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We obtain all nontrivial conservation laws for a class of (2 + 1) nonlinear evolution partial
differential equations which are related to the soil water equations. It is also pointed out
that nontrivial conservation laws exist for certain classes of equations which admit point
symmetries. Moreover, we associate symmetries with conservation laws for special classes
of these equations.

1. Introduction and theory

A mathematical model was developed to simulate soil water infiltration, redistribution,
and extraction in a bedded soil profile overlaying a shallow water table and irrigated by a
line source drip irrigation system (see [19, 20]). The governing partial differential equa-
tion can be written as

Cy)y: = (K(y)yx) , + (K(y) (v — 1)), = S(y), (1.1)

where v is soil moisture pressure head, C(y) is specific water capacity, K(y) is unsatu-
rated hydraulic conductivity, S(y) is a sink or source term, ¢ is time, x is the horizontal
axis, and z is the vertical axis which is considered positive downward.

Equation (1.1) is an approximation within the context of the theory of mixtures. It
is studied here in the form (1.1) as a first step. An introduction to the general theory of
mixtures can be found in the book by Rajagopal and Tao [17] which contains references
to the earlier papers of Truesdell that have had a great impact on the development of
the theory. This approach is rather general and takes into account a variety of physical
mechanisms and chemical reactions. Also of crucial importance within such a theory is
the choice of boundary conditions and the problems associated with the choice of these
conditions (see [6]). The book also provides numerous references on flow through porous
media and the interested reader can consult the relevant references therein.

Group classification of (1.1) with respect to admitted point transformation groups was
done in [2]. Some exact solutions were also obtained in the paper just cited.
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Equation (1.1) can be rewritten as

up = (k(wuy) , + (k(wuz), +1(w)u; + p(u), (1.2)
where
u=[Cpdy, k) = Iégj’;; I(u) = _(If(l;‘)”), pw) = -S(y).  (13)

Equation (1.2) has received a fair amount of attention recently. Group classification of
(1.2) with respect to admitted point transformation groups was performed in [1]. Classi-
fication of (1.2) in the case when I(u) = 0 with respect to Lie point symmetries was given
in [3, 4] (see also [5] and [18, Section 10.7]).

Special cases of (1.1) and (1.2) were considered for conservation laws and associated
symmetries in [10].

In this paper, we obtain all nontrivial conservation laws for (1.2). We list all the classes
of (1.2) which admit point symmetries and for which nontrivial conservation laws exist.
Moreover, for special classes of such equations we associate symmetries with conservation
laws. Finally we act, by use of a symmetry, on a known conservation law to produce
another conservation law.

We first briefly present the notation and pertinent results used in this paper. The sum-
mation convention is used where appropriate.

Consider a kth-order (k > 1) system of differential equations of n independent vari-
ables and m dependent variables

Eﬁ(x,u,u(l),...,u(k)) =0, /5= 1,...,m, (1.4)

where 1,) denotes the various collections of pth-order partial derivatives. The maximal
order of the equations that occur in (1.4) is k.
A conservation law for system (1.4) is a relation

DT =0, (1.5)

where T/ = T'(x, u, U(1),...,uk-1)) are differential functions, which is satisfied on the so-
lutions of (1.4). Here D; = 0/0x' + u{0/0u® + - - - is the total differentiation operator with
respect to x'.

A Lie point symmetry generator has the form (see, e.g., the books [8, 15, 16] for an
account on the symmetry approach to differential equations)

ia oca zxa o J
X—E@—'—rl aua+iau? i1izauzi2+"'>

(1.6)

where the & (i =1,...,n) and #* (a = 1,...,m) are functions of the independent and
dependent variables, and the additional coefficients are given by

¢ = Di(n*) — uiDi(&),
o« =D (¢ ) —u% i Di(8), s>1.

i ipeigoy ji1

(1.7)
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It is well known that Noether’s theorem [14] provides a constructive way for finding
conservation laws for Euler-Lagrange differential equations once their symmetries are
known. In the absence of a Lagrangian for a differential equation one can resort to the
direct method of constructing conservation laws via (1.5). A symmetry condition some-
times helps in fixing some of the arbitrary elements in the differential equation.

