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We discuss a two-species Lotka-Volterra mutualism system with stochastic perturbation. We show
that there is a unique nonnegative solution of this system. Furthermore, we investigate that there
exists a stationary distribution for this system, and it has ergodic property.

1. Introduction

It is well known that the differential equation

x1(t) = x1(t)[r1 — anxi(t) + apxa(t)], 1)
X2(t) = x2(t)[r2 + az1x1(t) — aznxa(t)] .

denotes the population growth of mutualism system for the two species. x;(t) and x;(t)
represent the densities of the two species at time ¢, respectively, and the parameters r;, a;j, i, j =
1,2 are all positive. Goh [1] showed that the asymptotic stability equilibrium state of (1.1)
in local must be asymptotic stability in global. That is, if r; > 0, a;; > 0, i,j = 1,2, and
ajax — apax >0, then

x1(t) — xj, x(t) — x5, ast— oo, (1.2)
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where x* = (x], x3) is the unique positive equilibrium of system (1.1) and

rax +1an
Xj=—"""""""—>0, Xy = ——————
apiax — apdan ajiaz — apdan

+
) (1.3)

While if ay1a2; — aipaz1 < 0, then the population of both species increase to infinite. There are
extensive literature concerned with mutualism system; see [2-7].

The papers mentioned above are all deterministic models, which do not incorporate
the effect of fluctuating environment. In fact, environmental fluctuations are important
components in the population system. Most of natural phenomena do not follow strictly
deterministic laws, but rather oscillate randomly around some average values, hence the
deterministic equilibrium is no longer an absolutely fixed state [8]. Therefore stochastic
differential equation models play a significant role in various branches of applied sciences
including the population system, as they provide some additional degree of realism
compared to their deterministic counterpart [9-13]. Recently, many authors have paid
attention to how population systems are affected by random fluctuations from environment
(see, e.g., [14-18]). However, as far as we known, there is few paper consider how
environmental noises affect the dynamical behaviors of the mutualism system, Zeng et
al. [19] discussed the effects of noise and time delay on C(s) (the normalized correlation
function) and T, (the associated relaxation time) of a mutualism system, in which they
considered the intraspecies interaction parameters were stochastically perturbed. Motivated
by this, the main aim of this paper is to study the dynamical behaviors of the mutualism
system with stochastic perturbation.

In this paper, considering the effect of randomly fluctuating environment, we
incorporate white noise in each equation of system (1.1). Here we assume that fluctuations in
the environment will manifest themselves mainly as fluctuations in the natural growth rates
ri, i = 1,2. Suppose r; — r; + 0;B;(t), where B;(t), i = 1,2 are mutually independent one
dimensional standard Brownian motions with B;(0) = 0, and 0; > 0, i = 1,2 are the intensities
of white noises. The stochastic version corresponding to the deterministic system (1.1) takes
the following form:

dX1 (t) = X1 (t) [(7"1 — a1 Xy (t) + appXxs (t))dt + OldBl (t)], (1 4)
dxa(t) = x2(8) [(r2 + anx1 () — azxa (£))dt + 02dBa(H)]. '

This paper is organized as follows. In Section 2, we show there is a unique positive
solution of (1.4) if ajjax» —aipaz > 0, and give out the estimation of the solution. The stability
of system (1.4) is investigated in Section 3. Since (1.4) does not have interior equilibrium, we
cannot discuss the stability as the deterministic system. First, we show there is a stationary
distribution of (1.4) and it has ergodic property. Next, by estimating the p moment, we
explore some properties of the solution.

Throughout this paper, unless otherwise specified, let (Q, {¥:}, P) be a complete
probability space with a filtration {¥},,, satisfying the usual conditions (i.e., it is right
continuous and ¥, contains all P-null sets). Let RE denote the positive cone of R?, namely
R ={x e R :x;>0,i=1,2}.If Ais a vector, its transpose is denoted by A'. For
x € R, |x| = [x1] + [xal.
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2. The Existence and Estimation of the Solution

To investigate the dynamical behavior, the first concern thing is whether the solution is
global existence. Moreover, for a population model, whether the value is nonnegative is also
considered. Hence in this section we first show the solution of (1.4) is global and nonnegative.
As we have known, for a stochastic differential equation to have a unique global solution for
any given initial value, the coefficients of the equation are generally required to satisfy the
linear growth condition and local Lipschitz condition (cf. Arnold [20], Mao [21]). However,
the coefficients of (1.4) do not satisfy the linear growth condition, though they are locally
Lipschitz continuous, so the solution of (1.4) may explode at a finite time. In this section,
following the way developed by Mao et al. [17], we show there is a unique positive solution
of (1.4).

