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A generalized version of the Leslie-Gower predator-prey model that incorporates the prey
population structure is introduced. Our results show that the inclusion of (age) structure in
the prey population does not alter the qualitative dynamics of the model; that is, we identify
sufficient conditions for the “trapping” of the dynamics in a biological compact set—albeit the
analysis is a bit more challenging. The focus is on the study of the boundedness of solutions and
identification of sufficient conditions for permanence. Sufficient conditions for the local stability of
the nonnegative equilibria of the model are also derived, and sufficient conditions for the global
attractivity of positive equilibrium are obtained. Numerical simulations are used to illustrate our
results.

1. Introduction

Lotka-Volterra predator-prey models have been extensively and deeply investigated [1-5]. In
population biology, we are often interested in identifying potential mechanisms responsible
for either fluctuations or the lack of fluctuations in predator-prey systems. If we let x(t)
denote the density of prey and let y(t) be the density of predator, then the classical Lotka-
Volterra predator-prey model is given by the following system:

x'(t) = (rn - ay-bix)x,
(1.1)
y'(t) = (-e2 + p2x)y.

It is known that these equations can support population fluctuations when b; = 0, but,
because the model is not structurally stable, the results have been primarily used as
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ametaphor and as an inspiration for mathematical and biological research on the mechanisms
responsible for fluctuations (or their lack) in predator-prey systems. The equations in system
(1.1) set no upper limit on the percapita growth rate of the predator (second term of
Model (1.1)) which of course is unrealistic. For example, for mammals, such a limit will
be determined in part by physiological factors (length of the gestation period, the shortest
interval between litters, the maximum average number of daughters per litter, the age at
which breeding first starts, and so on [6, 7]). Leslie modeled the effect of such limitations
via a predator-prey model, where the “carrying capacity” of the predator’s environment was
assumed to be proportional to the number of prey. Hence, if x(t) denotes the prey density
and y(t) the predators’, then Leslie’s model is given by the following system of nonlinear
differential equations:

X () = (r1-ay-bx)x,
(12)
y'(t) = <rz - Q%)y,

where i, ¢;, i = 1,2, and by are positive constants. The first equation of System (1.2) is
standard, but the second is not because it contains the so-called Leslie-Gower term, namely,
¢/ x. The rationale behind this term is based on the view that as the prey becomes numerous
(x — oo) then the percapita growth rate of the predator (dy/ydt) achieves its maximum
ry. Conversely as the prey becomes scarce (x — 0), the predator will go extinct since
the percapita growth rate of the predator goes to —oo. An alternative interpretation of the
Leslie-Gower model concludes that the carrying capacity of the predators’ environment is
proportional to the number of prey available, that is,

y'(t) =rz(1—Alx>y:rz< —%)y, (1.3)

where A = r,/c; can be interpreted as a prey predators’ conversion factor and C = Ax as the
predators’ carrying capacity (proportional to prey abundance). The Leslie-Gower term y/Ax
has also been interpreted as a measure of the loss in percapita predator’s reproduction rate
due to the relative abundance (per capita y/x) of its “favorite” food (prey x). Model (1.2) is
often referred to as a semi-ratio-dependent predator-prey model [8]. Model (1.2) is different
from the ratio-dependent predator-prey models in the studies by Wang et al. [9] and Hsu et
al. [10].

Scarcity of prey (x) could drive predators (y) to switch to alternative resources of
food. In fact, there is an extensive literature on the evolutionary advantage of specialist
versus generalist when it comes down to predators’ diet [11-16]. Predator’s growth may
also be limited by nutritional factors. In fact, evolutionary forces may lead to the predators
to specialize on the most nutritious prey. The possibility that a predator does not depend on
a single prey type is modelled here in a rather simple way, that is, through the addition of a
positive constant d in the denominator. In fact,

() =n(1- )v. (1.4)

ax +d
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A modification of System (1.2) using a Holling-type II functional response for the prey
population has led various researchers [11, 15] to consider the following model:

L _ay
x(t)—<r1 —x+k1 b1x>x,

Y
v = (n-2 ),

where ry is the percapita growth rate of the prey x, by is a measure of the strength of prey
(on prey) interference competition, ¢ is the maximum value of the per capita reduction rate
of prey x due to predator y, k; measures the extent to which the environment provides
protection to prey x (k, for predator y), r» gives the maximal percapita growth rate of
predator y, and ¢ has a similar meaning to that of c;.