A Lie point symmetry generator X admitted by system (1.4) is said to be associated
with a conservation law with conserved vector T = (T',..., T") of system (1.4) if the re-
lations [11]

X(T') + T'D; (&) = TID;(¢) =0, i=1,...,n, (1.8)

hold. This also applies for Noether symmetries [9].
It has been shown in [12] that if X is any point symmetry generator of (1.4) and T',
i=1,...,n, are the components of a conserved vector of (1.4), then

Ti = X(T') + T'D; (§1) = TID; (£)), i=1,...,n, (1.9)

are components of a conserved vector of (1.4). If in addition [X,Y] = Z (see [12]), where
Y is associated with the conserved vector T with components T? and X is admitted by
(1.4), then T defined by (1.9) is trivial if Z = bY for b a constant.

2. Construction of conservation laws for (1.2)

In this section, we construct conservation laws for (1.2), that is, we invoke (1.5), namely,
D, T'+D,T>+D,T? =0, (2.1)

on the solutions of (1.2). We cannot use Noether’s theorem [14] here as there is no La-
grangian for (1.2).

The separation of the second-order partial derivatives of u in the determining equation
of (2.1) results in the following system of equations:

Uyt %—Z: =0,
Uxt or’ I =0,
Ju, Ju;
Uzt : o or =0,
Ju, Ju;
u .8T2+8T3 o,

T Ou,  Ouy
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oT! oT?

Uy k(u)g + s =0,
oT! oT?
Uzz . k(u)w + auz = 0)
ort oT' ., ., , .., oT? 0T? o1’ oT°
rest: 7-&- g(k ug +k'uZ+ 1(u)u, + p(u)) + §+ gux+ 5 + 5 Y= 0.
(2.2)
The solution of this system (2) yields the conserved vector components
T' = —a(t,x,2)uy + b(t,x,2)u, + A(t,x,2)u+ B(t,x,2),
T? = a(t,x,2)u; — k(W) ucA(t, x,2) — c1 (t, %, 2z, u)u, + d(t,x,z,u), (2.3)
T? = —b(t,x,2)u; — k() u At x,2) + ¢1 (£, %, 2, Ut + € (£,X, 2, 11),
where the functions a to B satisfy
da_ob _
ox 0z
03
ot ox oJu 0z (2.4)
ob 8c1 0A aCQ _ ’
o WA =5~k 45, =0
0A OB od dcy
§u+ M +p(u)A+ o + 5 = 0.
From equations (2.4) it follows that
0’A  9*A 0A , 0A
k(u)<8x2+8z2> —l(u)afz +p (M)A+ai =0. (2.5)

The use of (2.5) enables us to classify all cases for which conservation laws for (1.2)
exist. We find the following cases.

(1) For arbitrary k(u), I(u), and p(u) we get trivial conservation laws since A = 0.

Nontrivial conservation laws are obtained in the following cases.

(2) p = po+ pru, 1 = lp, k = ko # 0, where po, p1, lp, and kg are arbitrary constants. The
function A satisfies

(Axx +Azz)k0 - lOAz +P1A +At =0 (26)

together with system (2.4).
(3) p=po+piu, I =1y, k = k(u) with k'(u) # 0, where py, p1, and Iy are arbitrary
constants and

A=exp(—pit) f(x,z+1pt), (2.7)

where f solves fi + f;r = 0, T = z+yt. System (2.4) also must be satisfied.
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(4) p = po+ pru, I = 1(u) with I'(u) # 0, k = NI(u) + M, where py, p1, N, and M are
arbitrary constants and

A=exp(—pit) f(x,Nz— Mt), (2.8)

where f solves fix + N?f;r — f; =0, T = Nz — Mt. System (2.4) needs to be satisfied as
well.

(5) p = po+ pru, I =1(u) with I'(u) # 0, k = k(u) with k(u) # NI(u) + M, where py,
p1, N, and M are arbitrary constants, and

A = foxexp (— pit) +goexp (— pit), (2.9)

in which f, and g are constants. In addition A must satisfy (2.4).
(6) p = p(u) with p”(u) # 0, l(u) = Np'(u) + M, and k(u) = Rp’(u) + S, where N, M,
R, and S are arbitrary constants. We have two cases, namely,

St
A= exp(i>f(x;(SN_RM)t_Rz)’ R#0, (2.10)

Rfux +Rfor + NRf + f =0, 7=(SN—RM)t— Rz,

A=exp (%)f(t,x), N 40, R=0,
SN2 fir + (S— MN) f + N2, = 0.

