MAXIMAL MONOTONE MODEL WITH
DELAY TERM OF CONVOLUTION

CLAUDE-HENRI LAMARQUE, JEROME BASTIEN, AND MATTHIEU HOLLAND

Received 10 February 2004

Mechanical models are governed either by partial differential equations with boundary
conditions and initial conditions (e.g., in the frame of continuum mechanics) or by or-
dinary differential equations (e.g., after discretization via Galerkin procedure or directly
from the model description) with the initial conditions. In order to study dynamical be-
havior of mechanical systems with a finite number of degrees of freedom including non-
smooth terms (e.g., friction), we consider here problems governed by differential inclu-
sions. To describe effects of particular constitutive laws, we add a delay term. In contrast
to previous papers, we introduce delay via a Volterra kernel. We provide existence and
uniqueness results by using an Euler implicit numerical scheme; then convergence with
its order is established. A few numerical examples are given.

1. Introduction

Differential inclusions are often used for modeling of nonsmooth terms occurring from
applied sciences: for example, friction [1, 2, 3] and impacts [6, 9]. Mathematical frames
have been extensively studied since the pioneering frameworks by Brézis [5]. Recently we
have considered mechanical systems including nonsmooth terms of friction type and we
have investigated models and also we have processed identification of models [1, 2, 3, 4,
10]. Models have included nonsmooth terms and delay terms [8]. Mathematical models
have been obtained and analyzed numerically. But only simple models for the delay term
have been studied, involving the particular form G(u(t — 7)) inserted in the evolution
equation: that is, only one delay time 7 or a finite number of delay times have been taken
into account. Here we extend all the results of reference [8] to more general delay terms
of Volterra form (see [7]).

The paper is organized as follows. In Section 2, the models are described. In Section 3,
theoretical results are given: uniqueness, existence, and convergence of the numerical
scheme. In Section 4, numerical analysis is briefly studied and a few numerical examples
are given.
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2. Description of models

Let n be an integer. Let H = R” equipped with the usual scalar product denoted by (-, -)
and its norm denoted by | - |, T and 7 two strictly positive numbers, and A a maximal
monotone multivalued operator on R", with nonempty domain denoted by D(A). We as-
sume now that f is a function from [0, T] X R” to R”, Lipschitz-continuous with respect
to its second argument:

AL>0, Vt€[0,T], Vxi,x, € R", | f(t,x1) — f(t,x2)| <L|x1 —x2], (2.1a)

and whose derivative has the following property:

VR>0, ®(R)= sup{”?:(-,v)

: ”V”LZ(O,T;[R") < R} < 400, (Zlb)
L2(0,T;R™)

Let M, (R) be the set of real square matrices of size n. Let ¥ be a function from [0, 7] to
M, (R) such that each component 7(;; of € satisfies
Vi,j€{l,...,n}, % €H(0,7). (2.1¢)

Let z be a function such that

z€ H'(-1,0;R"), (2.1d)
z(0) € D(A). (2.1e)

Applications arising from several fields, as explained in Section 1, lead to systems that
are described by the following general mathematical model: we study functions u from
[—7,T] to R" satistying the differential inclusion with delay term of convolution:

u(t)+A(u(t)) + f(tu(t)) + JOT%(s)u(t —s)ds>0, a.e.on(0,T), (2.2a)

with initial condition

Vte[-1,0], u(t)=z(t). (2.2b)

3. Theoretical results: uniqueness, existence, and convergence of the numerical scheme

As in [2], we study differential inclusion (2.2), by introducing a numerical scheme. Then,
we establish uniform inequalities of the discrete values of solutions of the numerical
scheme and by passing to the limit, we obtain the existence of problem (2.2). We prove
also the uniqueness of the solution of this problem. We conclude the study by giving two
results of order of convergence.

All results of this section are very close to theoretical results of [2]. So, to simplify
this paper, we only give the main theoretical results in this section; moreover, we assume
without loss of generality that n = 1 and then H = R.

