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We study the equation (0/0t)u(x,t) = czea’gu(x, t) with the initial condition u(x,0) = f(x) for
x € R}. The operator eB'l; is the operator iterated k-times and is defined by 69’}; = ((Zf’=1 B,q)4 -
( ?::H Bxi)4)k, where p + g = n is the dimension of the R}, By, = E)Z/(')Jci2 + (2v;/x)(0/0x;), 2v; =
2ai+1,4; > -1/2,i=1,2,3,...,n, and k is a nonnegative integer, u(x, t) is an unknown function
for (x,t) = (x1,x2,...,%x,,1) € R, x (0,0), f(x) is a given generalized function, and c is a positive
constant. We obtain the solution of such equation, which is related to the spectrum and the kernel,
which is so called Bessel heat kernel. Moreover, such Bessel heat kernel has interesting properties
and also related to the kernel of an extension of the heat equation.

1. Introduction

It is well known that for the heat equation
0 2
au(x,t) =c"Au(x,t) (1.1)
with the initial condition
u(x,0) = f(x), (1.2)

where A = 37, (32/<3xi2 is the Laplace operator and (x,t) = (x1,x2,...,x,,t) € R" x (0, 00),
we obtain

1 x—yl°
u(x, t) = acan? fRn exp <—W>f(y)dy (1.3)
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as the solution of (1.1). Equation (1.3) can be written as
u(x,t) = E(x,t) * f(x), (1.4)

where

I S At

E(x,t) is called the heat kernel, where |x|* = x> +x2 +---+x2 and t > 0 (see [1, pages 208-209]).
In 2004, Yildirim et al. [2, 3] first introduced the Bessel diamond operator Olg iterated
k-times, defined by

2 N 2\ ¥
ok = <§;B>_<p§3> (16)
B Xi xj ’
i=1 jop+1

where By, = 0%/0x? + (20;/x;)(8/9x;), 2v; = 2a; + 1,a; > =1/2,x; > 0. The operator ¢% can be
expressed by ¢k = ARk = Ok AX where

p k
AE = <ZBx;> ’ (17)
i=1

14 p+q k
O5= DBw— DBy ) - (1.8)
i=1

j=p+1
And, Yildirim et al. [2, 3] have shown that the solution of the convolution form

u(x) = (1) Sk (x) * Rk (x) (19)
is a unique elementary solution of ¢} that is
Oh (-1 S2k(x) * Ra()) = 6. (1.10)

Now, the purpose of this work is to study the following equation:
o 2 A
au(x, H=c @u(x, t) (1.11)

with the initial condition

u(x,0) = f(x), forxeR,, (1.12)
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where the operator &¥ is first introduced by Satsanit and Kananthai [4] and is defined by

k
k 4 ptq
= (ZB,C,.> - > B,
B i=1 j=p+1
1.13
. . (1.13)
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4 2 p+q ?
o = <ZB,C,.> +( > B, : (1.14)
i=1 j=p+l

By (1.7) we obtain

() ()]

Thus, (1.13) can be written as

k

P = oker, (1.16)

B

where ¢k and ©F are defined by (1.6) and (1.15), respectively, p + g = n is the dimension
ofthe R} = x:x = (x1,x2,...,%xu,t), x; >0,i =1,2,3,...,n, u(x,t) is an unknown function,
By, = 0?/ axf +(2v;/x;)(0/0x;), 2v; = 2a;+1,a; > =1/2, f(x) is the given generalized function,
k is a positive integer, and c is a constant.

Moreover, Bessel heat kernel has interesting properties and also related to the kernel
of an extension of the heat equation. We obtain the solution in the classical convolution form

u(x,t) = E(x,t) * f(x), (1.17)



4 Mathematical Problems in Engineering

where the symbol * is the B-convolution in (2.3), as a solution of (1.11), which satisfies (1.12),
and

4 4.k n
E(x,t) = CvJ‘ W) =Wt +yu) ] H]vi—l/Z(xiryi)yizvidy' (1.18)

* i=1

and Q* C R;, is the spectrum of E(x,t) for any fixed t > 0 and J,,-1/2(x;, y;) is the normalized
Bessel function.