Theorem 2.1. There is a unique positive solution x(t) of system (1.4) for any given initial value
x(O) =Xp € R% provided ailax > aipdany.

Proof. The proof is similar to Theorem 2.1 in [17]. Here we define a C>-function V : R2 — R.:

Xy — X5 — X5 log% , (2.1)
2

X1

* *

V(x1,x2) = an [xl - x7 —xjlog F:I + an
1

T .
where x* = (x],x3) satisfies

71— anxy +apx; =0,
(2.2)

1+ 1121.7(.'1< - azzx; =0.
]

Remark 2.2. Theorem 2.1 shows stochastic equation (1.4) also has a global positive solution
under the same condition of the corresponding deterministic system (1.1). That is to say, the
white noise does not affect the existence of the unique global positive solution.

In the remaining of this section, we give the estimation of the solution of system (1.4).
Jiang and Shi [22] discussed a randomized nonautonomous logistic equation:
dN(t) = N(t)[(a(t) = b(t)N(t))dt + a(t)dB(t)], (2.3)
where B(t) is 1-dimensional standard Brownian motion, N(0) = Ny and Nj is independent
of B(t). They showed the following.

Lemma 2.3 (see [22]). Assume that a(t), b(t) and a(t) are bounded continuous functions defined
on [0,00), a(t) > 0 and b(t) > 0. Then there exists a unique continuous positive solution of (2.3) for
any initial value N (0) = No > 0, which is global and represented by

e [ila(s)-a?(s)/2]ds+a(s)dB(s)

N(t) = ,
( ) 1/N0 + J‘é b(S)eIg[u(T)ﬂﬂ(T)/z]dTJra(T)dB(T)dS

0. (2.4)
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Theorem 2.4. Assume that aiyax > ajpay and x(t) € R? is the solution of system (1.4) with initial
value xo € R2. Then x(t) has the property that

x1(t) > gi(t),  xa(t) > (), (2.5)
where ¢ (t) and ¢, (t) are the solutions of equations:

dgi(t) = g1(t) [(r1 — angi(t))dt + o1dBi (t)],  $1(0) = x1(0), (2.6)
Apa(t) = g2 (t) [(r2 — a2 (t))dt + 02dBa ()], $2(0) = x2(0). (2.7)

The result of Theorem 2.4 follows directly from the classical comparison theorem of
stochastic differential equations (see [23]).

Remark 2.5. From Lemma 2.3, we see

e(11=07/2)t+01 By () e(12=03 /2)t+02B: (1)

, t) = .
1/x1(0) + an [y e-ot/Ds+aBi6) g P20 1/x2(0) + ap [} elr2-02/2s+0:B:5) g
(2.8)

$1(t) =

This together with Theorem 2.4 shows that if r; > (ol.2 /2)(i = 1,2), then both species will not
extinct.

3. Stationary Distribution and Ergodicity for System (1.4)

In the introduction, we have mentioned that if r; > 0, a;; >0, i,j = 1,2, and ay1ax - anpax >
0, then the unique positive equilibrium (x7], x3) of (1.1) is globally stable. But there is none
positive equilibrium for (1.4). We investigate there is a stationary distribution for system
(1.4) instead of asymptotically stable equilibria [24]. Before giving the main theorem, we first
give a lemma (see [25]).

Assumption B. There exists a bounded domain U C E; with regular boundary I', having the
following properties.

(B.1) In the domain U and some neighbourhood thereof, the smallest eigenvalue of the
diffusion matrix A(x) is bounded away from zero.

(B.2) If x € E; \ U, the mean time 7 at which a path issuing from x reaches the set U is
finite, and sup, . ExT < oo for every compact subset K C Ej.