For all this section, we set for all functions u € L*(—1,T),

Vse[0,T], Llsu)= JT%(x)u(s—x)dx. 3.1)
0
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3.1. Uniqueness. Before proving uniqueness, we give the following lemma.

LemMA 3.1. If % belongs to L*(0,1), then for all uy,up € L*(—7,T),

t

vte[0,T], L(i(s,ul)—i(s,uz))zdss3T||%|I%Z(O’T)J (r(s) = 1)) s, (3.2)

=T

Proof. We use the definition (3.1) of £. We obtain the desired result by the inequality
t s
[ ] 0~ ) *dxas
0 Js—7
t
< TIH | 200) ( JO (u1(s) = tr(5))” = (w1 (s — 7) — wr(s — 7)) °ds (3.3)

t
2
+J (w1 (x) — uz(x)) dx).

t—71 |:|
ProrosiTioN 3.2. Let A be a maximal monotone multivalued operator from R" to R".
Under assumptions (2.1), there exists at most one function u belonging to H'(—1, T;R")

and satisfying (2.2).

Proof. This proposition is very similar to [2, Proposition 2.1], based on the discrete Gron-
wall’s lemma. As for the proof of [2, Proposition 2.1], we have, since u; and u, satisfy
(2.2a)

t

vie[o,T], %(ul(t) —w() < (L+ %) L (10,(5) — ur(s)) ds

L (3.4)
2 J (L(s,) — L(s,u2)) s
0
Thanks to Lemma 3.1 and the initial condition (2.2b), we obtain
1 2 3 ) AW 2
E(ul(t)—uz(t)) <|L+ ET”%HLZ(O’T)—'—E) o (Z/ll(S)—Z/lg(S)) ds. (35)
By using Gronwall’s lemma, we can conclude that v; — v, = 0. O

3.2. The scheme. As in [2], we discretize problem (2.2) by using an implicit Euler
scheme. As in [8], we assume without loss of generality that there exists Q € N* such
that

Qr=T. (3.6)
Let N be an integer; we set
M = QN, (3.7)
and we consider the time-step
T
h= N (3.8)
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For all p € {-N,...,M}, define t, = ph and let U? be the solution of the numerical
scheme:

+1
Vpe{0,...,.M—1}, w +A(UPY) + f (1, UP) + WP S0, (3.9)
Vpe{-N,...,0}, UP=z(ph). (3.10)

Here, W? is an approximation of fOT F(s)u(t — s)ds at times t,. We denote by uy, the linear
interpolation of the U®’s at t,. We choose the integration rectangle rule:

WP =h Z H(Ih)up(t, —1h). (3.11)

So, we can rewrite numerical scheme (3.9), (3.10), and (3.11) under the form

Vpe {-N,...,0}, U =z(ph), (3.12a)
N-1
Vpe{0,..,M-1}, WP=h> H(IhUF, (3.12b)
1=0
urtl — yr
Vpe{0,..,M-1}, T+A(UP“)+f(tP,UP)+WP30. (3.12¢)

This scheme possesses a unique solution: indeed, according to Brézis [5], A is maximal
monotone and then, for all A >0, the operator (I +1A)~! is defined on all of R" and
single-valued from R” to R". Thus, (3.12¢) is equivalent to

Vpe{0,.,M—1}, U =(I+hA)"'(—h(f(t,,UP)+WP)+UP). (3.13)
We set
up = z(0). (3.14)

The values U? are uniformly bounded with h.

LemMA 3.3. We assume that (2.1) hold. There exists a constant Cy such that for all N € N*,
|l = ol oz 7y, < Cos (3.15)
il oz rimy < Ch. (3.16)

Before proving Lemma 3.3, give a lemma, based on the discrete Gronwall lemma.