Before going into details, the following definitions and some important concepts are
needed.

2. Preliminaries

The shift operator according to the law remarks that this shift operator connected to the Bessel
differential operator (see [2, 3, 5]):

T p(x)=C;, I . f (p(\/xf+yf—2x1y1 cosB,..., \/x,z,+y,21—2xnyn cos 9,,)
0 0

X <Hsin2”"‘19i> do,---do,,

i=1

(2.1)

wherex,y € R}, C} = [T I'(vi+1)/T(1/2)I'(v;) . We remark that this shift operator is closely
connected to the Bessel differential operator (see [4]):

PU 2wdU_PU 204U
dx2  x dx dy>  y dy’ 2.2)

U(x,0) = f(x), U, (x,0)=0.

The convolution operator determined by the TY is as follows:
(Fe0w=] s <y>T¥¢<x><Hy?”">dy- 23)
0 i=1

Convolution (2.3) is known as a B-convolution. We note the following properties of the B-
convolution and the generalized shift operator.

)Ty -1=1.

@) T f(x) = f().

(3) If f(x),g(x) € C(R}), g(x) is a bounded function for all x > 0, and fgo |f (x)]
(T %" )dxc < oo, then [ TY £ (2)g(y) (T Y)Y = [r. f()TY g(x) TTiy;™)dy.

(4) From (3),we have the following equality for g(x) =1: [ R: TY f (x)(l_[?zlyfv")dy =
f, ) TTLy;")dy.

() (f xg)(x) = (g * ) (x).
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The Fourier-Bessel transformation and its inverse transformation are defined as follows:

Fa0)0 =€ [ (TDecvatsw)si” ), 24
n i=1

n -1
(F3'f) (x) = (Fsf) (), cU=<szi—1/2r(ui+%)> , (2.5)

i=1

where Jy,-1/2(xi, y;) is the normalized Bessel function which is the eigenfunction of the Bessel
differential operator. The following equalities for Fourier-Bessel transformation are true (see
[5-7]):

Fs6(x) = 1, (2.6)

Fs(f *g)(x) = Fof(x) - Fpg(x). (2.7)

Definition 2.1. The spectrum of the kernel E(x,t) of (1.18) is the bounded support of the
Fourier Bessel transform ¥gE(y, t) for any fixed t > 0.

Definition 2.2. Let x = (x1,xy,...,x,) be a point in R}, and denote by

- .42 2 2_ .2
F+—{xeRn.x1+x2+~--+x x 42

P~ p1 — X >0, 4> 0} 28)

the set of an interior of the forward cone, and T, denotes the closure of T',.

Let Q" be spectrum of E(x,t) defined by (1.18) for any fixed t > 0 and Q C T..Let
FgE(y,t) be the Fourier Bessel transform of E(x, t), which is defined by

R+ i)

e P or ¢ € Q,,

FsE(y,t) = i (2.9)
0 for ¢ ¢ Q..

Lemma 2.3 (Fourier Bessel transform of (J§ operator). One has
Fslpu(x) = (1) V{ () Fsu(x), (2.10)
where

14 prq k
Vi(x) = fo—‘Zx,? . (2.11)

Proof. See [8]. O
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Lemma 2.4 (Fourier Bessel transform of A¥ operator). One has
Fuahu(x) = (1) | Fau(x),

where

k
|x|2k:<x%+x§+---+xﬁ> .

Proof. See [8]
Lemma 2.5 (Fourier Bessel transform of @’l‘_} operator). One has

k

Fs P ux) = VF(x)Fpu(x),

B

where

p 4 p+q A\ ¢
Vk(x) = <in2> —<Z x]2>
i=1 j=p+1

Proof. We can use the mathematical induction method; for k = 1, we have

Fs (@ u> (x) = Cy J‘R; <@ u(y)> Qi[]vi-uz (xi,y)y; > dy

- [, ononut) (T Torant s )
n i=1

(2.12)

(2.13)

(2.14)

(2.15)

=G, IR; (8 * Dz)g(y) (H]v, 12(%, vi) v} >dy, 8(y) = Opu(y)

