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An important problem in the theory of lubrication is to model and analyze the effect of surface
roughness on, for example, the friction and load carrying capacity. A direct numerical computation
is often impossible since an extremely fine mesh is required to resolve the surface roughness.
This suggests that one applies some averaging technique. The branch in mathematics which deals
with this type of questions is known as homogenization. In this paper we present a completely
new method for computing the friction. The main idea is that we study the variational problem
corresponding to the Reynolds equation. We prove that the homogenized variational problem
is closely related to the homogenized friction. Finally we use bounds on the homogenized
Lagrangian to derive bounds for the friction. That these bounds can be used to efficiently compute
the friction is demonstrated in a typical example.

1. Introduction

A fundamental problem in lubrication theory is to describe the flow behavior between two
adjacent surfaces which are in relative motion. For example, this type of flow takes place in
different kinds of bearings, hip joints, and gearboxes. The main unknown is often the pressure
in the fluid. After computing the pressure it is possible to compute other fundamental
quantities as the friction on the surfaces and the load carrying capacity. In this paper we
develop a completely new technique to find the friction in problems, where the effects of
surface roughness are taken into account.

Let the bearing domain, Q, be an open bounded subset of R?, and points in Q are
denoted by x = (x,x2). Let us assume that the lower surface is smooth and moving while
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Figure 1: A smooth lower surface in motion and a rough stationary upper surface.

the upper surface is rough and stationary, see Figure 1. The velocity of the upper surface is
V = (V1, V). To express the film thickness we introduce the following auxiliary function:

h(x,y) = ho(x) + 1, (y), (1.1)

where hy and h, are smooth functions. Moreover, h, is Y-periodic, and we can without loss of
generality assume that the cell of periodicity is the unit cube in R?, that is, Y = (0,1) x (0,1).
By using the auxiliary function h we can model the film thickness h, by

he () =h<x,§>, £>0. (12)

This means that kg represents the global film thickness, the periodic function h, describes the
roughness on the upper surface, and € > 0 is a parameter which describes the wavelength of
the roughness.

If the pressure is zero on the boundary, the fluid is Newtonian and has viscosity p, then
the pressure due to the relative motions of the surfaces is modeled by the Reynolds equation,
see, for example, [1] or [2]: find p, € WS’Z(Q) such that

div<h2VpE> = 6pdiv(h.V). (1.3)
On the surface x3 = 0 the friction force, F, is given by

[ Ay ke
F, = Lz th + > Vpedx, (1.4)

see, for example, [1].

In many applications the surfaces are rotating around the same axis. For example this
is the situation in thrust pad bearings. Equation (1.3) in polar coordinates reads

39 0
i<h‘g ﬁ) + i <x2h3ﬁ> = 6pwx; div(heer), (1.5)

6x1 x_2 8x1 8x2 € 8x2
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where w is the angular speed, e; = (1,0), x; the angular coordinate, and x» is the radial
coordinate. The friction torque is then

3
| pwx; hexy Ope
T, = fg T dx + L2 s dx, (1.6)

see, for example, [1].
We note that both (1.3) and (1.5) for the pressure p, € W(}'Z(Q) are of the form

div(A.Vp.) = div(b,), (1.7)

where

ay <x, E) 0 by <x, f)
€ €

) a2<x,§> , b.(x) = b2<x,§> . (1.8)

For (1.3) we have a;(x,x/¢) = h(x) and b;(x,x/e) = 6uVih.(x) and for (1.5) a;(x,x/e) =
h2(x)/x2, az(x, x/€) = x2h3(x), and b (x) = 6pwxshe(x)er.

A well-known fact from the calculus of variation is that the solution p, of (1.7) also is
the solution of the variational problem

min I.(Vp), (1.9)
pEW,*(Q)
where
I.(Vp) = J. [%AEVP -Vp-b, - Vp|dx. (1.10)
Q

That is, I (Vp,) = min, I.(Vp).