LemMMA 3.4. Let P be an integer, A and h two nonnegative numbers, and positive reals

.....

j-1
Vje{L,...,P}, ajsA<1+hZak>. (3.17)
k=0
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Then,
Vj€{0,...,P}, a;<A(hag+1)erU=1n, (3.18)

Proof. We set for all p € {0,...,P},

p
Sp=> a. (3.19)
=0

Inequality (3.17) can then be rewritten under the form
Vjieil,...,P}, Sj<(1+Ah)S; 1 +A. (3.20)

According to the discrete Gronwall lemma, we then have

j-1
Vi€ {L...,P}, Sj<Spet+AD e

k=0
= Spel! +AZ[::__11 (3:21)
< Spetih 4 e[\jhi_l
So, we have
hS;j < hSpelM + Mt — 1. (3.22)

From (3.17), we can deduce

Vjie{l,....,P}, a;<A+A(hSeerU V4 erU=Dh_1)

< A(hag+1)erU=Dh, (3.23)

O

Proof of Lemma 3.3. As in [2, Lemmas 2.2 and 2.4], we prove that there exist €; and
w € R” such that

p-1
vpe{l,...M}, (U?- Mo)2 < h€é, Z ((f(fk,uo) — f(0,up) +W)2+ (Wk)z)-
k=0
(3.24)

From assumption (2.1b), we can deduce that the first sum of this inequality is uniformly
bounded with h. Then, there exists 6, such that

p-1
Vpel,.. M}, (UP—uo)zs%z(HhZ(Wk)z). (3.25)

k=0



442  Maximal monotone model with delay term of convolution

By using the definition of W, we have, thanks to the Cauchy-Schwarz inequality,

p-1 p-1 /N-1 N-1
S (whr<h ( NERUIDY (Uk‘l)2>. (3.26)
k=0 k=0 \ [=0 =0

Denote by 9}, the piecewise function equal to H(Ip) on each interval [tp,t,+1[ of [0,7].
So, we can write

p-1 p—1 N—
STWE? < B[220 > Z (U (3.27)
k=0 k=0 1=0

Since
Vke{0,...,p—-1},Vle{0,....N-1}, —-N=<k-I<p-1, (3.28)

we have

- -1 p-1 p-1
Z Uk’ Z Z (un?<m > (U (3.29)
k=0 k=0 r=—-N r=—N

\IM‘

According to (3.25) and (3.27), we then have

p-1
Vpel,...,M}, (UP—uofs%z(uhwll%h\liz(o,ﬂ 2. (Uf)z). (3.30)

r=—N
Since # € L?(0,7), we have

sup [|% |72 0. < +00, (3.31)
h>0

and according to (3.30), there exists €3 such that for all h,

p-1
Vpel,..,M}, (UP—uO)Zs%(Hh > (Uf)2> (3.32)
r=—N
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which implies there exists 64 such that

p-1
Vpel,.., M}, (UP—uo)zs%4(l+h > (Uf—u0)2>. (3.33)
r=—N
Since
-l ) o , K 2
Vpe{l.,M}, > (U —u) = > (U —u) +> (U —up)", (3.34)
r=—N r=—N r=0

thanks to initial condition (2.2b) and assumption (2.1d), we deduce from (3.33) that
there exists 65 such that

p—1
Vpe{l.. .M}, (UP—u) <%s (1 +h> (U - u0)2>. (3.35)
r=0

Thanks to Lemma 3.4 applied with a; = (U/ — uy)? and A = 65, we deduce from (3.35)
that

Vjie{0,...,M}, (UJ—up)’ <@se®Uh <@se®T. (3.36)

So, the conclusion (3.15) is obtained.
We now prove (3.16), as in [2, Lemma 2.2]. Denote by V? the discrete speed defined
by

ptl _yp
Vpe 0. M—1}, VP:¥. (3.37)
As in [2], we obtain
Vpe{l,...M-1}, (VP-VP VP <(—f(t,,UP)+f(t,-1,UP ")) VP
3.38
+ (WP — WPy VP, (3.38)
and then
Vpell,..,.M—-1},
) 0 B B (3.39)
(VEY < (VPO 42| VP (Lh| VP ] + |8, | + | WP = WPTL]),
where
8p = —f(tp, UPT) + f(tp,—y, UPTY). (3.40)
We obtain

