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We deal with the study of momentum and heat transfer characteristics in a second-grade
rotating flow past a porous plate. The analysis is performed when the suction velocity
normal to the plate, as well as the external flow velocity, varies periodically with time. The
plate is assumed at a higher temperature than the fluid. Analytic solutions for velocity,
skin friction, and temperature are derived. The effects of various parameters of physical
interest on the velocity, skin friction, and temperature are shown and discussed in detail.

1. Introduction

The study of non-Newtonian fluids has attracted much attention, because of their prac-
tical applications in engineering and industry particularly in extraction of crude oil from
petroleum products, food processing, and construction engineering. Due to complexity
of fluids, various models have been proposed. The equations of motion of non-
Newtonian fluids are highly nonlinear and one order higher than the Navier-Stokes equa-
tions. Finding accurate analytic solutions to such equations is not easy. There is a partic-
ular class of non-Newtonian fluids namely the second-grade fluids for which one can
reasonably hope to obtain an analytic solution. Important studies of second-grade fluids
in various contexts have been given in the references [1, 3, 6, 7, 9, 10, 11, 12, 13, 17, 19,
20, 21, 22, 24].

Since the pioneering work of Lighthill [16] there has been a considerable amount of
research undertaken on the time-dependent flow problems dealing with the response of
the boundary layer to external unsteady fluctuations about a mean value. Important con-
tributions to the topic with constant and variable suction include the work of Stuart [25],
Messiha [18], Kelley [15], Soundalgekar and Puri [23], and Hayat et al. [8].

Despite the above studies, no attention has been given to the study of the simultane-
ous effects of the rotation and heat transfer characteristics on the non-Newtonian flow
with variable suction. Such work seems to be important and useful for gaining our ba-
sic understanding of such flow and partly for possible applications to geophysical and
astrophysical problems. Also, heat transfer plays an important role during the handling
and processing of non-Newtonian fluids. The understanding of heat transfer in boundary
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layer flows of non-Newtonian fluids is of importance in many engineering applications
such as the design of thrust bearings and radial diffusers, transpiration cooling, drag re-
duction, thermal recovery of oils, and so forth. The primary purpose of the present paper
is to make an investigation of the combined effects of rotation, and heat transfer char-
acteristics on the flow of a second-grade fluid past a porous plate with variable suction.
This work is concerned with a boundary value problem in a rotating flow. The analyti-
cal solution of the velocity field, skin-friction, and temperature distribution is obtained.
Special attention is given to finding the analytical solutions and to describe the physical
nature. Finally, in order to see the variations of different emerging parameters, the graphs
are sketched and discussed.

2. Mathematical formulation

Let us consider an incompressible second-grade fluid past a porous plate. The plate and
the fluid rotate in unison with an angular velocity Q about the z'-axis normal to the plate.
The plate is located at z’ = 0 having temperature T. The flow far away from the plate is
uniform and temperature of the fluid is T.

For the problem under question, we consider the velocity and temperature fields as

V= (u(,t)v,t),w,t)), (2.1)
T=T(,t), (2.2)

inwhich u’,v’, and w’ are the velocity components in x’, y’, and z’ directions, respectively,
and T indicates the temperature.
The governing equations in absence of body forces and radiant heating are

divv =0, (2.3)
[dv .
P [%+ZQXV+QX(QXr)] — divT, (2.4)
,de :
p I T-L-divq. (2.5)

In above equations d/dt’, p’, e, L, and q are, respectively, the material derivative, den-
sity, the specific internal energy, the gradient of velocity, the heat flux vector, and the ra-
dial distance r? = x? + y2. The Cauchy stress T in an incompressible homogeneous fluid
of second grade is of the form

T= —pI+‘LlA1 +061A2+0(2A%, (26)
Ay = (gradV)+ (gradV)", 2.7)
A, = A +A;(gradV)+(gradV) Ay, (2.8)

dt
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where y, —pL, «; (j = 1,2), Ay, and A; are, respectively, the dynamic viscosity, spher-
ical stress, normal stress moduli, and first two Rivlin-Ericksen tensors. The thermody-
namic analysis of model (2.6) has been discussed in detail by Dunn and Fosdick [4]. The
Clausius-Duhem inequality and the assumption that the Helmholtz free energy is a min-
imum in equilbrium provide the following restrictions [5]:

u=0, a; =0, ar+ay =0. (2.9)

It is evident from (2.1) and (2.3) that

=0. (2.10)

The above equation shows that w’ is a function of time. Following Messiha [18] and
Soundalgekar and Puri [23] we take

w = —Wj(1+€eAe“"). (2.11)

In above equation W is nonzero constant mean suction velocity, A is real positive
constant, € is small such that €A < 1, and negative sign indicates that suction velocity
normal to the plate is directed towards the plate. From (2.1), (2.4), (2.6), (2.8), and (2.11)
we get