In order to compute F, and T, we have to find the partial derivatives of p.. However,
this is a delicate problem. The main reason is that for small values of ¢ (i.e., the roughness
scale is much smaller than the global scale) the distance between the surfaces, h,, is rapidly
oscillating. Thus a direct numerical treatment of (1.7) or (1.9) will require an extremely fine
mesh to resolve the surface roughness. In many situations it is impossible even in practice.
One approach is then to do some type of averaging. The field of mathematics which handles
this type of averaging is known as homogenization, see, for example, [3] or [4]. Lately,
homogenization has been used with success by many authors to study different types of
the Reynolds equations. In particular, homogenization was applied to find the homogenized
friction and friction torque in [5]. It should be mentioned that even though homogenization
is used the numerical analysis is expensive since the homogenization procedure includes the
solution of a number of local problems.

In this work we develop a new technique for estimating the homogenized friction.
The main idea is that we first prove that the homogenized friction is closely related to the



4 Mathematical Problems in Engineering

homogenized (averaged) variational problem corresponding to (1.9); secondly we apply our
lower and upper bounds on the homogenized Lagrangian for (1.9) to obtain lower and upper
bounds on the friction. As the bounds are close the mean value of the lower and upper bound
will give a very accurate estimate of the friction. The benefit of the proposed method for
estimating the homogenized friction, instead of computing it directly, is that no local partial
differential equations have to be solved. This means that the new method requires a less
computation time. We also illustrate the efficiency of the new method by applying it in a
typical numerical example.

It should be mentioned that in the present paper the surface roughness is modelled as
a periodic extension of a representative part of the roughness. This is crucial for the proposed
method for computing the homogenized (averaged) friction. However, by using stochastic
homogenization theory it is also possible to analyze related problems where the surface
roughness is described as a realization of a stationary random field, see, for example, the book
[4]. The first development of the stochastic theory, in the context of lubrication, was made in
[6]. This work was limited to two-dimensional transverse and longitudinal roughness. Patir
and Cheng were the first to propose a model for general roughness patterns, see [7, 8]. Their
derivation was heuristic, and it is now well known that it does not properly model situations
where the roughness anisotropy directions are not identical to the Cartesian coordinate axes,
see, for example, [9]. From a practical point of view the stochastic approach roughly leads
to that one in the averaging process has to consider a number of realizations on a part of the
roughness. The result from this averaging can also be obtained by the periodic approach if
the representative part is chosen sufficiently large. In applications it is therefore sufficient to
consider the surface as a periodic extension of a measured representative part. The results
in this paper are based on bounds related to a known periodic roughness. In future works it
would though be interesting to derive bounds for the homogenized Lagrangian in the case
when only the distribution of the roughness is known and investigate if there is a connection
with the friction.

2. Homogenization

The main idea in homogenization is to prove that there exists a pg such that p. — po as
e — 0and that py solves a corresponding homogenized (averaged) problem, which does not
involve any rapid oscillations. This means that py may be used as an approximation of p, for
small values of ¢. In this section we recall the main homogenization results concerning (1.7)
and (1.9), for (1.7) see [10-14] and for (1.9) see [15].

Let W;,'ezr(Y) be the closure of smooth Y-periodic functions with respect to the usual
norm in W?(Y). Now we introduce the three local problems: find w;, ws, and v in
L*(Q; W;,'ezr(Y)) such that

div, [A(x,y) (ei + Vywi(x,y))] =0, onY, i=1,2,
2.1)
div, [b(x,y) - A(x,y)Vo(x,y)] =0, onY.