Vpeil,..,M~-1},

5 pe1\2 (3.41)
(1-2h—Lh)(V?)* < (1+Lh)(VP")* + %P * w
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If /i is small enough,
(1-2h—Lh)"'(1+Lh) <1+%¢h, (3.42)
where 6, is not depending on h. We also have
(1-2h—Lh)'<2. (3.43)

So, we obtain

52 P _Wwpr-1)?
Vpe{l,..,M—1}, (VP)Zs(1+<65h)(VP—1)2+2f+2w, (3.44)
and thanks to the discrete Gronwall lemma,
, , oM 5 M-l ,
(VP) Se(@"T<(VO) 5 6,§+E (Wk—wk1) ) (3.45)
k=1 k=1

As in [2], we prove that V° and (1/h) 224;11 6,% are uniformly bounded with 4. To con-
clude, we prove that there exists 6, such that for all h,

:‘I>—‘

M-
z —Wwk1)? <<, (3.46)

By using the Cauchy-Schwarz inequality and (3.15), we write successively

| Wk _ Wk71 |
N-1 N-1
> HHUK = > H(hyUr-1!
=0 =0

N-1

< 2hCi | co(r0,07) + 1 Z | % (hl) — H(hl —h) | | U]
I=1

N-1 12

N-1
szhcl|%||co([0,ﬂ)+h<z (¥ (hl) — H(hl - h) 22 Ush )

=1 =1 (3.47)
N-1

<<@8<h+f(2( (hl) = %(hl —h )))m)

I=1
172

s (] Fos)) )

I=1

< h<68<1+ (L (%(s))zds) 1/2)

= h6g (1 + ||%||L2(0,T))’

s<68<h+\/ﬁ(
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and by summation

M-
Z — WK1 < TC2(1+ 1%l 20m)) . (3.48)

Then, we can prove the following.

ProrosrtioN 3.5. If assumptions (2.1) hold, then there exists a constant C, such that for all
h, k>0,

vte[-1,T), |un(t)—w(t)| < CVh+k. (3.49)

As in [2], we might think that the estimates obtained at Lemma 3.3 are sufficient for
passing to the limit; define piecewise constant functions: for all p € {—N,...,M — 1},

(t) = UP+1 on [tpathrl [) (350)
?’Ih(t) =U? on [tpathrl [’ (3'51)
fh(t) = f(tp) UP) on [tp)tp+1[) (352)

forall p € {0,...,M — 1},
ZLn(t)=W? on [tp’tp+l [a (3.53)

forall p € {0,...,N — 1},
Hn(t) =9(t)) on [tpytpﬂ[: (3.54)

and let uy, be the piecewise linear interpolation taking the value U? at t,. As in [2], we
are going to prove that the sequence (uy)5( is @ Cauchy sequence and we will estimate
lun — ugllL=o,1) and llup — ugllr2(0,r) in terms of vh+ k. These estimates depend on a
couple a preliminary lemmas which strongly use the regularity assumptions.

LEMMA 3.6. If assumptions (2.1) hold, then there exists a constant X, such that for all h > 0,
[ — Vh||L2(—r,T) +|{un — ‘N’hHLZ(—r,T) <Jh. (3.55)

Proof. The proof is similar to that of [2, Lemma 2.3]. O

Lemma 3.7. If assumptions (2.1) hold, then there exists a constant X, such that for all h > 0,

||f()‘,7h) _fh”Lz(fT,T) <Hh. (3.56)

Proof. The proof is similar to that of [2, Lemma 2.4]. O

LemMa 3.8. If assumptions (2.1) hold, then there exists a constant I3 such that for all h > 0,

vte[0,T], ' JT H(s)Vp(t —s)ds — Lp(t)| < Hsh. (3.57)
0



446  Maximal monotone model with delay term of convolution

Proof. By using the Cauchy-Schwarz inequality, we can write

‘ JOT%(s)vh(t — )ds - Sf;,(t)‘ < (L (Pt — s))zdsJT (F(s) - %h(s))zds) " Gss)