Lemma 3.1 (see [25]). If (B) holds, then the Markov process X (t) has a stationary distribution pu(A).
Let f(-) be a function integrable with respect to the measure p. Then

1 T
Px{ lim — jo FX(1))dt = L, f(x)ﬂ(dx)} =1 (3.1)

forall x € E;.
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Theorem 3.2. Assume aj1ay > apday, o > 0,0, > 0and 6 < min{m, (xi‘)z,mz(x;)z}. Then
there is a stationary distribution u(A) for system (1.4) and it has ergodic property. Here (xj,x3)
is the solution of (2.2), 6 = (anx}0? + a1px303)/2, My = anaz — apax/e > 0 and my =

apax — €panay >0, where ey > 0 satisfies a1z /a1 < €y < axn/ an.

Proof. Define V : E; = R2 — R,:

X1 X2
V(x1,x2) = an <x1 - x] — xjlog F> +an (xz - x5 — x5 log F)

1 2
Then
x* x* x* x*
dV:am(l--i>dx1+fﬁ-%uxg2+an<1—-l)dxz+fﬁ-guugz
X1 2 b X2 2 X5
* 1 * 2
= an (xl - xl) [(r1 — a11x1 + apxp)dt + 01dB1 ()] + Eazlxlo'ldt
* 1 * 2
+ap (.X'2 - X2> [(r2 + ax1x1 — axxp)dt + 02dBy ()] + §a12x202dt
=LVdt+ an101 (.’Xfl - x{)dBl (t) + aip0n (.’XTz - xE)de (t),
where

1
LV = ani (x1 - xi)(rl —annxy + a12x2) + §a21xIO'f

1
+ aip (xz - xZ) (Tz + a1 x1 — a22x2) + Ealzx;O'%
= ay (x1 = x7) [-an (01 = ) + a2 (2 - x3)]
+ alz(xz - x;) [(121 (x1 - XT) - azz(xZ - x;)] +6
= —anay (x1 - x{)2 +2apan (x1 - x7) (22 — x3)
— aipan (XZ - X;)z + 0,
according to the equality (2.2). By Young inequality, we have
(x1 - x7)°
€0

2apaz |x1 — x| |x2 — X5 | < anan

+eg(x2 — xE)Z].
Then

a12d1 2 2
LV < —<t1111121 - €—0> (x1 = x7)" = (a2a2 — epapan) (x2 —x3)" +6

= —my (x1 - xi‘)2 —my(x, - x;)2 + 6.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Note that 6 < min{m, (x}‘)z, mz(x;)2 }; then the ellipsoid

—my (x1 —xf)Z—mz(xz—x;)2+6 =0 (3.7)

lies entirely in R2. We can take U to be any neighborhood of the ellipsoid with U C E; = R?,
so for x € U\ E;, LV <0, which implies that condition (B.2) in Lemma 3.1 is satisfied. Besides,
there is M > 0 such that

i <Zn:gik (x) g (x)>§i§j = 07x1E] + 03583 > M)§2| xel, e R, (3.8)

ij=1 \k=1
which implies condition (B.1) is also satisfied. Therefore, the stochastic system (1.4) has a
stable a stationary distribution y(A) and it is ergodic. O

Remark 3.3. If aj1ax > apas and ax > ap;, we can choose €y = (1/2)(ain/an + ax/a»), then
my = aypjan(ax — ax)/(anaxn + apax) and my = app(anax — anna)/2an.

Since system (1.4) is ergodic, next we explore some properties of the solution.
Consider the equation

N () = N(t)[a - bN(#)] (3.9)

with initial value Ny > 0. It is well known, when a,b > 0, (3.9) has a unique positive solution

at
N(t) = ——" , 20, (3.10)
1/No+ (b/a)(e® -1)
log N (¢
imN@ =2, hmi8NO g (3.11)
t— oo b t— oo t
Lemma 3.4. Suppose that rq > 0'12/ 2 and ¢1(t) is the solution of (2.6), then one has
1 (t)e™ (maxoesst Br (5)-B1 (1)) < P1(t) < gy (t)e™ (minoce<tBa (s)-B1 (1) (3.12)
where s (t) is the solution of
o2
g1(t) = g1 (f) [ﬁ - ?1 - an‘lfl(t)],
(3.13)