’ L ’ a’\ 2.7 3.,/
o' _ Wi(1+eAe™! )ai 200 = — 1o +va “ovat ou
ot’ 0z’ p'ox’ 0z'? 0z'2ot’ (2.12)
4 iw't' 831/!, ‘
—a* Wi (1+€Ae t)az'3’
’ ’ o 2.,/ 3.,/
a—v—Wé(1+€Aei“’/")a—VZQu':—lap +vav +a* oy
ot’ 0z’ p’ oy 07’2 0z'2ot’ (2.13)
, N '
—a*Wy(1+€Ae™?) 575
ow'’ 1 0p
= _?ag’ (2.14)
subject to the boundary conditions
u=v=0 atz =0, (2.15)
u—U({), vV —0 asz — oo, (2.16)
where U’(t') is the free stream velocity and modified pressure
7N\ 2 7N\ 2
por oo ()42
z z (2.17)

M

2 e
p p
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In view of (2.11) and (2.14), 9p/9z’ is small in the boundary and hence can be ignored
[8, 18, 23]. The modified pressure p is assumed constant along any normal and is given
by its value outside the boundary layer. Equations (2.12) and (2.13) for the free stream
yields

10p dU
_Lop _du 2.1
pox dt (2.18)
3%
L9 hav, (2.19)
p' oy
Making use of (2.18) and (2.19) into (2.12) and (2.13), we have
ou’ o Ou av’  o*u ?u’
T _Wi(1+eAe”) 25 200 = *
gr ~ WollTeAet) o 20 = G T vt G gy
gy (2.20)
’ iw't u
—a*Wy(1+eAev") FER
7 o ’ 2.,/ 3.,/
N _ W6(1+€Ae"”)8129u’ = 20U’+va L al
ot’ 0z’ 0z'2 0z'2at’ (2.21)
, i OV '
—a*Wi(1+€Ae™?") 55
where U’ is periodic free stream velocity given by
U'(t) =U(1+ee“?), (2.22)

where Uy is the reference velocity.
With the help of (2.22), (2.20), (2.21), and boundary conditions (2.15) become

OF’ iy OF
= — Wy(1+€Ae”" ) =— +2iQF
ar ~ Wollveact) 5 vai
re 7 ilw't aZF’ . 7 iw't’ a3F’
= Ujiw'€e" " +v 577 +2iQU(1+€e“" ) +a* 3757 (2.23)
i\ O F
* 7! t
—a*W((1+€eAe™®?") 55
F'=0 atz =0,
L 2.24
F'=U/(1+€e“") asz — oo, (224)
where
F =u +iv. (2.25)
Introducing the nondimensional variables
/W/ W’ztl 4 7 ’
”:ZUO’ = 4Dv ’ w:;\)f(f}z’ U:%’
, , o, ¢ (2.26)
uor v g F
Uy’ Uy’ Uy’
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the boundary value problem consisting of (2.23) and conditions (2.24) yields

1 oF it OF 0’F
—— (1 A iwt 2iNF = (wt 2iN(1 iwt -
YR (1+eAe )811+l 4(zwee ) +2iN(1+€e )+8;72
1 o°F OF (227
_ iwt
“<4aqzat (I+eae™) 55 3)
F=0 atn=0,
) (2.28)
F— 1+e€e™ asn— oo,
where
a* W2 Qv
a= "5t N-qm (2.29)
3. Analytical solution
The solution of (2.27) subject to conditions (2.28) is written as
E(n,t) = filn) +ee fr(n). (3.1)

Using above equation into (2.27) and separating the harmonic and nonharmonic
terms we obtain

$Bf dEfi d
LN _dh ﬁ+Wf iN,

dn?  dn?
(3.2)
& f iaw\d*f, dfy . dfi @ fi
(Xd—l/l3—<l+ )ﬁ—d—rl'FlN]fz lN1+A—— d—l/]3’
where
M=N+%. (3.3)
The corresponding boundary conditions are
fi=0 atn=0,
fi— 1 asy— oo,

3.4
f=0 atn=0, (54

f— 1 asy— oo.
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It is worth emphasizing that (3.2) for second-grade fluid are third order (one order
higher than the Navier-Stokes equation). Thus, one needs three conditions for the unique
solution whereas two conditions are prescribed. One possible way to overcome this diffi-
culty is to employ a perturbation analysis (as in Beard and Walters [2], Soundalgekar and
Puri [23], Kaloni [14], and Hayat et al. [8]) and take the solution as follows

fi = futafii+o(a?),

(3.5)
fr = foatafin+o(a?).