(1.5)

In Aziz-Alaoui [17], a preliminary analysis of a Leslie-Gower model (System (1.2)) is
carried out. In the study by Korobeinikov [18], the global stability of the unique coexisting
interior equilibrium of System (1.2) is established. In the study by Aziz-Alaoui and Daher
Okiye [11], the existence and boundedness of solutions (including that of an attracting set)
are established as well as the global stability of the coexisting interior equilibrium for Model
(1.5). There have been additional extensions, for example, in the study by Letellier and Asis-
Alaoui [13], the studies by Letellier et al. [14] and Upadhyay and Rai [19], a Leslie-Gower
type tritrophic model was introduced and analyzed numerically.

Nindjina et al. considered the following extension of Leslie-Gower (modified with
Holling-type Il schemes and time delay 7):

(1.6)

that is, a single discrete delay 7 > 0 is introduced as a negative feedback in the predator’s
density. Some results associated with the global stability analysis of solutions to System
(1.6) have been obtained including the impact of T on the stability of positive equilibrium
of System (1.6). In fact, researchers found out that the time delay can have a destabilizing
effect on the positive equilibrium of System (1.6) [15].

Most prey species have a life history that includes multiple stages (juvenile and
adults or immature and mature). In the study by Aiello and Freedman [20], the population
dynamics of a single species with two identifiable stages was modeled by the following
system:

Xy () = axa(t) — yx1 () —ae " xo(t - 7),
(1.7)
X (t) = ae T x(t - 1) — P (1),

where x1(t), x2(t) denote the immature and mature population densities, respectively. Here,
a > 0 represents the percapita birth rate, y > 0 is the percapita immature death rate, § > 0
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models death rate due to overcrowding and 7 is the “fixed” time to maturity, and the term
ae"xy(t — T) models the immature individuals who were born at time ¢t — 7 (i.e., axy(t -
7)) and survive and mature at time t. The derivation and analysis of System (1.7) can be
found in the study by Aiello and Freedman [20]. Several additional researchers ([21-23], and
the references therein) have investigated versions of the above single species model under
various stage-structure assumptions.

Liu and Beretta [24] reintroduced the impact of predators. They studied a predator-
prey model with Beddington-DeAngelis functional response and stage-structure on the
predator population. These researchers found that predator and prey coexist if and only
if the predator’s recruitment rate at the peak of prey abundance is larger than its death
rate. If the system is permanent, that is, if for any solution x(f) of the system, there exist
constants M, m > 0 such that m < liminf; ,,x(t) < limsup,_, x(t) < M then sufficiently
“large” predators’ interference not only stabilizes the system but also guarantees its stability
against increases in the carrying capacity of the prey and increases in the birth rate of the
adult predator. Finally, it was shown (analytically and numerically in the study by Liu and
Beretta [24]) that stability switches of interior equilibrium may occur as the maturation
time delay increases. That is, stability may change from stable to unstable to finally stable,
implying that “small” and “large” delays can be stabilizing. Song et al. [25] considered a ratio-
dependent predator-prey system that incorporated “age” structure for the prey. Their analysis
established boundedness of solutions, looked at the nature of equilibria and permanence as
well as the local stability and global attractivity of the positive equilibrium of the model. Their
results show that the inclusion of an “age” structure in the prey population does not change
the qualitative dynamics of the model—albeit the analysis is more challenging.

A Leslie-Gower model that incorporates the prey’s stage structure is introduced here to
study the combined effects of prey stage structure and within prey interference competitions.
Following Song et al. [25], we assume that the immature prey cannot reproduce and the per
capita birth rate of the mature prey is a > 0, the per capita death rate of the immature prey is
y > 0, the per capita death rate of the mature prey is proportional to the current mature prey
population with a proportionality constant f > 0, and immature individuals become mature
at age 7. Predators only feed on the mature prey. Using these definitions, we formulate a
modified Leslie-Gower and Holling-type II schemes with stage-structure for prey as follows:

Xy (1) = axa(t) —yxi(t) —ae "xp(t - 1),

xXy(t) = ae " Txa (t = 7) - a5 (t) - %’ (1.8)
t
Y () = y(b) <T2 - %)

The initial conditions are given by x»(6) > 0, continuous on 6 € [-7,0], and x;(0),
x2(0), y(0) > 0, while x1(t), x2(t), and y(t) denote the densities of immature prey, mature prey
and predator, respectively. Please note that our model (1.8) is different from the model in the
study by Song et al. [25] which is based on standard ratio-dependent and symmetric cross
term. Our model (1.8) includes the Leslie-Gower term. The differences between the standard
ratio-dependent formulation and the Leslie-Gower formulation of the predator-prey system
are listed in the following, standard ratio-dependent formulation can be interpreted as the
effect of the predator-population on the prey population and the effect of the prey population
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on the predator-population are both a function of the ratio between the two, however the
Leslie-Gower formulation can be interpreted as the effect of the predator-population on the
prey population is different from the effect of the prey population on the predator-population:
both effects are inversely proportional to the (mature) prey population plus a constant.

