  (27)

where

(28)

Vnl (M, M,) =1(</nM,, VnM,) > 1* > 0, (29)

since [ > 71° (see [13, page 86]).

We have obtained that the left-hand side of (12) is positive
for all small enough € > 0. On the other hand, u(X, X,) — 0
as € — 0. It follows from the inequality

Lo <s [ Rl@-flde 6o

(valued when EX = EY; see [21, page 376]) and from (10).

Remark 9. The densities as in (24) represent the fol-
lowing somewhat strange type of “contamination” Since
max, fx(x) = fx(0) sample points from fyx tend to con-
centrate around the origin. But fz (0) — 0 as e — 0, and
therefore sample points from f5 frequently in some extent
are separated from 0.

A natural question is “how to choose the metric i to
ensure (I — fi — +/n)-robustness of the sequence of sample
medians M, n > 12”7 Our conjecture is (for k = 1, e.g.)
to try a(X,X) = max{l(X, X),esssup, gl fx(x) = fx(0)l}
(supposing the existence of densities).

If M = M then under certain conditions the closeness
in @ guarantees the closeness of normal densities which are
limiting for {vnM,, n > 1} and for {\/ﬁﬂn, n > 1},
respectively. To attempt proving (I — fi — y/n)-robustness of
M,,n > 1 (as in (12)) one can show Hampel’s qualitative
robustness of M,, n > 1 with respect to the metric / and
then use the property vnl(M,, M,) = I(x/uM,,nM,). A
not clear point of this plan is finding conditions under which
E[vn(M,, — M)| - 0asn — co.
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Example 10. Let us give another (very simple) example of the
sequence of estimators which is (I - g — +/n)-robust with
p := I (on the class of distributions described below). For
H = R we consider the class W of all random variables X
with bounded supports Supp(X) = [0,0x], having density
fx such that fx(x) > B > 0, x € [0,0x]. We suppose that
Ox < 0" < 00, X € W, and f is the same for all X € W.
Assume that parameter 0 = 0y is unknown, and the sequence
of estimators Q,, := max, ., X; is used to estimate it.

Denoting 6 = Oy, 6 = Oy and choosing in (12) y = 6 - 6,
we get

l(Qn,(jn + y) =1 (0 - maxX,,0 - max)?i>

1<i<n 1<i<n

<E l<6 - maxXi> - (5— max)?i>| (31

1<i<n 1<i<n
<E <9 - maxXi) +E <9 - maxXi> ,
1<i<n 1<i<n

because of the metric [ is minimal for the compound metric
E|X - Y] (see, e.g., [13]).
By elementary calculations we bound the right-hand side
of (31) by
2
B+ D)

Now for each # fixed, by induction we obtain (see (10))

(32)

1 (maxt, max) = [ 1 0 - B G0
S”J |Fx (x) = Fg (x)| dx=nl (X, X).
0

(33)
On the other hand, let, for example, § < 6. Then
_ 0 0
1(X) = [ Fx @) - Fy@ldx+ [ (1= Fg () dx
0 0
(34)

But for x € [6, 5],

g _
l—Fsz(x)=J fx(dy=p(@-x). 69
From this relationship it follows that
for ,XeW, 6—0 asl(X,X)—0. (36

Finally, applying (32), we can select N in such a way that

sup vl (Q,,Q, +) < 5. (37)
n>N

Forn < N we can use the inequality [(X, Y +b) < I[(X,Y) +1b|
and (33), (36). Thus, choosing small enough § > 0 we can
ensure inequality (12) for all X, X € W with u(X,X) =
I(X,X) < 8. In this way we proved (I — I — /n)-robustness
of Q, on the set W.

Appendix
A. The Proofs

To start with the proof of Theorem 5 of the previous section,
first of all we note that in (19)

~ S, S, -
(T, T, +7) = l(;,;+EX—EX)

(A1)

>

_ [ SamnEX S, - nEX
n n ’

because of (X + b,Y +b) = I(X,Y), b € R¥. Also it is easy to
seethat (L(X +b,Y +b) = {,(X,Y).
On the other hand, by definition of y in (16)

inf { (X, X +b) =, (X, X + EX - EX)
beR (A.Z)
={, (X - EX, X - EX)

(see Remark 3). Also
(X -EX,X-EX) =1(X,X + EX - EX)

<I(X,X)+E|X - X| <20(X,X),
(A.3)

because the metric [ is minimal for the metric E| - |.