Substituting (3.5) into (3.2), (3.4), equating the coefficients of «, and then solving the
corresponding problems we have for f; and f,

h=1-(1 +0c11L)e_h’7,

(3.6)
fr=1-8e8"—(1—S)e ™ +afcse & — nMe 8" — (ncsics)e ],
and so from (3.1),
: 1—Se 8" —(1—S)e M
F=1-(1+anL)e " +ee! , (3.7)
+a{cse 8" — yMe 81 — (yjcsic5)e M}
which upon separating real and imaginary parts gives
u=up+ee“u =1—e " ((1+anL,)cosh;n +anL;sinh; )
i 4Ah; 4Ah, . ]
1- e‘g"7<<1 " ) cosgin + ® smgm)
4Ah; 4Ah
+*hv’7( > cosh; 7 — "h-)
e , oshin —— = sinhy (3.8)

o
+ae 8" (csp cosgin + c5isingin) ’

—ane 81 (M, cosgin + M;singn)

| —ae"1((nes, + cs,) coshin + (ncsi + ¢5:) sinhin) |



v=1y+eety =e

+ et

| —ae™
where

h

| e*grﬂ((l — 412);”) singin — 44h

1
2
[ 1+m)], b:[
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1 ((1+ anL,) sinh; 7 + anL;cosh; )

" cosg,n)

—e P (4Ahi sinh; 77 + 44h, cosh; ;1>
w w

+ae 8" (cs;cosgify — cs,singin)

—ane &1 (M;cosgin — M,singn)

++1+4iN

1
=h, +ihj= ———i,

2

2

T((#esi+ csi) coshin — (y¢sr + csr) sinhyn) |

o], w-L[L(crevivien)],
L revirien) |

1++/1+4iN
r=a*+b*=+v1+16N?, g:g,-i-ig,':fll,

o=t faainen)], e= (-]
T T e P LTS e

4iAh
n=a+b =\1+16N2,  S=8, +iS: _1—-%;1

Sr=1+ihi,
w

4Ah, ) K3
Si= 0’ L=L,+il;= TN

3(r+1)(r—1)”2
+_—
2\ 2 2

2(g+iw/4) (1 — 4iAh/w)

M= M, +id; =€ LA, ’
1
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1/rn+1\"* 1 +1\"% o«
Z<12> §(1+1)< ) +_1

2
+§(T1_1)<r1+1)1/2 N( >1/2
1/2
(=2)

<r1+1)1/2 (r L+ 1
2

Ah,;
+—h +21’1+3(1’1—1)(r )
ML w 2 2
re 1/2
" -t (5)

2N1(r1+1)+%(r1+1)(—

L Ahr _(rl—1)1/2+<r1—1)(r1—1>1/2
W 2 2 2

2

1\ 2
8N; +4N;r; + (rlz )
1/2

) _ 1N 12 N 12
) LA +(r1 1)<r1 1) ranz (D 1)
M;= — w 2 2
" 5 r—1
21 (D )
+2(r1+ )( 5

—3N1(7‘1 — 1) - 27’1

Ahr | r1+1)1/2( <r1+1>)
Y (2 5

1/2
r+1
+4N2( )
N\ 2
¢s = Csp +icsi = (c1r + Cop + 1) +ilCr1i+ C2i + Cai) 5

4 3
c1 = cyyticy = i(A—(l —3)):
w

=4(h} — 3h%h;) <A+ %h’)

¢ = —4(h} —3h2h,) <A+ %’“) - 16% (h) = 3h7hy),
4A(WP+1)

G =cCyticg=—T"7"7-7,

1w
o = 4;‘( (1 = 312h,) — L, (K = 3K2hy)),

(h3 3h?h,),
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o = —% (L, (K = 312h,) + Li(K — 312hy)),
. 4AhL
3 =C3rtiC3i=——),
iw
C3r = ﬁ (hiLr + hrLi)’ C3; = _ﬁ (hrLr - hiLi))
w w
. 16AhL(1 —2h)
Cq = Cqr T1C4i = S R
16A
C4y = W((l —2h,) (h,L, — hiL;) + 2hi(h,Li + hiL,)),
_ 164

Cyi = w2 ((1 - Zhr) (l’lrL,' + hiL,) - Zh,’(l’lrLr - ]’l,‘L,’)).
(3.10)

The drag Py, and lateral stress Py, at the plate in nondimensional form can be written,
respectively, as

P, ou af du oty 02U
P = Gowepr _aﬂ_4[af13f_4(l+€Ae : ’72]’ 3.11
I ST B
5T UWep! o 4 Lonot n: 1

The above equations after using (3.8) and (3.9) give

8Ah;h,
W
—a(grcsr — gicsi) + aA (b — h2)
—aM, + “(hrCSr - hiCSi) — 0C3y
sz = ‘x(hzz _h%) _hr _(XLr+€eiwt —iocw(g—r — é(h,'g,'f'hrgi) — 2Ahihr> > (3-12)
4 w w
4Ah;\ 8Ah,gig
2 _ 52 _ !
(g g,)<1 " )+ "
N 12Ahh  4AR]
B w w

[ L 4A TN TP )
gt " (hygr — higi) + " (h2 —h?)