¢1(0) = x1(0).
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Proof. From the representation of the solution ¢ (t), we have

t
1 L tn-c/or-aBi) 4 ) ’[ o~ (n=02/D(t=5)-0(Bi()-B1(5)) 4
0

$1(H) ~ x1(0)

t

= g~1Bi()) 1 e—(rl—Glz/Z)t +an J‘ e—(Tl—Ulz/2)(t—S)eﬁlBl(S)dS
x1(0) 0

(3.14)

< e~o1Bi(®) [

t
e—(r1—02/2)t + alleolmax%sg&(s) J‘
x1(0)

e—(rl —012 /2)(t-s) ds]
0

1
x1(0)

t
< pU1maxoss<tBi(s)=Bi(1)] [ e-(”l—olz/z)t +ap J‘ e—(rl—olz/Z)(t—s)ds]/
0

where the last inequality is based on the property of Brownian motion that B(0) = 0. Similarly,
we have

1 , 1 > ! >

> eol(mmgssstBl(s)—Bl(t)) e—(rl—a1 /2)t +a f e—(rl—(rl/Z)(t—s)dS ) 3.15

D (0) ", G19
Therefore

. _ 1 1 _ 1
01 (Minoss<tBi (s)=Bi (£)) < < 01 (MmaxossstBi (s)=Bi (1)) , (3.16)
g1(t) ~ P1(t) g1(t)
which is as required. O

Lemma 3.5. Suppose that r > 012/ 2 and ¢1(t) is the solution of (2.6), then one has

tim 28910 _ o (3.17)

t— oo t

Proof. It is easy to drive from Lemma 3.4 that
o1 <B1(t) - maxBl(s)> <log ¢i(t) - log i (t) < o1 <B1(t) — min Bl(s)>. (3.18)
0<s<t O<sst

Note that the distribution of maxo<s<tB1(s) is the same as |B;(t)|, and that ming<s<B1(s) has
the same distribution as—maxo<s<:Bi(s), then by (3.11) and the strong law of large numbers,
we get

lim
t— oo

log () _ |, loswn®) _ (3.19)
t

t— oo t

This completes the proof of Lemma 3.5. O
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Now consider the solution of (2.7), by the same reasons as Lemmas 3.4 and 3.5, we
have the following.

Lemma 3.6. Suppose that r, > 03 /2 and ¢»(t) is the solution of (2.7), then one has

lim M 0. (3.20)

Lemma 3.7. Let M(t) = fé e’dB(s), where B(t) is 1-dimensional standard Brownian motion, then

Mt
limsuple ] =1 as.

- 3.21
t— oo 1 llogt ( )

Proof. The proof can be found on [21, page 70].

O
Based on these lemmas, now we show the main result in this section.
Let y1(t) = log x1(t), y2(t) = log x,(t); then by It6’s formula we obtain
o2
dyi (t) = <r1 - 71 —anx (t) + auxz(t)>dt +01dBy (t),
(3.22)

0.2
dyz(t) = <1’2 - 72 + anxi(t) — azzxz(t)>dt + 02dB; (t).

If a11ax > ajpar and 2ry > 0'12, 21y > 022, then the equation

0.2

1
n- o anXy+apx = 0,
(3.23)
0
n - ot anX; - apX; = 0

has a unique positive solution:

= axn(r —07/2) + an(r2 - 05/2)
1= ,

= an (r —07/2) + an(r2 - 03/2)
> =
ajldpz — aipdzl

(3.24)
ajdayzp — andazl
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Lemma 3.8. Assume ai1ax» > a2as and 2ry > o2,2r, > o3. Then for any initial value xo € R2, the

solution x(t) of system (1.4) has the following property:

imx(H) =%,  lmX(H) =%,
t— oo t— oo

where X;(t) = (1/t) [} xi(s)ds, i=1,2.

Proof. It follows from (3.22) that

i) _ 11(0) o

t t 2

2

t ¢ 2

Obviously, to prove the result, it is an easy consequence of

(¢ log x; (t
thm—yt() = Jim 8%() _o, i=12as.
We first show that
log x; (¢
lim inf 8% S0 i1 as.