The above arguments show that to establish inequality
(19) it suffices to prove the version of (19) with y = 0, EX =
EX = 0, and the metric ' := max{l,{,} on the right-hand
side of (19).

The proof is based on the two following lemmas.

Let g : R — R be a differentiable function. We will
write Dg = (D, g,...,Dyg), where D;g(x) = (9/0x;)g(x),
i=12,...,k

Lemma A.l. Let X,Y, and & be random vectors in RF such
that

(a) & is independent of X and Y;

(b) E|X|* < 00, E|Y|? < 00; EX = EY;

(c) & has a bounded differentiable density f; (with respect
to the Lebesgue measure) such that D, f; € D_I(Rk), i=
1,2,...,k

Then

IX+&Y +8) < k?;ia;Ig"DifE"[Ll(Rk)Cz (XY).  (A4)
Proof. From the definition (8), (9) of the metric I (with the
norm ||-|| instead of |-| !) it follows (the proofis simple) that in
(8) the class of functions Lip (given in (9)) can be replaced by
the class of all bounded differentiable functions g : R¥ — R
such that

9g (x)

Xi

‘51, i=1,2,...,k (A.5)

xeRK



Let us fix any such function g and arbitrary i,j €
{1,2,...,k}. Then (by the Fubini theorem),

Eg (X +§ - Eg(Y +§)
- [ a@ax| fie-0ldr 0 - dr 0]
R R

X J [dFy (t) — dFy (1)] J g (%) fe (x —t)dx.
RK RK
(A.6)

For each x € R fixed let

h(t): Jng(x) fe(x—t)dx

(A7)

Jng(w t) fe(y)dy, teR"
Because of boundedness of dg/0t; and integrability of D; f;

we can differentiate in (A.7) under the integral sign (see [23,
Appendix A]). Thus,

oh 0
) = jR 29 gy +1) fe (y)dy,

o, L ot
. o (A.8)
o%h dg ¢
o h) = 2L () 2 (x-t)dx.
e, JRk o T
In view of (A.5) we obtain
*h of
at,-atjh(t) 8 JRk ’a_f, (et dx = "Diff"ttl(Rk)‘ (A.9)
For every x, y € R* we have
k
Dk (x) - Dh(y)| = Y. |D;jh(x) - D;h (y)],  (A10)
j=1
k *h
[P0 =D ()| < 3 sup 55 (=] (A1)

Comparing (A.6)-(A.11) and taking into account the defini-
tion of {, in (13), (14), we obtain inequality (A.4). O

Lemma A.2. Under the assumption of the previous section the
constant d in (21) is finite.

Remark A.3. A similar assertion was proved in [24] for || -
II[L1 -norm of second derivatives of the densities g, (under
sightly different conditions). For this reason we give only a
sketch of the proof of Lemma A.2 indicating only differences
in comparison to the proof of Lemma 4.1 in [24] (where the
omitted details can be seen).

Proof. As before, let g, (n > s) be the density of S,,/+/n, and
¢, its characteristic function. Let also f,, denote the density

of S,. There is I > s such that [t|¢;(t) € I]_l([R{k) and therefore

1, (1) € Ly (RY), forn>1. (A.12)
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Indeed, since

v; (x,‘) = %fs (...,xi,...) el (R)

i

(A.13)

(fixing other variables), we can integrate by parts:

¢, (Vst) = J’kal &) gy JR folxp.n) e idx
1 (A.14)
= J' ) dx — J v; (x;) €"dx,,
RAk-1 it; Jr

and (A.12) follows for large enough I.
In view of (A.12) we can write down the inverse Fourier
transform for n > I:

g (x) = L J ¢, (1) e dt,
[Rk

o (A.15)

and differentiate under the integral sign in (A.15).