(higr + hrgi) -

44
&=

+a

—a(grcsi+gics) — 2aAh;h,
—aM; +a(hycs; + hics,) — acs;

P,. = hi — aL; — 2ah;h, + €e™' M e hg)> . (3.13)
w

—iow (g,- + % (hygr — higi)

8Ahigigr 4Ahr 2 2
w ) (gr 8i )

. 12Ah,h; ~ 4AR]
L w w .

—2gigr +
+a
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The above equations can also be written as

P, = a(h} — h?) — h, — aL, + €|B| cos(wt + ),

Py, = hj — aL; — 2ah;h, + € | By | cos(wt +7y),

where

B 4A 8Ah;h, 7]
&= (higr +hygi) — Y

—a(grcsr — gicsi) + aA(h? — h2)

—aM, + a(h,cs; — hics;) — aca,

B=B,+iB; = i gr A 2Ah,’hr
—zocw(z— w(h,gr+hrg,) - )
4Ah;\ 8Ah.gig
2 _ 52 — !
(& —&) (1 " ) e

+a

N 12Ahh? ~ 4AR]
L w w -

B 4A 8Ahihr T
&= (higr +hrgi) — 0

—a(grcsr — gicsi) + A (h? — h2)

—aM, + a(h,cs, — hicsi) — acs,

B, = ’
4Ah; SAhrgigr
2 _ 52 _ i
(g gr)(l - )+ i
+a
124k aAR;
- w w |
=& A g, gy - 24
Bz = (X(U( 4 w (hlgr+hrg1) © R
LY R . PR,
g1+ w (hrgr hlgz)+ o (hr hz)
—a(grcsi+ gicsy) — 2aAhih,
_“Mi +0€(hrC5,‘ +hiCSr) — XC3j
Bi = By, +iByj = —i“w<gi+%(hrgr—higi)+%(h§—h§))
8Ahigig:  4Ah,
—2gigr+%__w (grz_giz)
+a
124Nk} Ak
w w |

_1( Bi _1( Bii
= tan 1(—), = tan 1(—),
/3 Br Y Blr

(3.14)
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L A VLA ey
git - (hegr —higi) +- = (hi —hj)
—a(grcsi+ gicsy) — 2aAh;h,
By, = —aM; + a(hrcsi + hics,) — acs;
' 8Ah,‘g,'gr 4Ah, 5 2 ’
—2gigrt— = (- gi)
‘o
N 12Ah,h;  4Ah]
i w w |
_ L AA L VLA 2)
By; —ocw(g,+ " (hrgr — higi) + » (h? —h7) ).
(3.15)

We now proceed to derive the energy equation appropriate for the problem under
consideration. We start with the energy equation (2.5). It follows from (2.5), (2.6), (2.7)

(2.8), and (2.9) and L = gradV that

ou' [ *u LR
ou 2 I 2 oz (at/azl az,2>
TL_”[(@Z’) +<az,> :|+OC o' aZV/ ,aZV/ (316)
"oz (at'az' w az’2>

Following the thermodynamical considerations given in Dunn and Fosdick [4] for flu-
ids of second grade and representing q by Fourier’s law with a constant thermal

conductivity, k, (2.5) reduces to

ou’ ( ot ,82u’)
,C[BT W aT] 0T [<8u’)2+ (av')z] g | 07 \oroz T 922
Pelor "W ozl "az2 TH oz oz ! L ( v 821/’) :
0z’ \ot' 0z’ 0z'?
(3.17)
where c is the specific heat. The boundary conditions for the temperature are
T=T, at zZ =0,
T— Ts asz — co. (3.18)
Using
T—-Ty
0 T Ty (3.19)
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(3.17) and boundary conditions (3.18) become

[ du d*u +Q 0%y ]
on onot  on onot
0%0 iy 00 P, 00 ou\’ (v’ ou du
7 iwty 22, 2T e i —(1 Aelwt) —= 2~
o~ Pr(read) g+ 55 EC[(&m) +<an> ]+P (Iteae )5, an |
ov 0%
_ wt\ 2~ 2 "
I (1+e€Ae )8118112_
(3.20)
0=0 aty=0,
61 atn— o, (3.21)
in which
_ pe _ kUg
P=t By (3.22)
_ aUfu
p= .ot (3.23)
We further assume that
0==0,+ €€iwt91. (3.24)