0

We then write as in the proof of [2, Lemma 2.4]

tis1 2 i+ 2
(96(s) — Fen(s)) s < - J (ﬁ(s)> ds, (3.59)
t 2 )y dt
and by summing
T ) h2 2
|| 6 - 96057 < T 1960, (3.60)
which permits us to conclude thanks to (3.15) and (3.58). O

Proof of Proposition 3.5. As in the proof of (2, Proposition 2.5], we write that the equa-
tions satisfied, respectively, by u; and uy are

up+Avy+ fu+ £y 30, (3.61)
U + Avy +fk +&20. (3.62)

We then subtract (3.62) from (3.61), allowing for the usual abuse of notations, and mul-
tiply by v — vk. We conclude by using Lemmas 3.6, 3.7, and 3.8. O

3.3. Uniqueness and existence. From Proposition 3.5, we can deduce the following.

PropOSITION 3.9. Assume that (2.1) holds. There exists a unique solution u of (2.2) belong-
ing to WH® (-1, T;R™). Moreover, if we denote by uy, the approximation defined by (3.12),
it holds that

lim max |u(t) —up(t)| =0. (3.63)
h—0* te[-1,T]

Proof. It is very close to the proof of [2, Proposition 2.5]. The uniqueness of the solution
is already proved. Thanks to (3.15) and (3.16), we extract a subsequence still denoted by
(un)pso which converges in the following sense to the function u:

up —u inL¥(—1,T) weak *, (3.64)
up — u in L*(—1,T) weak, (3.65)
up, — u inL®(—71,T) weak *, (3.66)
iy — i in L*(—=7,T) weak. (3.67)

We conclude as in [2, Proposition 2.5]. O
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3.4. Order of convergence. We have the following two results.

ProrosritioN 3.10. If assumptions (2.1) hold, then the scheme is of order 1/2, that is, there
exists a constant C such that

Vh>0,  max |u(t) — up(t)| < CVh. (3.68)
te|—T,

Proof. Asin [2, Proposition 2.6], thanks to estimate (3.49) for k — 0 and (3.63), we obtain

tr[rlaxT] |u(t) — un(t)| < Cyvh. (3.69)
" 0

We assume now that K is a nonempty closed convex subset of R” and that A is the
subdifferential of the indicatrix of the convex K defined by

) 0 ifx e K, (3.70)
x) = .
vx +oo ifx & K.
In this particular case, we have
V(x,y) e KXR", yedyx(x) = VzeK, (y,x—2)=0, (3.71)
Vx &K, oJyg(x)=0Q. (3.72)

ProrosiTioN 3.11. Let K be a nonempty closed convex subset of R" and A the maximal
monotone operator oyx. If hypotheses (2.1) hold, then the order of the scheme is one, that is,
there exists C such that

Vh>0, max |u(t)—up(t)| <Ch. (3.73)
te[—1,T]

Proof. See the proof of [2, Proposition 3.1]. O

4. Numerical simulations

For numerical simulations, we study the following class of example: we consider b and «
real constants. o denotes the graph of sign function and let g € L?(0,T) and H € H'(0, 7).
We consider a one degree-of-freedom mechanical system governed by the inclusion

W(t)+bw(t)+JTH(s)w(t—s)ds+oca(w(t)) +4(t)20, ae.on(0,T), (4.1)
0
Vte [-1,0], w(t)=z(1). (4.2)
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This model is of the previous general form (2.2) with n = 2, by setting

() o)

A (;‘) = {0} x {ao(»)], (4.3)

0 0
H(s) = <H(5) 0).