The condition ¢, € L,(R¥) (n > I) and Assumption (i) in
Section 2 ensure the hypothesis of in [25, Theorem 19.2, Ch.
4]. By this theorem,

k
“m 1
G (x) =mZ::0n D () do.u (x)+o<w>, (A16)

x € R* (asn — o0), where P, m =0,...,k, are certain
polynomials and ¢, , is the normal density with zero mean
and the covariance matrix ./ (see Assumption (i)).

Let q,, denote the Fourier transform of D h,,, where

k
By (%) = g, () = Y 0 "R, () G0 (x).  (AD7)
m=0

Using (A.15), (A.16), and in [25, Lemma 7.2, Ch. 2], we can
obtain that for each fixed j

>

. - 1
qn (t) = tj |:¢n ) - Z nim/zpm (t) exp <_§ <t’ ‘%t>>
m=0
(A.18)

with certain polynomials P,,.

By arguments similar to those given in [24], it follows
from (A.18) that there exist constants > 0, ¢ < 00 such
that

c
Lt|<ﬁﬁ |qn (t)l dt < W (n=1). (A.19)
On the other hand, to prove that
1
‘Lt|>ﬁ\f|qn(t)|=o(m>’ as n — 09, (AZO)

it is sufficient to show that

1
<[|t|>yﬁ 'tj| |¢n (t)| dt=0 <W) , asn— 00. (A.2l)
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But the last equality follows from (A.12) and the fact that

t
#(3)
Expressing D;h, in terms of g, (as an inverse Fourier
transform), and using (A.16)-(A.20) we can establish that
there exist a constant ¢ and polynomials P,,(x), m = 0,...,k
such that for each j € {1,...,k},

sup <k <l

[t1>yvn

(A.22)

k
D;g, (x) - Z ”_m/zpm (%) Po,.ar (%) (A.23)

m=0

sup
xeRk

<

[
nk/2 >

n=L1+1,...
The next step is to find for each j € {1,...,k} an upper
bound for ||D; g, & which does not depend onn > s.
For n > s, g,(x) = n*f,(+/nx) and f,(x) = J i folx =
t) fn-srydt. Thus, using Assumptions (ii), (iii), and the corre-
sponding theorems in [23, Appendix A], we get

D, f, (x) = JRk Df.(x-0f, (hdt.  (A24)
We have
Pl = [ Pioldxs [ gl
(A.25)

where « is the constant from Assumption (iv). The first
summands on the right-hand side of (A.25) are uniformly
bounded in n > [ due to (A.23). To bound the second terms
in (A.25) we write (see (A.24))

'ngn dx

J|x|>2\ﬁa

=n'? J |Djfn (z)'dz
|z|>2an

< nll? J dz J ID,f. (2 = O] fe O dt = "1,
|z|>2an Rk ( )
A26

Now

= J‘|z|>20m a Lt|S“" |Djf5 “ t)| fnis o (A.27)

" LZ|>2an dz Lt|>“n |Djfs (z- t)| foos () dt.

From |z| > 2an and |t| < an it follows that [z — | > an.
Thus, the first terms on the right-hand side of (A.27) are
less than ¢’ /n'/? due to Assumption (iv). Applying the Fubini
theorem and using the fact of integrability of D, f, we see
that the second summand in (A.27) is bounded by const
P(1 Y2 X;| > an), which is O(1/n) by the Chebyshev and
Rosenthal inequalities. O

Exploiting Lemmas A.l1 and A.2, the rest of the proof
of the Theorem 5 in Section 3 is carried out exactly as the
proof in one-dimensional case given in [20]. The “ideality
properties” of the metric (,,

& (aiX,,aiX,») < aziQ (X,-,X-) >
i=1 i=1 i=1

used there hold true for random vectors (see, e.g., [14]).
The general version of inequality (3.15) in [20] which relates
the Kantorovich and the total variation metrics is proved
in [13, page 89]. Note that the proof presented in [20]
uses the so-called convolution approach (see, e.g., [26]) and
induction arguments. This method has been widely used to
estimate rates of convergence in multidimensional Central
Limit Theorems (see, e.g., [13, 14, 21, 26]).

(A.28)
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