Here e; = (1,0) and e, = (0,1). Note that the domain in the local problems (2.1) is Y
and not Q. When the local solutions w1, w,, and v are known they are used to define the
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homogenized matrix A (x), the homogenized vector by(x), and the homogenized scalar cy(x)
in the following way:

Apei- J; Alei +Vywi)dy, i=1,2,
b = fy (b-AV,0)dy, (2.2)
co= J; %AVU - Vody.
It is now possible to define the homogenized integral functional Ij as
Iy(Vp) = L} fo(x, Vp)dx, (2.3)
where the homogenized Lagrangian fj is given by
folx,8) = 3 A0@i &~ bo(x) - &~ o). 2.4

The solutions p, of (1.9) converge weakly in WS’Z(Q) to the solution py of the homogenized
variational problem

min Iy(Vp), (2.5)
PEW,*(Q)

that is, Io(Vpo) = min,Io(Vp). Moreover, we have the following convergence:
. 1
lim(Vpe) = 1o (V) = | (54060Vp0- T =to(0) - Vpo—co() )dx. (26)
- Q

We remark that py also solves the Euler equation corresponding to (2.5), that is,

div(AoVpo) =divby in Q. (2.7)

3. Bounds

As mentioned in the introduction the new technique for computing the friction, which is
developed in the present work, is based on our previous results concerning lower and upper
bounds on the homogenized Lagrangian fj given in (2.4). The bounds were presented in [16],
but for the reader’s convenience we review the main results here.
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Let us start by introducing some functions which will appear in the formulation of the
bounds. If either (i, j) = (1,2) or (i, j) = (2,1), then

1/ 41 -1 B 1/ -
i ([[([ann) an) - = [ ([ o)

1 (Y p.dy: 1 1 g
b (x) = aF (x) Jo bidy; dyi, b= Loy, b ayi| ay,,
i i 1 i a: a; J
0 [, aidy; 0 0 0 @i

, (3.1)
1 (M pdy; 2 1 ([ bidy;
cf(x) = %alfr(x)< f(i Yj dyi> _%f <01—]>dyi,
0 fo aidy; 0 [y aidy;
) 11 14 1/ a b; 2 1 (! (b2
¢ (x) = 5 fo [(L a—idyi> <f0 a—idy,- dyj - 5 fo fo Z_dy,-dy]-.
These functions are now used to define f~ and f* as
- 1 - - -
frad) =5A8 8-t tre v,
(3.2)

1
ff(x,¢) = §A+§-§—b+ “é+cy +c3,

a; 0 by
At = . b= . (3.3)
0 a; by

The main result in [16] is that we have the following bounds on the homogenized Lagrangian

fo:

where ¢ € R?,

f(x &) < folx, &) < fH(x,&). (3.4)
From this it is obvious that

min I~ (Vp) <minIy(Vp) <minI*(Vp), (3.5)

where the minimum is taken over all p in W(}'Z(Q) and I~ and I* are defined as

ORI AL
(3.6)

() = [ £ G p)a



Mathematical Problems in Engineering 7

If we use the notation p~ for the minimizer in the left hand side of (3.5) and p* the minimizer
in the right hand side of (3.5), that is,

I (Vp7) :mpinI‘(Vp), I+(Vp+)m;n1+(Vp), (3.7)

then (3.5) can be rewritten as
I"(Vp7) <Io(Vpo) < I (Vp*). (3.8)

This means that Io(Vpp) can be estimated with high accuracy if the lower and upper bounds
in (3.8) are close. This fact will be crucial later on.

The pressures p~ and p* which are minimizers in the variational problems given in
(3.7) can be found by solving the corresponding Euler equations. Indeed,

div(A*Vp*) = div(b*) in Q. (3.9)

We remark that the bounds are optimal in the sense that there are surface roughnesses for
which the bounds f~ and f* coincide with fj.

In [17, 18] it was shown by many numerical examples that the difference of the bounds
solutions p~ and p™ is very small. Moreover, it was seen that the homogenized solution py of
(2.7) is between p* and p~. This together means that (p* + p~)/2 can be used as a very good
approximation of pg. From a computational point of view this is useful since it is much easier
to find p* and p~ than pg. The reason for this is that to be able to compute py one first has
to find Ag and by which involves the solutions of many local problems (parameterized in x),
while one only has to integrate to find A* and b*, which are needed for the computation of
p*. Thus it is clear that [, (p* + p~)/2dx may be used to compute the load carrying capacity.
It is not obvious how p* and p~ can be used to calculate the friction in different applications
(if possible). The main result in this paper is that we prove how this can be done.