From the first equation of system (1.8) we can see that

t
x1(t) = f ae 79 x, (s)ds, (1.9)

t-1
0
x1(0) = f ae®x;(s)ds. (1.10)
-T
The last two equations in (1.8) do not contain x; (t). Hence, if we know the properties of x,(t)

then the properties of x;(f) can be easily obtained from (1.8) and (1.9). Hence, we only need
to consider the following system:

x/z(t) — ae_YTXZ(t - T) _ﬁxg(t) - %’ (1 11)
t .
J0 =0 (- 0,

with initial conditions x> (6) > 0 (continuous on 6 € [-7,0]) and x,(0), y(0) > 0.

The main purpose of this paper is to study the global dynamics of System (1.11). The
paper is organized as follows. In Section 2, we establish the conditions that determine the
permanence of the system and obtain positiveness and boundedness results. Section 3 focuses
on the study of the local stability of the nonnegative equilibria. Section 4 derives sufficient
conditions for the global asymptotic stability of boundary equilibrium and for the global
attractivity of positive equilibrium, and in the Section 5, these results are illustrated through
simulations and their relevance is briefly discussed.

2. Permanence of Solutions

To prove the permanence of System (1.11), we need the following lemma, which is a direct
application of Theorem 4.9.1 in the study by Kuang [26], see also Song et al. [25] and Liu et
al. [27].

Lemma 2.1. Consider the following equation:
X' (t) = ax(t — T) — bx(t) — cx?(t), (2.1)

where a,b,c, T > 0and x(t) > 0, for -t <t <0.
(i) If a > b, then lim; _, . x(t) = (a—b)/c.
(ii) If a < b, then lim; _, ,x(t) = 0.

Following the proof of Song et al. [25] and Liu et al. [27], we can obtain the following
lemma.
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Lemma 2.2. Suppose x,(6) > 0 is continuous on 0 € [-7,0], and x,(0), y(0) > 0, then the solution
of System (1.11) satisfies x»(t), y(t) > 0 forall t > 0.

First, we establish a condition for the boundedness of the solutions of System (1.11).

Theorem 2.3. Suppose x»(0) > 0 is continuous on 6 € [-7,0], and x,(0), y(0) > O, then the
solutions of (1.11) are bounded for all large t.

Proof. From the first equation of (1.11), we have
x5 (t) < aeTxa(t - T) - B3 (t). (2.2)

According to Lemma 2.1 and the standard comparison principle [28], there exists a T1 > 0
and e > 0 such that

ae 7T

x(t) < +e1=M;, fort>T;+T. (2.3)

By the second equation of (1.11) and above inequality, we get

y'(t) <y(t) (rz - ]\Zyitl)cz)' fort>T + . (2.4)

From the comparison principle, there exists a T, > T; such that, for any sufficiently small e,

(M1 + ko)
C2

y(t) < +e=M,, fort>Tr+T. (2.5)

The proof is complete. O
Now, we show that System (1.11) is permanent.

Theorem 2.4. Suppose that

C1M2
1

ae ’T

>0, (2.6)

where M is defined by (2.5), then System (1.11) is permanent.

Remark 2.5. Comparing the above permanent result with that results for model in Nindjin
et al. [15] and model in Song et al. [25], we see the inclusion of an extra term e™” in our
permanence condition (2.6); that is, the surviving probability of each immature prey becomes
mature must be taken into account.

Proof. From the second equation of system (1.11), we have

v 02y (n-22), @7)
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It then follows that

tlim infy(t) > % =myp > 0. (2.8)

Using the first equation of System (1.11) and Theorem 2.3, for sufficiently large T, we have

Xy (t) 2 e Txa (b~ 7) — Py (t) — %)m(t)
1 (2.9)
> ae st - ) - fudr) - S0,
1

By Lemma 2.1 and the comparison principle, we have that

1T e Mo /k
lim infx (1) > aelT oM/l s (2.10)

p

Therefore, the above calculations and Theorem 2.3 imply that there exist M;, m; > 0,i=1,2,
such that

0<my < tlim inf x, (f) < tlim sup x2(t) < M,
(2.11)
0<my< tlim infy(t) < tlim sup y(t) < M.