In fact, the results of Theorem 2.4 and Lemmas 3.5 and 3.6 imply that (3.28) is true.

Next, we will prove

lim sup
t—co

log x;(t
ngl() <0, i=12as.

If ai1a > aipan, then there exist positive constants c1, ¢p, m1, my such that

—ajC1 + axCy = —my,

a12€1 — AxpCy = —My.

+11— — —anxi(t) + apxx(t) + o1

o5 _ _
-5 tann (t) — anxy(t) + o2

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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From (3.22) we get
d(ciyi(t) + coya (1))

= c1dlog x1(t) + codlog x> (t)

0.2
=C [<T1 - ?1 —anxi(t) + a12x2(t)>dt + 01dB; (t)]

2
+ [<T2 - % +anx(t) - a22x2(t)>dt + GZde(t):I

o? o2
= [<r1 -2 a+(n- 72 c2 + (az1c2 — anncr)x1(t) + (anncr — anca)xa(t) | dt

+ ¢c101dB1(t) + c202dB; (t) (3.31)

2 2
_ [(n - %)cl N <r2 - %)g O m2x2(t)]dt

+ €101dB1 (t) + c202dB; (1),
dle' (ciy1(t) + cay2(1))]

=e'd(ciyi(t) + ya(t)) + €' (ciya (t) + coya(t))dt

o? o2
=e! [<r1 - ?1 a+|n- ?2 co + iy (t) —mieV'® + oy (t) — mpe®?® | dt

+ et[cloldBl (t) + C2szB2(i’)].

Note that the function c1y; — mie¥" has its maximum value ¢} = c1log(ci/m1) —c1 at y; =
log(c1/my), and the function ¢y, — mze¥? has its maximum value ¢; = c;log(ca/mz) — c; at
y2 = log(cy/my); then

o? o2
dle' (ciyi(t) + capa(t))] < €' |:<7‘1 - %)Cl + (1’2 - 72>CZ +ch+ c;] dt

t (3.32)
+e [C10'1dBl (t) + CZO'deQ(t)]

= c*eldt + e'[c101dBi (t) + c200,dBs (t)],
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where ¢* = (r1 —0%/2)c1 + (r, — 02 /2)ca + ¢} + c;. Integrating both sides of it from 0 to ¢, yields
t
e (ciyi(t) + cya(t)) < 1y (0) + 2y (0) + c* (e - 1) + f e®[c101dBi(s) + c200dBy(s)],
0

t
ciyi(t) + ey (t) < ¢ + (ayi(0) + cy2(0) — c*)e™ + e‘tf e°[c101dB1(s) + c20,dBa(5)]
0
t

<c* +cayi(0) + c2y2(0) + e‘tf e’[c101dB1(S) + c202dBa(5)]
0

¢
=c+e’t f e°[c101dBi(s) + c200dBy(s)],

0
(3.33)
where ¢ = ¢* + c1y1(0) + c2y2(0). It is easy to drive from Lemma 3.7 that
Cryi (8) + coya(t) < c + O, <\/10E> (3.34)
which implies
cllirtn sup yi(t) + c21irtn supsz(t) <0, as. (3.35)
Moreover (3.35) together with (3.28) shows that
cllirtxlsuple(t) < —czlirtrlsupsz(t) < —czlimglfsz(ﬂ <0, as. (3.36)
that is,
liItllsup ylt(t) <0, as. (3.37)
Similarly, we have
lirtrlsupsz(t) <0, as. (3.38)
which is as required. O

Lemma 3.9. Assume ayy > ayp and ax > ap. Then for any initial value xo € R2, there exists a
positive constant K(p) such that the solution x(t) of system (1.4) has the following property:

E[cle (t) + czxg(t)] <K(p), Vte[0,m], p>1. (3.39)
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Proof. By It6’s formula and Young inequality, we compute

: -1,
d(%ﬁ) = 2 dxy + ’%xf ?(dxy)?

dt+o1xt dBi (t)

P15\ p p+1 p
(7‘1 + TO'l X —annxy + apnx; X

<

-1 11 AP pe1 dip pil
n+ o2 a2t B2y
2 p+1 +1

dt + o1 x"dB, (t),
(3.40)

] -1,
d(%x§> = dxy + = d)?