(2.11)

In both cases A is further constrained by system (2.4).
(7) p = p(u) with p”"(u) # 0, I(u) = Np'(u) + M, k = k(u) with k(u) # Rp'(u) + S,
where N, M, R, and § are arbitrary constants. Here A is given by

A:exp<Z+NMt> [ﬁwos(%) +gosin<%>], N #£0, (2.12)

where f; and gy are constants. These values of A are constrained by (2.4).
(8) p=p(u) with p”"(u) # 0, I = I(u) with I(u) # Np'(u) + M, k(u) = LI(u)+Qp’ (u) +
R, where L, Q, R, M, and N are arbitrary constants. The function A has the value

Rt—-1Lz
Q

A=f(x)exp( ) Q+0, (2.13)

where f solves f” + f(L?+ Q)/Q? = 0. Again A must satisfy (2.4).

In the above, only the cases (5), (7), and (8) give rise to two nontrivial conservation
laws each. The other cases each result in an infinite number of nontrivial conservation
laws. We illustrate this point by considering the following two examples.



146  Conservation laws for soil water equations
For case (3), the solution of system (2.4) with the choices a = b = ¢; = B = 0 yields
T' = f(x,z+Ipt)uexp (— pit),

T? = —k(u)uyexp (— pit) f (x,z+Iot) +exp (— pit) fu J:k(u')du',

T = —k(u)uzexp (— pit) f (x,z+lpt) +exp (- pit) fr Luk(u')du' —lufexp (- pit),
(2.14)

where f satisfies fix + frr = 0, 7 = z+[jt. Equations (2.14) give rise to an infinite number

of conserved vectors.
Similarly for case (5) with the choices a = b = ¢; = B = 0, we obtain

= [foxexp (— pit) +goexp (— pit) |u,
T? = —k(u)uy[ foxexp (= pit) +goexp(—pit)]

+ foexp (— pit) L k(u")du' +al(t,x,z), (2.15)
T° = —k(u)u,[ foxexp (— pit) +goexp (— pit)]

— [foxexp (— p1t) +goexp (— pit) ] L I(u')du' + B(t,x,2),
where « and f3 are constrained by

polfoxexp (— pit) +goexp (— pit) ] +ax+ . =0. (2.16)

The components (2.15) result in two conserved vectors.

The conservation laws for the other cases can be constructed in a similar fashion.

The only classes in the symmetry classification (see [7]) which have nontrivial conser-
vation laws are (the notation used in the following corresponds to that of [7])

(I.2) k(u) arbitrary, p(u) =0, I(u) = 0,

(IT) k(u) = e,

(1) I(u) = Ae¥, p(u) = Be" + C (A, B, and C are arbitrary constants, A # 0),

(4) l(u)=0,(1) p==xe“+46,8 = =1, (iii) p(u) =6,8 £ 1, (iv) p(u) =0,
k(u)=u’ 0 +0,-1,

) l(u) = Au’, p(u) = Bu®*! — (C/o)u (A, B, C, and o are constants, A # 0),
2) l(u) = Cu” p(u) = Aul*t79, y = 20,

)I(w) =0, (i) p(u) = xu”, v# 0,1, v=0+1, (i) p(u) = xu +6u, § = +1,
0 = const, (iii) (u) =0u,§ =1, (iv) p(u) =0,
k() =u', I(u) = (") plu) =08u=1,8==1(iii) p(u) = =1, (iv) p(u) = du,
8= <1, () p() -
V) k =

(111)
(1

—~

(u)

(3) l(u ) Alnu, p(u) = u(Blnu+C),

6) l(u) = Au p(u) = Bu+C,

(8) I(u) =0, (i) p(u) = 6u, 6 = =1, (ii) p(u) = =1, (vi) p(u) = 0.
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3. Symmetries associated with conservation laws

In this section, we give two examples of symmetries associated with conservation laws.
Firstly, we consider the case I11.3.(ii) of [7], namely, k(1) = u°, 0 # 0,—1; p(u) = du’*! +
du, § = +1, 0 = constant, [(u) =

The point symmetries for this case are (see [7])

d d d
Xl_g, X2:$, X3=§, .
d 0 0 ’
X4—Za*—X$, X5 —exp( 60'1')( +8M8u>

We invoke relations (1.8) in order to associate the symmetries (3.1) with the conser-
vation laws given in case (6) for the appropriate values of k, p, and L.

We list the conservation laws associated with the above symmetries.