Substituting (3.24) into (3.20) and boundary conditions (3.21), and equating the co-
efficients of the harmonic and nonharmonic term after neglecting the coefficients of €2,
we get

d20, _ de, du\*  (dv\* duy d*uy  dvy d*v,
d—l/]2+Prd—1’]:_Ec|:(d—}’]) +<d—}7> :|+P|:Wd—l’]2+d_1’]d—r]2:|’ (325)
d291 d91 P, . d90 du1 duz dV1 de
d—]72+Prd_}7_le91 :—PrAd—rl—zEc[Ed—rl'FEd—ﬂ]
[ iw(%@+@&) ]
dn dn  dn dny
(dudin dndv)
dn dn* — dn dp?
duy d*uy  dvi d*v,
()
(dmdu dndw)
dn dn*  dn dp?
6=0 at11=0,

, (3.26)

0p— 1 aty— oo,
0,=0 atn=0,
91-’0 aty — oo,

(3.27)



Solving (3.25) and

6

where

dy = —E.(h? + h? — 2aL;h;),

ds

dy

—2PaL,h, (k2 +h?),
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(3.26) along with the boundary conditions (3.27), we obtain

Oh=1- (1 + d7)efp'r’ + (d7 + dgi’])efzh’”, (3.28)

= —mige 1+ (m7 + mo + mgq)e_Zh"’
+ (myo + myg + myan)e” B cos (h; — gy (3.29)

+ (m1 + mys+ mlsn)e_(h'+g')’7 sin (h; — gi) 7,

d, = —2E.aL, (h*+h?),
= P(—h} +3aL.h? — h,h? + 2aL;h;h, + aL,h?),
d5:d1+d3, d6:d2+d4a

ds de (4h, — P,) ds

d;

do =

le

dll

dip =

T4k -2Ph, (4h2—2Ph,)

dg = (4h2 = 2P,h,)’
- 4Ahi)

- 4Ah,
- (higr - hrgi)

(g +12)+ 1

+a(h, (gresi+ gicsy) — hi(gresy — gicsi))
4aAh, ’

+a(h.M; — h:M,) + (g-Lr —giLi)

+“<1 - %hl> (giLr _grLi)

4o Ah?

4Ah;
w ) (Lrgz - ngr)

_a(hr (ngi+giMr) - hi(ngr _glMl)) >

406Ahrh,' 4Ahi
" » ) (g-Lr — giLi)

(Lrgr+Ligi) — ah, <1 -

(g,‘L,, _grLi) + Oéhi (1 —

B _ 4Ahrhi
w

4Ah;
(he - ) +a(1- 221 (Lig ~ Lig)

—a(hr (gresy — gicsi) — hi(gresi+ gicsy))

4aAh,
- ) (e + o)

+

(giLr —g,L,') + (1 - 412)1/11

4aAh?

_‘X(Mrhr +Mihi)

4Ah;
) (Loge+ Lig)

—a(hy (g-M; + giM;) — hi(g-M; + giM,)) >

406Ahrh,‘ 4Ah,‘
w w )(g:Lr grLl)

(L,gi — Ligr) + ah, <1 -

(grLr —g,'Li) +06]’li<1 -
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d13 =

d14 =

dlS =

dis =

d17 =

dlS =

r4Ah,

[ 4aAh,

__ 4aAh,

—8Ahh;
w
40 ) 24 12 12) ey +hics)

AR g1, i)+ S 02— 12) (L~ L)

(h, — aL,) + acs, (h? + h?)

+

>

+acs, (h? +h?)

(g7 - &) (hy —aL,) +2grgi(1 -
—2a(h, (g-M; — giM;) — hi(g-M, — giM;))
—“(gf _giZ) (hrcsi — hicsy)

(1221 (g2 - g2) (1 - a)

4Ah;
w w

8Ah, g gi (hi — al,)
) 1 1

—2ag.gi(hycs, + hicsi) +

© (g7 — &) (h Ly — hiLi) +20g,gi (h M, + giM;)

+a(g? — g?) (hM; — hiM,) +

A r&r&i
% (hyLi+hiL,)

~a(1- 220 (g2 ) (Lt i)
+20g:gi (1 - 412)hi) (h L, — hiL;)

_4‘2)}1’ (g2 —g?) (hi —aL;) +2grg,'<1 - 412)hi) (hi —aL;)

+2a(hy (g M, — giM;) + hi(g-M; — giM,))
SAhrgrgi
w

+a(g? — g7) (hecs + hicsi) + (hy +aL,)

44h,
(1= 22 (g2 - ) (e — aL) — 20gegi (s — hics)

(g% - &7) (hLi+hiL,) + % (hrLy = hiLs)

w

—2ag,gi (1 N 4?uhi ) (el hik)
+20g,gi (e Mi — hiM; ) — (g2 = g7) (hy My + hiM;)
_a(l - 4fz)hi) (¢2 — ¢?) (hL, — hiLy)
8Ahh;
w