4. Bounds for the Friction

The physical interpretation of Io(Vpp) has not been known. Hence the physical meaning of
the estimates (3.8), that is, I"(Vp™) < Ip(Vpo) < I7(Vp?), is also unclear. However, in this
section we will prove that Io(Vpy) is closely related to the homogenized friction, which is
induced by the relative motion. Moreover, we will show that we can obtain bounds for the
friction via the bounds (3.8).

Let us consider the case with the Reynolds equation given in Cartesian coordinates,
that is, when a;(x,x/¢e) = h2(x) and b;(x,x/¢) = 6uV;h.(x) (V; is the constant speed in the
x;-direction). As mentioned in the introduction, the friction force, F,, on the surface x3 = 0 is
given by

I L
F, = Lz hEV + > Vpedx. (4.1)
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The component of the friction force in the direction V of the motion is

v
MV, he v g . (4.2)
£

1
?ste'_V:f
\4 o he 2V

Let us now consider the generalized formulation of (1.7): find p, € W(}'Z(Q) such that
f A Vpe - Vdx = f b, - V¢dx, (4.3)
Q Q

for any ¢ € Wé’z(Q). Formally this equation is obtained by first multiplying (1.7) by ¢ and
thereafter using partial integration. In particular, for ¢ = p,, it holds that

f AcVpe - Vpedx = f b. - Vpdx. (4.4)
Q Q
This implies that
1
I (Vpe) = f EAEV]O‘g - Vpe — be - Vpedx
Q
(4.5)
= —f lbg - Vpedx = —Syf h.V - Vp.dx.
Q2 Q
Thus
1
f h.V - Vpedx = —3—I5(Vpg). (4.6)
Q H
From (4.2) and (4.6) it follows that
Fo=ulVl | dx- d(Tp) (47)
T o v |
By using (2.6) it is possible to pass to the limit in this equality. We get
I — K- ——1o(Vpo) = F (4.8)
€ 6y|V| o{(VPpo) ‘= Fo, .

where the constant K is

1
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By (3.8) and (4.8) we get bounds on the homogenized (averaged) friction in the direction of
the motion, ¥,

Fo <Fo<Fo, (4.10)
where

1
F=K-——I"(Vp"),
0 6/4|V| (P)

(4.11)
+ _ _ 1 — -

If the difference between I"(Vp*) and I~ (Vp~) is small, then the average of F, + ¥ is
a good approximation of the friction ¥¢. The benefit of this approximation is that it is easier
to compute ¥, and ¥ than ¥,. The reason for this is that in order to compute Fo we have to
solve three local problems (parameterized in x), see (2.1), but computation ¥; and ¥; does
not involve solution of any local problems.

In order to calculate ¥, and ¥; we have to find I*(Vp*) and I~ (Vp~). Recall that

I"(Vp*) = fg %A+Vp+ -Vp* =b" - Vp© +cf +cjdx, (4.12)
I'(Vp) = Lz %A*Vp* -Vp~—b" - Vp~ +c] +cydx. (4.13)

From practical reasons it is sometimes a good idea to rewrite (4.12) and (4.13). Indeed, by
choosing p™ as the test function in the generalized formulation of (3.9) we get that

f A*Vp* .- Vp'dx = f b" - Vp*dx. (4.14)
Q Q
This implies that the expression (4.12) for I*(Vp*) can be rewritten as
1
I"(Vp*) = f oy +¢5 - §b+ - Vp*dx. (4.15)
Q
In the same we get that
PN I _
I (Vp7) :J. ]+ - Eb - Vp dx. (4.16)
Q

It should be mentioned that it is possible to pass to the limit in (4.2) directly. Indeed, it
was proved in [14] that Vp, two scale converges to Vpy + V,p1, where py is of the form

opo opo
pi(x,y) = wi(x,y) s +wy(x,y) o +o(x,y). (4.17)
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For the friction we get

ALY
%%LL n tapV [Vpot Vypildy dx. (4.18)

We remark that the result obtained in this way agrees with [19], where the asymptotic
behavior of pressure and stresses in a thin film flow with a rough boundary was analyzed
by introducing two parameters corresponding to the film thickness and wavelength of the
roughness. Also note that a direct asymptotic analysis of (4.2) leads to that py, w1, w,, and v
have to be found.