The proof is complete. O

3. Analysis of Equilibria

System (1.11) has the following nonnegative equilibria:

ae V" kor
Eo = (0,0), E1=(T,o), Ez=(o,§), Es= (), (1)

where

. (ae?" = Pk1 —c1r2/c2) + \/(cxe’YT - Bk - clrz/cz)2 —4B((c11r2/c2)ka — e 77ky)
X5 = 2 ,
. kot + sz;
= T.
(3.2)
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We see that the positive equilibrium Ej exists if

ae " > C1k21’2' (3.3)
Czkl
The characteristic equation at equilibrium Ej is
<.)L - ae*YTe*)‘T> (A=mr) =0, (3.4)

and, consequently, since it has a positive eigenvalue A = r;, Ey is unstable.
The characteristic equation at equilibrium E; is given by the transcendental equation

</\ - <—2cxe‘YT + ae‘”e‘”)) (A=mr) =0. (3.5)

Again, A = r; is a positive eigenvalue, so E; is also unstable.

The analysis of the stability of E, requires a little more work. We have the following
results.

Theorem 3.1. Let

R = Cf;(—l;zae’”, (3.6)
then equilibrium E, is
(i) unstable if Ry > 1,
(ii) linearly neutrally stable if Ry = 1,
(iii) locally asymptotically stable if Ro < 1.

Proof. (i) The characteristic equation of equilibrium E, is given by

</\ + akra ae_”e_“) L+m) =0, (3.7)
Czkl

clearly, one characteristic root is A = -1, < 0, others are the roots of

cikory

= T\ = 0. 3.8
F(A) =L+ ki ae e 0 (3.8)

Assume that Ry > 1, therefore < ae™?” then F(0) < 0 and F(+o0) = +o0. Hence F(\) has at
least one positive root and E; is unstable.

(ii) Since Ry = 1, that is, c1kara/coky = ae™¥", F(0) =0,s0 A = 0is aroot of F(A) = 0. As
F'(\) = Tae""e™"" + 1, we have F'(0) > 0. The root A = 0 is simple. If other roots are of form
a +iw, for some a and w in R, they satisfy

(a+ oce*”)2 +w? = (ae*YT)ze*Z‘”. (3.9)
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Then, we must have a < 0; that is, all other roots have nonpositive real parts. Hence E; is
linearly neutrally stable.

(iii) If Mo < 1, then c1kora/cok1 > ae™™. Assume that there exists an eigenvalue A with
Re A > 0, then we have

crkor

Rel = —x * ae 7"e"ReVT cog(7Im )
2 (3.10)
< ae VT RedT _ —Clkzrz <0.
Czkl

It is a contradiction, so Re A < 0. This shows that all roots of F(A) = 0 must have negative real
parts, hence, the equilibrium E; is locally asymptotically stable.
The proof of the theorem is complete. O

Remark 3.2. Note that when the predator reaches its steady state 7 = kpr,/c; in the absence
of prey, ae™" can be interpreted as the per capita recruitment rate of prey and ci1kor2/c2ky =
c1y// ki approximates the per capita death rate of the prey. Therefore, Ry = ae™""coki/crkors is
the basic demographic number of prey when the predator’s population size reaches its steady
state ¥ in the absence of prey x. When %Ry > 1, the population size of prey will increase, thus
E; is unstable. Similarly we can interpret (ii) and (iii) in Theorem 3.1.

Remark 3.3. The sufficient condition given by (2.6) for the permanence of System (1.11) can
be rewritten in the following form

ae 7T,
op = po. (3.11)

Ro>1+

So a “large” basic demographic number (g > po > 1) for the prey when the predator’s
population size reaches its steady state in the absence of prey can guarantee the permanence
of System (1.11).