(h2 +h?) — a(hics, + hics;) + ahZhics;

dio = | 12aAhh; 4aA
w

(heL, — hiL;) + o (L;hi — Likd) |

+2acs, (h2 + h?) + ah.hi (hycs; — hics,)

)(hr—(xL,)_
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d22

dys = +2ah,hi(grcsi + gicsr) ’

day =
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Sahhily o 4aAL
dy = w ’
—a(hics, +hicsi) + Oéhrhi(hrcsi — hicsr)

g,-(l - %h’> (h2 — h?) — ah?(gycsi+ gics, ) + 2ah,hiM,

+206hrhi(gr55r —giC5i) - Zh’gr<1 B %hl)

4A 9 A 2 rLr
Zg (h2 hlz) +06hz2 (g,65i+gi55r) - %

8Ah$ ) 4Ah;
+7g 760 > (hygi - higr)

(hi — OCL,‘)

! (I’l, — OCL,') — 206Lr (1 —
80(Ahrh,' 4Ah,‘
B (Lrgi — Ligy) +2aLihig; (1 B )
r a(g-M;+giM,) (h2 — h?) i

gaﬁh (2 —h7) (L,g + Ligi)

+2ah,hi(g-M, — giM;) + % (Lrgi — Ligr)

+oc<1 — %hl) (Lgi — Ligr) (h2gi — h})

4Ah;
" ) (Lygr +Ligi)

—Zah,h,-(l -

lgr(l - %) (2~ h2) + agrcs, (b2 — h2) |

8Ah2g,
w

+agicsi (b +h}) — (hi — aLi)

4Angl (hz h,z) + Z(thhiMi

~2hg (1~ 220 (1 )

80cAh2g, ; S(xAhrhi
w w

(Lrgr +Lihi)

4Ah;
w ) (Lrgt - ngr)

—oc(l - %’”) (h? = h) (Lrgr + Ligi)
—a(h:—h?) (Mg — Mig) — %}l%hi (Lrgr +Ligi)
28 (1 Lig) (42— ) ’
—2ah,h; (1 - %h’) (Lrgi— Ligr)
—2ah,hi(Mig, + M, gi)

+2(Xh,‘(1 -
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(s, + Hcsi) + e, (B2 — H2) + % (h2— ?)

d25 = ,
+2‘xhrhic3i - ahrhi(hrCSi + hiCSr) — M

>

w
. 27 12
[ _4aAL; (ht + 1) — 8aAh; Lih? }
d26 = w w >
—a(hlcs, +hicsi) — ahchi(hycsi+ hics,)

dy; = [ — h2 +3ah’L, — h.h? + 2ah, h;L; + aL, h?],
drs = —2aL,h, (W2 +h2),
—P,A(P,(1+d;) —2h,d; +dg) + PAd>;
—(2E; +iwP)dy3 + P(dig + dys) }

_ i = 2P, Ah.dg — (ZEC + sz) diy
M = Myr T 1M = +PAd23 + P(dzo + d26)

ms = ms, +ims; = [ — (2E. +iwP)dy + P(di5 + da1) |,

my = my, +img; = [ — (2E. +iwP)dio+ P(dis +d») |,

ms = ms, +ims; = [ — (2E. +iwP)dy1 + P(d17 + d»3) ],

me = me, +img; = [ — (2E. + iwP)dyy + P(dig + das) ],
my = My, +1My;,

mlr(4h% — Zhrp,») - mli(a)Pr/4) " m11(4h% — Zhrpr) + mlr(wPr/4)
> 7i =

my = my, +imy; = |:

>

Mzr = 5 5 7 5
(4h? = 2h,P;)" + (wP,/4) (4h2 — 2h,P,)" + (wP,/4)
mg = mg, + img,
" moy (4h2 — 20, P,) — my; (wP,/4) " mo; (4h2 — 2h,P,) + my, (wP,/4)
8r = 2 2 8i = 2 2
(4h2 — 2h,P,)" + (wP,/4) (4h? — 2h,P,)" + (wP,/4)
P2
(42— 2h,P,)>+ (‘”T)
ny =Ny +ing = p R
—2i(4h2 - 2h,P,) (“’4 )
P\’ P,
me= (42— 2n )+ (0L = -2 =22 (7)),
My = My, + iMo;,
(4h, = P;) (n1,myy — mainy;) (4h, — P,) (n1;my, + myny,)
moy, = > 3 s Mo; = 5 5 R
m, +ny; m, +ny;