(A%g+ 05 8 (x
= %5 2

((—1)2(x%+“-+xgl)2+(—1)2<x%+---+x2—x2 ——

p p+1

2

2, .2 2\? 2 2 \?
= (x1+x2+-~+xp> +(xp+1+~-+xp+q> FpOpu(x)
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P 2 p+q ? p 2 p+q 2
(52) «(57) )((22) () Jomen
i=1 j=p+1 i=1 j=p+1

4 4
2 2 2 2 2
((x1 + x5 +~~-+xp> - <xerl +~~+xp+q> )?Bu(x)

= V(x)Fpu(x),

(2.16)
where V(x) = (x2 + x5 + - + x,%)4 - (x; IR = +q)4. Then, from inverse Fourier transform
we obtain

P u(x) = F5'V (%) Fpu(x). (2.17)
B

Assume that the statement is true for k — 1, that is,

k-1

D ux) = F5' V! (0 Fpu(x). (2.18)

Then, we must prove that is also true for k € N. So we have

B B B

é u(x) = P <a§ u(X)>

2.19
= F5' V() FsF5 V! (x) Fou(x) 219
=F5 V5 (x)Fpu(x).
This completes the proof. O
Lemma 2.6. For t,v > 0and x,y € R", one has
. e—czxztxZde _ I'(v)
0 D2v+1pv+1/27
2.20
bt e_czxzt] (x )X2de _ r(U + 1/2) e_y2/4czt ( )
0 v-1/2(XY Z(Czt)v+1/2 ’
where c is a positive constant.
Proof. See [9]. O

Lemma 2.7. Let the operator L be defined by

9 k
=2 2@, (2.21)
B
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where & is the operator iterated k-times and is given by

(2.22)

p + q = n is the dimension R}, k is a positive integer, (x1,%2,...,x,) € R}, and c is a positive
constant. Then

4 4.k T
E(x,t) = C, eczf[(y%’f"'*'y;z:) —(y§+1+"'+y§+q) ] H]vi—l/z (xi/ yl)ylzvldy (2.23)
QF i=1

is the elementary solution of (2.21) in the spectrum Q* C R}, for t > 0.

Proof. Let LE(x,t) = 6(x,t), where E(x, t) is the elementary solution of L and 6 is the Dirac-
delta distribution. Thus

k
%E(x, ) —c? @ E(x,t) = 6(x)5(1). (2.24)

Applying the Fourier Bessel transform, which is defined by (2.4) to the both sides of the above
equation and using Lemma 2.5 by considering ¥6(x) = 1, we obtain

4 41k
%S‘BE(x, t) - c? [(x% + x% +oet xf,) - <xrz,+1 +oeet x§+q> ] FpE(x,t) =06(t). (2.25)
Thus, we get

k
FRE(x, £) = H(£)eS 100 m8rs)'( v )'T (2.26)

where H (t) is the Heaviside function, because H (t) = 1 holds for ¢t > 0.
Therefore,

4.k

FoE(x, 1) = eSO s) -G et )T (2.27)

which has been already defined by (2.7). Thus from (2.5), we have

4 ik N
E(x, t) — CUI eczt[(yf+<-'+y,2,) —(3/,3»,1‘*'""’%2“«4) | H]vi—l/Z (xi, yi)yizvidy, (2.28)
i=1

+
n
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where Q* is the spectrum of E(x, t). Thus, we obtain

4 sk n
E(x,t) = Cv’[ eczf[(y%""'*'%zr) ~Wpa*+eg) ] H]v,-—l/z (-xi/ yl)ylzvld]/

* i=1

as an elementary solution of (2.21) in the spectrum Q* C R;, for t > 0.

3. Main Results

Theorem 3.1. Let us consider the equation
9 k
au(x, t) - c? @ u(x,t) =0

with the initial condition
u(x/ 0) = f(x)r

where &% is the operator iterated k-times and is defined by

k P 4 pHq A\ ¢
O-( (ze) -(Zn) ).
B i=1 j=p+1

(32 Zvi 0

xi — < 5, T ’
©oox7 X Ox;

(2.29)

(3.1)

(3.2)

(3.3)

p +q = n is the dimension R}, k is a positive integer, u(x,t) is an unknown function for (x,t) =
(x1,%x2,...,xn,1) € R} x (0,00), f(x) is the given generalized function, and c is a positive constant.