(1) For X; we have the associated conserved components by use of (1.8), that is,
X1(T") =0,i=1,2,3. They are (by the choicesa=b=d =¢; =0and B =0)

T' = f(z)uexp(—9t),

T? = —uu, f(2) exp(—61), (3.2)
T = —uu, f(z) exp(—8t) + Tio ul*? f'(z) exp(—6t),
where
f"+8(1+0)f =0. (3.3)

(2) For X, we have the associated conserved components (here X,(T?) =0, i = 1,2,3)
(the choicesarea=b =c¢; =c¢c; =0and B=0)

= f(x) uexp(—ﬁt)
1Jr"f x)exp(—04t), (3.4)

3=y uzf )exp(—61),

P=—u uxf exp(—6t) +

where f satisfies (3.3).
(3) For X3 there is no associated nontrivial conservation law.
(4) For Xy, the use of the relations (1.8), namely, sz]T1 =0, XE]T2 — T3 =0, and
1] T3+ T? = 0, after the simple choices a = b = ¢; = 0 and B = 0, results in the associ-
ated conserved components

= f(1r)uexp(—-0t),

= —uu, f(7)exp(— )+12+—x0u”"f’(r)exp(—8t), (3.5)

T? = —uu, f (1) exp(—6t) + li—zgu”"f'(r) exp(—91),
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where
drf"+4f +8(1+0)f =0, T=x*+7" (3.6)

(5) For X5 there is no associated nontrivial conservation law.

We now act, using (1.9), with a symmetry on a known conservation law to produce
another conservation law.

If one acts with X; on the conservation law associated with X4, we obtain another
conservation law since [X;,X4] = —X5 [12], namely, the generated conserved components
are

TL =2xf'(t)uexp(—9t),

2
T2 = —2xu’u, f' (1) exp(—8t) + 1—|2— u'*? f'(7) exp(—8t) + 14+ ul*? f" () exp(—9t),
T3 = —2xu’u, f' (1) exp(—6t) + 1Jr"f" 7) exp(—6t),

(3.7)

where f satisfies (3.6). One can further act with X; on the above components to obtain
another conserved vector. In this manner one can generate an infinite number of conser-
vation laws by repeated action of Xj.

If one now acts with X, on the conservation law associated with X4, we obtain another
conservation law since [X;,X4] = X; [12]:

Ti =2zf'(t)uexp(-9dt),

T2 = 220 u, f () exp(~ 1) + %u”” F7(x) exp(—d1),

3 _ o ’ _ 2 1+0 ¢/ _ 422 1+0 g1/ _
T7 = —2zu’u, f' (1) exp( 8t)+—1+0u f(7)exp( 8t)+—1+0u [ (1) exp( (i;),s)

where f satisfies (3.6). Again one can further act with X, on these components to obtain
another conserved vector. In this way one can generate an infinite number of conservation
laws via repeated action of X;.

Note that these conservation laws may be associated with a linear combination of the
five symmetries of the equation.

We next consider the case k(u) = 6(1+0)u® + 6, p(u) = du’' +0u, 6 = +1, 0 =
constant, [(u) =

The point symmetries admitted by the equation for this case are [7]

0 0 0
X ==, X ==— X3=—. (3.9)
0x
We invoke relations (1.8) in order to associate the symmetries (3.1) with the conser-
vation laws given in case (6) for the appropriate values of k, p, and .
We deduce the conservation laws associated with each of the symmetries (3.9).



C. M. Khalique and F. M. Mahomed 149

For X3 we have (by the choices a = b = ¢; = 0 and B = 0) the associated conserved
components

T! = Au,
T? = —[8(0+ 1)u’ + 8|u A+ Su' A, + SuA,, (3.10)
T? = —[8(o+1)u + 8 u, A+ Su'" A, + SuA,,

where A satisfies
A, =0, A +AL+A=0. (3.11)

The conserved components (3.10) have associated symmetry X; if A, = 0 and X, pro-
vided A, = 0.

4. Concluding remarks

We have obtained all nontrivial conservation laws for (1.2) which have been extensively
studied in the literature for various other properties such as symmetries and exact solu-
tions. It has been shown that for arbitrary elements these equations possess trivial conser-
vation laws. There are seven cases that arise for which this class of (2 + 1) evolution equa-
tions have nontrivial conserved vectors. Among these, three cases result in each admit-
ting two nontrivial conserved vectors. Each of the other cases yields an infinite number
of nontrivial conservation laws. Notwithstanding, we have also provided all the classes in
the symmetry classification which have nontrivial conserved vectors. Moreover, we have
associated symmetries to conservation laws for special classes of these equations. The
symmetry condition enables one to further constrain the remaining arbitrary elements
that are contained in system (2.4) and also relates symmetry to the conserved vectors.

Further work can be done on the reduction and solutions of (1.2) which admit sym-
metries that preserve the conservation laws. In this regard, the authors of [13] have used
this invariance of a conservation law related to volume to obtain solutions for a problem
in thin films.
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