Thanks to these definitions, numerical scheme (3.13) is equivalent to
uPtt = hvf + P,

N-1 (4.4)
v = (I+hao)™? ( - h(bup +g(ty)+h > %(lh)up_l) +vp>.

1=0

For all the numerical simulations, we choose
b=1, a=1, T=1, h=—. (4.5)
Example 4.1. We choose

T =10, H(s)=1, (4.6)

(=t+4)e t+(—t+ et -1, ifte]—o,2],
gty =1 (~t+4)e t+(~t+1)e ", ift =2, (4.7)

(=t+4)e '+ (—t+1e 1 +1, ifte]2,+oof,
so that
w(t)=(t—1)e! (4.8)

is exact solution on [—1, T']. Numerical results are presented in Figure 4.1.
Exact solution and approximated solution are plotted simultaneously. Curves are again
superimposed. In this case, derivative w possesses one change of sign.



Claude-Henri Lamarque et al. 449
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_ 02t
5 ot
g 02t
S —04F}
& 06}
808
71 I
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Time
—— Numerical solution
—— Exact solution
(a)
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1.51
&0.5
O -
-0.5 .
1 2 3 4 5 6 7 8 9 10
Time
—— Numerical solution
— Exact solution
(b)

Figure 4.1. (a) Displacement and (b) speed versus time for Example 4.1.

Example 4.2. We choose T and H defined by (4.6) and

(—2+7t—4)e '+ (—2+t-2)e ™ +1, ifte]—oo,1],
(—2+7t—4)e "'+ (—2+t—2)e ML, ift=1,
gt)y=4(-2+7t—4)e '+ (—2+t-2)e ™ -1, ifte]l,2], (4.9)
(—2+7t—4)e '+ (—t2+t—2)e ], ift =2,
(—2+7t—4)e '+ (—2+t—-2)e ™1 +1, ifte€]2,+oof.
so that
w(t)= (> —t+1)e! (4.10)

is exact solution on [—1, T']. Numerical results are presented in Figure 4.2.

Exact solution and approximated solution are plotted simultaneously. Curves are again
superimposed. In this case, derivative 1 changes its sign twice.



450 Maximal monotone model with delay term of convolution

Displacement
e 2o 29
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(==}
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—— Numerical solution
—— Exact solution

—— Numerical solution
—— Exact solution

(b)

Figure 4.2. (a) Displacement and (b) speed versus time for Example 4.2.

In order to test numerically the order of the scheme, maximal error between exact
solution and approximated solution has been computed for Example 4.2 for 18 values
of time steps 1/(1001 +50k), k = 1,...,18. In Figure 4.3, a log-log plot is presented. The
slope of the straight line corresponds to numerically estimated order of the numerical
scheme. A least-square computation provides value 0.993 very close to 1 in this case. In
fact, Proposition 3.10 gives an order equal to 1/2. The order one with A = ¢ is an open
problem.

Example 4.3. We choose T = 30 and H defined by

H(t) = cos(2mt) + cos(107t) + cos(207t),

g(t) = 1,3cos(81), 2(t) = 0. (4.11)

Numerical results are presented in Figures 4.4 and 4.5. In this case, there are a finite
number of static phases (where 1 is vanish) and dynamic phases (where  is not vanish).
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Order = Slope = 0.993

N
&
T

L

=)
T
!

—log(norm max[u;, — uexact])
w
w w

-
wul
T

!

4 . . . . .
6.5 7 7.5 8 8.5 9 9.5

—log(h)

Figure 4.3. Log-log plot of maximal error versus time steps for Example 4.2. Numerical estimation of
the order corresponds to the least-square slope of the curve.

Displacement

Speed
o

—0.02

—-0.04

(b)

Figure 4.4. (a) Displacement and (b) speed versus time (on [0,2]) for Example 4.3.
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x10~3

— N W
T—T—T—T

Displacement
[}

2 F
-3

Time

(a)

Time
(b)

Figure 4.5. (a) Displacement and (b) speed versus time (on [0,30]) for Example 4.3.