P-1 .5\ » P p+1
<T2 + 5 03 )X, + axXxXixX, — anpx,

dt+0,x0dB, (1)

-1 an 1 ax 1 1
< 1o + P 0'22 xg + xf+ + p x§+ - a22x§+
2 p+1 p+1

dt + O'zxgde(t).

Hence, for positive constants ¢; and ¢;, we have

1 1 p-1 cianpp can +1
cml(;x’f) +czd<;x§> < [cl <r1 + olz)xf - <C1a11 - P+l - p+l>x’17

-1 ciap  Caxp +1
5 o%)xg— (czazz— prl pal )xg ]dt

+ C2<1’2+ P

+c101x)dBi (t) + 205X, dBs (t).
(3.41)

Next, we claim that there are ¢; > 0, ¢; > 0 such that

c14a12 C2asn1 ciapp  Can
P_ >0, Coan — - P

c1a11—p+1 p+1 p+1 p+1

>0, (3.42)

if aj1 > aip and axn > ap. In fact, we only need az /(ai1(p + 1) — annp) < c1/c2 < (axn(p +
1) — axp)/ a1z, which can be simplified to aipaz < [an1(p + 1) — anp]lan(p + 1) — axp]. Itis
obviously true, if a;; > aip and ax > as;.
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Let ay := p(r + ((p - 1)/2)0%) a = p(ra+ ((p— 1)/2)02), pr = ;""" p(cran -

cranp/(p+1) —caan/(p+ 1)), 2 = ;" Pp(cran — crara/ (p + 1) — caamp/ (p + 1)). Then
a1 >0, ap >0, ﬁ1>0 ﬂ2>0and

d(cle + czx’;) < [clale + cza(zxéj - cip”)/pﬂlxiﬁl - cép“)/pﬂzxgﬂ]dt
+ ;olxldBl(t) + ;O'zxdez(t)

) /p pil /p pil
< [max{al,a2}<clx’f+czx§> —min{p1, B> }< i’ﬁ ) pxi” +c§’ng )/p ZH )]dt

+ %olxldBl (t) + ;o‘zxg’de(t)
(3.43)

Hence,

dE [cle + czxg] < {max{al,az}E[Cle + czxg] —min{py, o} E [ i’“l)/p Pl cépﬂ)/px;”] }dt

(p+1)/p
< {max{al,az}E[Cle + czxz] 2- pmm{ﬂpﬂz} [cm’f + szz] }dt.

(3.44)
By comparison theorem, we can get
lim sup E[clx1 + czxz] [Zﬁixﬁal'az ] :=C(p), (3.45)
t oo 1, P2}
which implies that there isa T > 0, such that
Eleind + x| <2C(p), WE>T. (3.46)
Besides, note that E[c; xf + czxg] is continuous, then there is a é(p) > 0 such that
E [clxl + szz] C(p), Vtelo,T]. (3.47)
Let K(p) = max{ZC(p),é(p)}, then
E[aixd + x| <K(p), Wte[0,00]. (3.48)
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By the ergodic property, for m > 0, we have

t

lim1 <xf(s) A m) ds = J‘RZ <z§j A m>y(d21,dzz), a.s. (3.49)

t—>oot 0

+

On the other hand, by dominated convergence theorem, we can get

t— o0 0

t t
E[lim E f (xf(s) A m)ds] = lim % f E[xf’(s) A m] ds<K(p), i=1,2, (3.50)
which together with (3.49) implies

f <z¢j A m)y(dzl,dzz) <K(p), i=12 (3.51)
RZ

T

Letting m — oo, we get

f Z'u(dzy, dz) <K(p), i=1,2. (3.52)
R

That is to say, functions fi(x) = x}! and f»(x) = x} are integrable with respect to the measure
u. Therefore one has the following.