5. Bounds for the Friction Torque

In many applications the surfaces are rotating around the same axis. For example, this is the
situation in thrust pad bearings. The governing equation for the pressure is then (1.5), that is,
ai(x,x/¢€) = h3(x)/x2, ax(x,x/¢€) = x2h3(x) and b.(x) = 6pwxzh.(x)e;. The friction torque is
then given by (1.6), that is,

3
_ [ Hwx; hexa Ope
T, = fg T dx + L2 s dx, (5.1)

see, for example, [1]. In the same way as for the friction force we get that

_ ]. _ hng apE
I (Vp:) = - fg Ebg Vpedx = —6pw fQ > or dx. (5.2)
Combining (1.6) and (5.2) gives
t—f s L 1. (vp) (5.3)
=), Th x6‘uw‘g Pe)- .
In the limit
T C ! I(Vpy) =T (5.4)
— - =
£ 6‘uw o(Vpo) - 0r .
where the constant C is
X
C= wf J. —= —dydx. (5.5)
K)oy nGwy ™

In a similar way, as for the friction in the previous section, we can obtain bounds on the
friction torque from (3.8) and (5.4). Indeed,

T, <T<T, (5.6)
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Table 1: Table of input data for the numerical example.
Parameter Description Value Unit
Ly Pad length (x7) 0.1 m
L, Pad length (x) 0.2 m
u Fluid viscosity 0.2 Pas
A Roughness amplitude 0.4-107° m
h Maximum of hy 2.0-10°° m
hy Minimum of kg 1.0-10°° m
V =(V1,Vh)  Velocity of the upper surface (1,0) m/s
where
T =C-——I'(Vp"), Ti=Co——I(Vp) (57)
0 6w ’ 0 6w ’ )

As for the friction this motivates that the average of T and T| can be used to approximately
find the homogenized friction torque Tp.

6. A Numerical Example

In this section we apply the new method for computing the friction in a typical application.
Indeed, we will estimate the friction force in a step bearing with bicosinusoidal roughness.
More precisely, we consider the case where hy and h;, are of the form

L
h, 0<X1S71, 0<xy< Ly,
ho(x) =

hz, 71 <x1<Li, 0<xy <Ly, (61)

hy(y) = Acos(2rry1) cos(2y»).

The data that is used is presented in Table 1. In the numerical analysis we used the software
COMSOL and MATLAB.

It is natural to ask if the effect of the surface roughness is negligible or not. In order
to give some answer to this question we consider the two extreme cases, where the distance
between the surfaces is assumed to be himin = hg — A and hmax = ho + A (A is the amplitude of
the surface roughness). Denote the friction forces corresponding to hmin and hmax by Fmin
respective Fmax. Since hmin < hmax it is obvious that the homogenized friction force, o,
satisfies the estimates Fmax < Fo < Fmin. In our example we get that Fmin = 559.85N and
Fmax = 252.61 N. We also have that the friction force, oo, corresponding to that the distance
between the surfaces is just hy (i.e., no roughness) is %o = 348.64 N (observe that the choice
of roughness implies that hy equals hy plus the average of the roughness h,). This indicates
that the influence of the surface roughness on the friction is significant and thus has to be
taken into account.
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Table 2: Table of input data for the numerical example.

ho 1.0000 - 10-° 2.0000 - 1075
at (ho) 1.1136 - 10715 8.2365 - 10715
a; (ho) 7.9000 - 1071 7.5359 - 1071
bt (ho) 1.2000 - 10~° 2.4000 - 107°
b; (ho) 1.0641 - 1075 2.3291-107°
c; (ho) 0 0

cj (ho) -2.8983 - 10° -3.6014 - 107

We will now illustrate that the new proposed method, based on bounds, gives very
good estimates of the friction. Let us first note that the upper surface only moves in the xi-
direction, that is, V, = 0. From this it follows that by(x, x/€) = 0, which in turn implies that
by = 0and c; = 0. Due to symmetry it also holds that aj = a5. In Table 2 the coefficients for
the bounds (3.2) are presented.