5. Conclusions and perspectives

In this paper, results obtained for differential inclusions with delay term of special form
in [8] have been extended to another case where delay terms are provided by Volterra
kernel.

Existence and uniqueness have been proved with assumptions commonly verified by
models issuing from applications. Numerical analysis has been performed. Theoretical
order of convergence is 1/2 in the general case or 1 if A = dyi.

In a future work, we will present a complete proof of the results of Section 3; Moreover,
to generalize results of this paper, and of [2, 8], as in [2], we will give a frame to study
differential problem

u(t)+A(u(t)) + f (tu(t)) +£(t,u) 30, ae.on(0,T), (5.1)
with initial condition
Vte [-1,0], u(t)=2z(t). (5.2)

Here, H denotes a Hilbert space, u is a function belonging to C°([—7, T]; H) whose de-
rivative belongs to L*(—7,T;H). £ is the “history” term: it is a function from [0, T] X
C%([-7,T];H) depending only on ¢ and of values {u(s) :s € [-7,¢t]} from u. We will
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assume that this term is continuous according to u in the following sense: there exists ¢
such that for all u;, u, belonging to C°([-7,T];H),

vie[o,T], Jt(if(s,ul)—i(s,uz))zdss%f (0 (s) - wr(s))2ds. (5.3)
0 -7

References

[1] J. Bastien, Etude théorique et numérique dinclusions différentielles maximales monotones. Appli-
cations a des modeéles élastoplastiques, Ph.D. thesis, Université Lyon I, Lyon, 2000, no. 96-
2000.
[2] J. Bastien and M. Schatzman, Numerical precision for differential inclusions with uniqueness,
M2AN Math. Model. Numer. Anal. 36 (2002), no. 3, 427—460.
[3] J. Bastien, M. Schatzman, and C.-H. Lamarque, Study of some rheological models with a finite
number of degrees of freedom, Eur. J. Mech. A Solids 19 (2000), no. 2, 277-307.
, Study of an elastoplastic model with an infinite number of internal degrees of freedom,
Eur. J. Mech. A Solids 21 (2002), no. 2, 199-222.
[5] H. Brézis, Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces
de Hilbert, North-Holland Mathematics Studies, no. 5. Notas de Matematica (50), North-
Holland, Amsterdam, 1973.
[6] B. Brogliato, Nonsmooth Impact Mechanics. Models, Dynamics and Control, Lecture Notes in
Control and Information Sciences, vol. 220, Springer-Verlag, London, 1996.
[7] J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional-Differential Equations, Applied
Mathematical Sciences, vol. 99, Springer-Verlag, New York, 1993.
[8] C.-H.Lamarque, J. Bastien, and M. Holland, Study of a maximal monotone model with a delay
term, SIAM J. Numer. Anal. 41 (2003), no. 4, 1286—1300.
[9] L. Paoli and M. Schatzman, A numerical scheme for impact problems. I. The one-dimensional
case, SIAM J. Numer. Anal. 40 (2002), no. 2, 702—733.
[10] M. Schatzman, C.-H. Lamarque, and J. Bastien, An ill-posed mechanical problem with friction,
Eur. J. Mech. A Solids 18 (1999), no. 3, 415-420.

Claude-Henri Lamarque: Laboratoire Géomatériaux, Département Génie Civil et Batiment, URA
1652 CNRS, Ecole Nationale des Travaux Publics de I’Etat, rue Maurice-Audin, 69518 Vaulx-en-Velin
Cedex, France

E-mail address: lamarque@entpe.fr

Jéréme Bastien: Laboratoire Mécatronique 3M, Equipe d’accueil A 3318, Université de Technolo-
gie de Belfort-Montbéliard, 90010 Belfort Cedex, France
E-mail address: jerome.bastien@utbm.fr

Matthieu Holland: CETE Normandie Centre, 76121 Grand-Quevilly Cedex, France


mailto:lamarque@entpe.fr
mailto:jerome.bastien@utbm.fr