Ny = Ny, +iny; =

(hr+gr)2 - (hl _gi)z _P"(hr+gr)
+i(—2(hr+gr)(hi_gi)+Pr(hi_gi)_wTPr) ’
no = [(h+g)" = (hi— )" = Pr (b +g)],

r

w
o = =2(hy +g ) (hi— &) + Py (hi — &) — 1
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(”Zrmsr - msrnzi)

myo = Mio, + iMyoi, Moy =

2 2 >
ny, +nj;
_ (anmSi — M3iMy;) _ .
myi=—"> "3 > myy = myy, + 1My,
ny, +1j;
I (maims, +ms,nyy) T (naims; + msiny,)
11r = 2 2 > 11i = 2 2 >
ny, +ny; ny, +ny;
. (ﬂ2rm6r - m4r7’12i)
miy = Moy +1M12i, myy = 5 5 >
ny, +ny;
-~ (n2rm6i — Myina;) _ .
Mmpi=——> 5 > mi3 = M3, +1Mi3;,
nyy +1y;
m (naimer + meynar) m (naime; + meingyy)
13r = 2 2 > 13i = 2 2 >
ny, +ny; na, +nj;

n3 = ns, +inzi = [(2(h, +g) —P;) +i(=2(hi—g))],
ns, = 2(hy +g) — Py, nii = —2(hi — g), Ny = N4r + iN4j,

_ wP? ;
(he+g) "+ (hi—g)* + > (hi — &)
2 2 wP?
ey = —6(h, +g)"(hi —gi) "+ — ,

+P (1 +8:)" = (hi - g)") — Py (hy + /) (i - g1)
+2Pr( - (h, +gr)3 +3(h, +g) (Wi —gi)z)
—4(h, +gr)3(hi _gi) +4(h, +gr) (hi _gi)3

ny; = | T2Pr (3(hy +gr)2(hi -gi) — (hi *gi)s) - wf,

—2P}(hy + &) (hi — &) — wfr ((hr+gr)2 = (hi _gi)2>

Myg = Mgy + 1M 4,

(hr +gr)

>

Mer (Narn3, + N4in3;) + Myy (RarNsi — Nying,)

Migr =

>

2 2
Ny + 1y,

Mei (Nar N3, + N4in3;) + mMyi(naenzi — nain,)

miy; = 2 2 >
Nyy + My;
Mmis = Mis, + iMys;,
_ — Mgy (n4rnz; — nainz,) + may (n4rn3e + nging;)
Mmysr = 7 3 >
Ny + 1y,
m —Mei (N4r N3 — Nyinze) + Myi(RarN3e + Nagina;)
14i = )

2 2
Ny + My;

Mg = Mgy + M1 = M7 + My + Mg + Mg,
Mgy = Myy + Moy + Myor + Mider, Myei = M7; + Mo; + Myo; + My4ei,

(Pr + /P2 + inr)

f=frifi=
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1/2
P, az_Pr+1[P%+x/Pé+w2P%] )

=Ll 42T
fr 2 2 2 2 2

b, 1[-P}+Pi+w2P2]"?
f=3 73 2 !

P2+ P4+ w2p2]"? , —P2+ /P4 + w2p2"?
a = f > 2 = P >
ry = a3 +b3 =P+ w2P2,

(3.30)
From (3.24), (3.28), and (3.29), we can write
0 = 0y + €(6;, coswt — Oy;sinwt), (3.31)
in which

01, = —e M (myg, cos fing — migisin fin) + (mz, + mo, + mg,n) e

(Mo, + muay + mizem) cos (hi — gi)y —(h+g)n (3.32)
+ . e N
+(myy, +myse + ml3r’7) sin (h; —gi)ﬂ

61i = —e /M (myg, sin fing + mygicos fin) + (mz; + mo; + mgin) e 2"
(moi + mgi + mizin) cos (hi — gi)n o (hrtg ) (3.33)
+(m + ms; + mzin) sin (b — gi)n ’

4. Discussion of results

In this paper, we consider the problem of heat transfer in rotating flow of an incompress-
ible fluid of second grade. A perturbation procedure has been used to obtain the analytic
solution. The effects of various parameters such as Q, P,, and E. on the real and imag-
inary parts of velocity (u,v) and temperature (6,,6;) distributions are studied and the
results have been presented by several graphs.

To study the effect of Q on the velocity components, we have plotted u and v against
1 in Figures 4.1, and 4.2 for Newtonian and second-grade fluids. From Figure 4.1(a), it
is observed that near the plate u increases with the increase of Q. Figure 4.1(b) indicates
that u increases very near to the plate and then fluctuates through an increase in Q). The
comparison of these two figures reveals that u in case of second-grade fluid is greater than
that of Newtonian fluid. Also, the velocity boundary layer thickness for second-grade
fluid is larger than the Newtonian fluid. It is also seen from Figures 4.2(a) and 4.2(b)
that v increases near the plate and then decreases for large value of Q. The fluctuations in
second-grade fluid are more visible than that of Newtonian fluid. Also, the value of v for
second-grade fluid is smaller than in the case of Newtonian fluid.