Then

u(x,t) = E(x,t) * f(x)

(3.4)

is a solution of (3.1), which satisfies (3.2), where E(x,t) is given by (2.23). In particular, if one puts

k=1and q=0in (3.1), then (3.1) reduces to the equation
0 204
au(x, t) —c"Aju(x,t) =0,

which is related to the Bessel heat equation.

(3.5)
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Proof. Taking the Fourier Bessel transform, which is defined by (2.4), of both sides of (3.1) for
x € R}, and using Lemma 2.5, we obtain

%%gu(x,t) _ 2 ((xf P x;>4 - (x;+1 bt x;+q)4>k%u(x, ). (3.6)
Thus, we consider the initial condition (3.2); then we have the following equality for (3.6):
w(x,t) = F(x) * qgleczt[(x%+~-‘+x§)4—(x§+1+~~+x;+q)4]k. (37)
Here, if we use (2.4) and (2.5), then we have

k
u(x, 1) = f(x) * Fyle A i)

1 CH (24412 = (2 e 2+4k - 20i
= | glet M ) T Y f(x)<l_[yiu dy (3.8)

Ry i=1

= j <cf eCZ*V“Z’l’IJU,._l/z(yi,Zi>z?“fdz>T¥f<x><Hyf"">dy,
R R i=1 i=1

2

2 .. 2 4
o1t 2o T +2Zp,.,) - Set

where V(z) = (22 + 25+ + zlzg)4 —(z

4 4.k 1
E(x,t) = Cvf M) =Wt 4yug) ] [ Doz (xi, y0) i dy. (3.9)

+ 3
n i=1

Since the integral in (3.9) is divergent, therefore we choose Q* C R}, to be the spectrum of
E(x,t), and by (2.21), we have

E(x,t) = Cvf

kK n
CH P+ +y2) (2, 4ty ) 20;
e M) =Wt o) VT T2 (i, i)y dly
R;, i=1

(3.10)

241 (124t 12) (12 et ) k2 20;
=C, . € 1) =Wt Ypg) | H]vi—l/z(Xi,yi)yivdy.
* i=1

Thus (3.8) can be written in the convolution form

u(x,t) = E(x,t) * f(x). (3.11)
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Moreover, since E(x, t) exists, we can see that

tim EGet) =Co [T Tl )i dy
- Q=1

=Gy f ]_1[10,-_1/2 (xi, )y dy (3.12)
=6(x), forx€eR],
hold (see [8]). Thus for the solution u(x,t) = E(x,t) * f(x) of (3.1), then we have
limHOu(x, t) =u(x,0)=6x* f(x) = f(x), (3.13)
which satisfies (3.2). This completes the proof. O

Theorem 3.2. The kernel E(x,t) defined by (3.10) has the following properties.

(1) E(x,t) € C*™-the space of continuous function for x € R", t > 0 with infinitely
differentiable.

(2) (8/0t - c*®K)E(x,t) =0 forall x € R}, t > 0.
(3) im  E(x,t) =6 forall x € R},.
t—0

Proof. (1) From (3.10) and
PG @' T 20,
at" E(x t) at" 1 P p+l p*q H]vi—(l/Z) (xi, yi)yi dy (314)
i=1

we have E(x,t) € C* forx e R}, t > 0.
(2) We have u(x,t) = E(x,t) since u(x,t) = E(x,t) * f(x) holds. Note here that we use
the fact f(x) = 6(x) by the Fourier Bessel transformation. Then, we obtain

<_ _ c2@>5(x h (315)

by direct computation.
(3) This case is obvious by (3.12).
In particular, if we put k = 1 and g = 0 in (3.1), then (3.1) reduces to the equation

%u(x, t) - *Aju(x,t) =0, (3.16)

and we obtain the solution of (3.16) in the convolution form

u(x,t) = E(x,t) * f(x), (3.17)
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where E(x,t) is defined by (2.23) with k = 1 which is related to Bessel heat equation. This
completes the proof. O
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