Now, we consider the local stability of the interior equilibrium E; = (x3,y"). Recall
there exists E; when (3.3) holds, that is, when 7 is in the interval I = [0, T*), where

1
= L 2%k (3.12)
Y C1Tzk2
The characteristic equation at Ej is
2 . _ckiy . ki’
DA T) =AM+ (n+2px;+ ——— JA+n| 2px+ ———
(k1 + x;) (k1 + x;)
(3.13)

2
c1ex5y* 20y*
102X, 2+<r2_)t_kczy*)ae—ﬁe—h:0‘
(ki +x3) (k2 + x3) 2+ X
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Let
P(\,7) = A* + Pi(T)A + Py(T),
(3.14)
QW 7) = AQ1(7) + Qo(7),
where
k *
Pi(T) =1+ 2px; + axy 5
(k1 + x;)
kiy* sy 3.15
Py(1) =12 <2ﬂx§ a9y 2> + A%y 7/ (3.15)
(kl +x§) (kl +x§)(k2 +x;)
Qu(r) =—ae’”,  Qo(7) = —r2ae”".
Then the characteristic equation at E3 becomes
D\, 7) =P\, 7) +Q(\, T)e™* = 0. (3.16)
First, we will prove
P(0,7) +Q(0,7) #0, (3.17)

that is, A = 0 cannot be a root of (3.16) for any 7 € I.
In fact, by the definition of (x3, y*), we have

D(0,7) = Po(7) + Qo(7) = P(0,7) + Q(0, 7)

cikiy” > . clczxzy*z
(ki +x5)° (k1 +x3) (ko + x5)°

; akiy* r clczx*y*2
:rz<2ﬂx2+;y*2—ae r > + . 2 = (3.18)
(k1 + xz) (kl + xz) (kz + xz)

2
=n <_ﬂk1 _ar, \/(aeYT - ki1 - ﬂ) - 4ﬂ<%k2 - aeYTk1)>
C2 C2 C2

> 0.

—rae 17T

=1 <2ﬂx; +

Therefore, A = 0 is not a root of (3.16).
The characteristic equation (3.16) at 7 = 0 is

P(1,0) + Q(1,0) =0, (3.19)
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that is,
A2+ (P1(0) + Q1(0))A + Py(0) + Qo(0) = 0. (3.20)
Then,
k1 ky* % %2
AZ + <T2 + 2ﬁx; + Clilyz - a>.)t + 1 <2ﬂx; + il 1y 5 + Clczxzy > a> =0.
(k1 +x;) (kl +x§) (k1 +x§)(k2 +x§)
(3.21)
Since Py(7) + Qo(t) > 0 for all T € [0, 7*), then Py(0) + Qo(0) > 0. Notice that
., akiy?
Pi(0) + Qi(0) =2+ 2fx) + ———— —«a. (3.22)
(k1 + x;)

If P1(0) +Q1(0) > 0O, then (3.20) has two solutions with negative real parts. Hence, E3 is locally
asymptotically stable at 7 = 0. If P;(0) + Q1(0) < 0, then Ej3 is unstable at 7 = 0.

To determine the local stability of the interior equilibrium E3 = (x3, y*), we proceed as
follows [29].

Assume that A = +icw(7), w(7) > 0 satisfy (3.16), we have

P(iw, 1) = —w? +iwDP, (1) + Po(T),

Pr(iw, T) = Py(T) — w?, Pr(iw, ) = wPi(7),
(3.23)
Qiw, ) = iwQ1(T) + Qo(T),
Qr(iw, ) = Qo(T), Qr(iw, T) = wQn (7).
The first step is to look for the positive roots w(r) > 0 of
F(w,T) = |P(iw, T)* - |Q(iw, T)|* = 0 (3.24)
in I = [0, 7*). Since
F(w,T) = w* +w’ (—2P0(T) + P} (1) - Q%(ﬂ) + Py (1) - Qj(7), (3.25)
we have
F(w,T) = w* + b(T)w? + ¢(T) = 0,
b(t) = =2Py(7) + P{(1) - Qi (7), (3.26)

c(t) = Py (7) - Q3(7).
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Depending on the signs of b(7) and c(7), System (3.26) may have no positive real roots, or
the root

ws(T) = E (—b(T) +1/b(1)? - 4C(T)>] 1/2, rel, CI, (3.27)

or otherwise the root

w_(1) = [% (—b(T) —\/b(1)? - 4C(T)>] 1/2, rel ClI, (3.28)

or, as the last case, both w. () and w_(7). Note that if System (3.26) has no positive roots w(7)
in I, then no stability switches can occur.

From the structure of P;(0) + Q1(0), a sufficient condition for E3 at 7 = 0 to be locally
asymptotically stable is given by

a—2pk; - 2012—2 >0, (3.29)
2

which implies P;(0) + Q1 (0) > 0. Stability switches for increasing 7 in I = [0, 7*) may occur
only with a pair of roots A = +iw(7) (w(T) real positive) that cross the imaginary axis.