Figures 4.3 and 4.4 show the effect of Q on the real (6,) and imaginary (6;) parts of
temperature distributions. Figure 4.3(a) shows that with the increase of Q, 6, decreases
near the wall. As shown in Figure 4.3(b), we can see that as Q) increases, 0, increases near
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Figure 4.1. Effect of Q) on real part of velocity profile u versus #. In (a) for Newtonian fluid at & = 0,
wt=7m/2,A=0.2,€ =w=0.5 Wy =-0.5v=0.1. In (b) for second-grade fluid at a = 0.4.
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a
0 0.5 1 1.5 25
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----- Q= — — Q=25
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>
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0 0.5 1 L5 2 2.5
"
Q=05 —__ Q=2
----- Q= — — Q=25
Q=15

(b)

Figure 4.2. Effect of Q on imaginary part of velocity profile v versus #. In (a) for Newtonian fluid at
a=0,wt=71/2,A=02,€ =w=0.5 Wy =-0.5=0.1.In (b) for second-grade fluid at & = 0.1.
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(b)

Figure 4.3. Effect of Q on real part of temperature profile 6, versus #. In (a) for Newtonian fluid at
a=0,wt=m1/2,A=€=w=0.5 Wy=-057v=0.1,P, =1.5,E . =5.0,k=0.2,P=0.3.1In (b) for
second-grade fluid at o = 0.04.
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Figure 4.4. Effect of Q on imaginary part of temperature profile 6; versus #. In (a) for Newtonian
fluidata =0, wt =7n/2,A=€=w=0.5, Wy =—-0.5,7v=0.1, P, = 1.5, E. = 5.0,k =0.2, P =0.3. In
(b) for second-grade fluid at a = 0.05.
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Figure 4.5. Effect of P, on real part of temperature profile 8, versus #. In (a) for Newtonian fluid at
second-grade fluid at a = 0.05.

a=0,wt=n/2,A=€=w=0.5 Wy=-0.5,v=0.1,Q=3.0,E =50,k=0.2,P=0.3.In (b) for
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10 \ T T T T T -E

0 1 2 3 4
1
—p-=1 ——— P =6
----- P =2 — — P =
e P =4
(b)

Figure 4.6. Effect of P, on imaginary part of temperature profile 6; versus #. In (a) for Newtonian
fluidata =0, wt=n/2,A=€=w=0.5 Wy=-0.57v=01,Q=25E =50,k=02,P=0.3.In
(b) for second-grade fluid at a = 0.04.
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(b)

Figure 4.7. Effect of E, on real part of temperature profile 6, versus 7. In (a) for Newtonian fluid at
a=0,wt=n/2,A=€=w=0.5 Wy=-0.5v=0.1, 2 =40, P, =5.0, k =0.2, P =0.3. In (b) for

second-grade fluid at a = 0.04.
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5
0 0.5 1 L5 2 25
n
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-——- E =6
(b)

Figure 4.8. Effect of E. on imaginary part of temperature profile ; versus #. In (a) for Newtonian
fluidata =0, wt =n/2,A=€=w=0.5 Wy =-0.57v=01,Q=25,P, =50,k=0.2,P=0.3. In
(b) for second-grade fluid at a = 0.05.
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the plate, and then at a distance of 7 = 1, the 6, begins to decrease. That is, the behavior of
0, is quite opposite for Newtonian and second-grade fluids near the plate. Figure 4.4(a)
shows the variation of Q on ;. It can be seen that as Q) increases, the value of 6; decreases
at a distance of approximately # = 0.8 and then increases. Figure 4.4(b) indicates that 6;
increases near the wall for Q > 1.

In order to illustrate the variation of P, on 0, and 0;, we have prepared Figures 4.5
and 4.6. Figures 4.5(a) and 4.6(a) explain the effect of P, on 6, and 0;, respectively, for
Newtonian fluid case. From these figures, it is revealed that near the plate, 6, decreases
and 0; increases for P, > 2. The thermal boundary layer thickness in 6, increases where as
for 0; decreases. For second-grade fluid, we note that from Figures 4.5(b) and 4.6(b) that
for P, > 2, 0, decreases near the wall and increases far away. Also 0; decreases for P, > 2.

Figures 4.7 and 4.8 show the effect of E. on 8, and 0;. From Figures 4.7(a) and 4.7(b),
we observe that 0, decreases near the wall with the increase in E. and increases far away.
The thermal boundary layer thickness increases for large E.. Moreover, it can be seen
from Figure 4.8(a) that 0; increases for large values of E.. From Figure 4.8(b), it can be
seen that with the increase in the values of E,, the temperature 0; decreases near the plate
and increases far away. The thermal boundary layer thicknesses in both fluids increases.
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