Moreover, the constant K in the bounds in (4.10) for ¥, and ¥ is 309.83. The bounds
become

1 1
Fo =K+ W f §b+ -Vp* —cjdx =356.65N,
Q
(6.2)
1 1
qar =K+ W J‘ §b7 . Vp7 - CIdx = 39541 N.
Q

The new method presented in this paper is that we use the average of ¥, + ¥ as an
approximation of the friction. We get that

-
@ = 376.03N. (6.3)

It should be observed that if we approximate the distance between the surfaces with hy plus
the mean value of h, and thereafter compute the friction, then the friction (denoted by %)
is underestimated.

Let us also compare the average of ¥, + ¥ with the homogenized friction. Indeed, first
we solve the local problems (2.1). Secondly, we compute the homogenized matrix Ag(x), the
homogenized vector by(x), and the homogenized scalar cy(x) given by (2.2). We obtain that

L
1.8141-10%, 0<x; < 71 0<x <Ly,
co(x) = L
1.4912- 103, 71 <x1<Li, 0<x <Ly,

~ ap(x) 0 3 b(l)(x)
Ao(x)—< 0 ao(x)>' bo(x)—< 0 >,

(6.4)
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where

L
7.8836-10715, 0<x; < ?1 0<x2 <Ly,

ao(x) = L
9.4686 - 10716, ?1 <x1<Li, 0<x <Ly,
(6.5)
23643105, 0<x1 < 2L, 0< < Lo,
1.y — 2
by(x) = L
1.1301- 1075, 71 <x1<L, 0<x <Ly
After computing py given by (2.7) we find that
1
() = [ (540697p0- Tpo =) - Vo= co(x) )
Q
(6.6)
= —f %bo(x) - Vpo + co(x)dx = =79.653,
Q
which implies that
Fo= K - —1,(Vpy) = 376.21N 6.7)
O R Ty NP '

As mentioned before, homogenization can be used to find good approximate answers
to various problems for small values of ¢. This is due to various convergence resultsas e — 0.
However, it is natural to ask how small ¢ has to be in order to have a good approximation. It
has been shown in many examples in previous works that homogenization applies for rather
large values of £, much larger than in most typical applications. In the present example we
have that 7()‘01 = 376.08 N, ?04005 =376.15 N, and ?0_004 = 376.17N.

7. Concluding Remarks

We have proposed a new method, which takes surface roughness into account, for computing
the friction in, for example, different bearings. The main idea is that we use the variational
formulation of the corresponding Reynolds equation. First we prove that the homogenized
friction is closely related to the homogenized variational problem. Thereafter we use our
previous results concerning bounds for the homogenized Lagrangian to obtain bounds for
the homogenized friction. That the method is applicable is shown in a typical example.

In order not to hide the main ideas we have considered the case when only one surface
is rough. If both surfaces are assumed to be rough, then the coefficients (which are related to
the distance between the surfaces) in the variational problem will involve rapid oscillations
not only in space but also in time. The homogenization in this case has been studied in, for
example, [15, 20, 21]. Bounds for the homogenized Lagrangian follow in this case in the same
way, see [17]. Taking this into account it is obvious that the ideas in the present work also
apply in order to compute the friction when both surfaces are rough. In [18] less sharp bounds
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(Reuss-Voigt type) were used to compute the corresponding p*. These bounds are in general
wider. However, they are easier to compute, but can still give sufficient information. Clearly,
the results in this work imply that the Reuss-Voigt type bounds can be used to generate
bounds for the homogenized friction.
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