Theorem 3.10. Assume a1 > aip, ax» > dp, 211 > 0'12 > 0, 2r, > 0'22 > 0and 6 <
min{my (x})%, ma(x3)?}, where 6 = (anxi0? +anx;02)/2, mi = ar1an(axn —az)/ anax +anas
and my = ap(anaxn — annazn)/2a11. Then for any initial value xy € Ri, the solution x(t) of system
(1.4) has the following property:

P{tlimil(t) = j z1p(dzy,dzp) = i{} =1, P{tlimiz(t) =f zop(dz1,dzy) = %;} =1
— 00 R — 0 R
(3.53)

Moreover, we can get the following.

Theorem 3.11. Assume ayy > a, an > ax and 2ry > 07,2r; > 03. Then for any initial value
xo € R2, the solution x(t) has following property

t

tli_{g; <a11a21x%(s) - a12a22x§(s)>ds = ayrX] — aprnX,, (3.54)
0

where (X}, X3) is defined as in (3.24).
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Proof. By (3.39), for 6 > 0, we have

E|x" K
x1(t) [ 1] (p)
Plw: su —=>061 < < , > 1. (3.55)
{ (n—1)6£t§n6 } (n-1)P6 = (n-1)P6 P

In view of the well-known Borel-Cantelli lemma, we see that for almost all w € Q,

sup x1(t)

<0 (3.56)
(n-1)6<t<nd

holds for all but finitely many n. Hence there exists a ny(w), for all w € Q excluding a P-null
set, for which (3.56) holds whenever n > ny. Consequently, letting 6 — 0, we have, for almost
all w

lim xlT(t) - 0. (3.57)
Similarly, we can obtain
lim xzt(t) = 0. (3.58)

Besides, by (3.39) and its ergodic property, we get
1 1
tlim n J x1(s)dB(s) =0, tlim n f x2(8)dB;(s) = 0. (3.59)
— 0 0 — 0 0

On the other hand, we have

d(azlxl — alzJCz) = [1121361 (7"1 - auxl) - a12x2(r2 - azzxz)]dt + a210'1x1dBl (t) — thzO'QdeBz(f).
(3.60)

Then

x1 (¢ xa(t x1(0 x2(0 1 1
ar 1t( ) —ap zt( ) = an 1: ) —an zt( ) + azﬂ’l;J. x1(s)ds — lller?f x2(s)ds
0 0

t

1 1 1
- a11a21¥ f x%(s)ds + alzan; f x%(s)ds + a2101? f x1(s)dBy(s)
0 0 0

1 t
~aon [ x2()dBa(o).
0

(3.61)
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The deterministic and stochastic mutualism systems
5 T 5 T
4.5 45

2 oL
15 15k

1 1+
0.5 05

% 50 100 % 50 100

t t

Figure 1: The solution of system (1.1) and system (1.4) with (x1(0), x2(0)) = (1.2,3.5), a1 = 0.6, a;p =
04, ay =03, ap =05, 01 =0.02, 0, = 0.02, and At = 0.001 such that aj1a» > aipa». The imaginary
lines represent the solution of system (1.1), and the real lines represent the solution of system (1.4).

Therefore, (3.25), (3.57), (3.58), and (3.59) imply

. 1 t ~% ~%
thm n <a11a21x%(s) - a12a22x§(s)>ds = anriX; — aprX,. (3.62)

At the end of this section, to conform the results above, we numerically simulate the
solution of (1.4). By the method mentioned in [26], we consider the discretized equation:

1
X1k+1 = X1k + X1,k [(1"1 — anxik + anxyk) At + ore1 vV AL+ 50'12 <€ikAt - At) ,
(3.63)

1
2( 2
X2 k+1 = X2k + X2k [(7‘2 + an X1k — anXyk) At + or€e1 iV AL+ 50'1 <€1,kAt - At) ,

given the values of (x1,x20) and parameters in the system, by Matlab software we get
Figure 1.

Figure 1 gives the solutions of (1.1) and (1.4), and the real lines and the imaginary
lines represent the deterministic and the stochastic, respectively. In this figure, we choose
parameters such that the conditions said in theorems are satisfied. Hence, although there is
no equilibrium of the stochastic system (1.4) as the deterministic system (1.1), but the solution
of (1.4) is ergodicity. From the figure, we can see that the solution of system (1.4) is fluctuating
around a constant.
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