Next, we state the following theorem on the local asymptotic stability of equilibrium
Es.

Theorem 3.4. The positive equilibrium E3 of System (1.11) is locally asymptotically stable if

o —2pk; — 2c12—2 >0, ¢ -2¢>0. (3.30)
2

Remark 3.5. From (3.30), we know that if the birth rate of immature prey (a) is sufficiently
large and the maximum value of the per capita reduction rate of x due to y is smaller than
the maximum value of the per capita reduction rate of iy due to x then the positive equilibrium
E; is locally asymptotically stable.

Proof. We only need to prove that E; has no stability switches as T increases and that Ej; is
stable at T = 0. Consider the roots of (3.20), by the above discussion, we know if (3.30) holds
then

P1(0) + Q1(0) = rp +2f3x5 + # -a>0. (3.31)

So the roots of (3.20) must have negative real parts, hence E3 is stable at 7 = 0. Next, we prove
that E3 has no stability switches as 7 increases in [0, 7*). We only need to prove that System
(3.26) has no positive roots w(7) in I.

From (3.26), we have

c(7) = Pj(7) = Q5(7) = (Po(7) + Qo(7)) (Po(7) ~ Qo(7))- (3.32)
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We know that Py(7) + Qo(7) > 0 and
. akiy Ly
Po(1) = Qo(7) =12 2px; + ———= +ae " | > 0. (3.33)

So ¢(t) > 0.
By (3.26), we also have

b(t) = =2Py(7) + P{(7) - Q}(T)
2 * k * * *2
- —2< LA ><2ﬁx; P 2> B B A
k2 +2; (k1 +x3) (k1 +x3) (Ko + x3)

2
2cy* akiy*

+( -+ —y* +2px5 + it A B
kz + X

> (ki +x3)
2 x o %2
_ ( 201" - r2>2 . <2ﬁx* N akiy* > _9 C102X,Y e T
ka +x; 2k +x)? (k1 + x3) (ko + x3)°

ko +2; (ki +x3) (k2 + x5)°

kiy* kiy*
+ <2ﬁx§ + 6171y2 + cxe”> <2ﬂx§ + C171}/2 - ae”>
(k1 + x;) (kl + xZ)

kiy* kv* 2y 2 2
> <2ﬁx§ + & + ae)’7> <2ﬂx; + % _ D((:'YT> " Y _ 1y

(ki +x5)° (ki +x3)° (ka+x5)° (ko +x5)

>0,
(3.34)

the last inequality holds because (3.30) and therefore we have that b(r) > 0 and ¢(7) > 0.
Hence F(w,T)#0 for all 7 € I = [0,7*), that is, there are no stability switches for 7 € I =
[0, T*). The proof is complete. O

4. Global Stability and Attractiveness

In this section, we establish conditions for the global stability of equilibria E, = (0, kor2/c2)
and E; = (x3, y*) of System (1.11). The following theorems hold.

Theorem 4.1. Suppose that

M1+k1

ae 17 <1, (4.1)
C1myp
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where my = kory/co, My = ae™" /B + €1, then the equilibrium E; = (0, kora/c2) of System (1.11) is
globally asymptotically stable.

Remark 4.2. From (4.1), we also find that yT has a positive effect on the extinction of prey in
that a proper increase of y7 (which is defines as the “degree of stage structure” by Liu et al.
[27]) can drive the prey into extinction, regardless of how large other coefficients were.

Remark 4.3. Inequality (4.1) is equivalent to

1

M0 T aer /g P

(4.2)

That is, a small basic demographic number (R < p1 < 1) for the prey (when the predator’s
population size reaches its steady state in the absence of prey) can guarantee the prey’s
extinction (E; is globally stable).

Proof. From Theorem 3.1, we know that E; is locally asymptotically stable. Now, we only
need to prove global attractiveness of E,. By the first equation of System (1.11), the proof of
Theorems 2.3 and 2.4, and x; (t) is nonegative, we have that

t t
x(t) = ae (k- 7) - pai(t) - 2L D20
xz(t) + kl
(4.3)
— t)
<ae Vxy(t— 1) — Bai(t) - M
<ae Txp(t - 7) - Px;(t) otk
From Lemma 2.1 and (4.1), we obtain that
Jim x5 (£) = 0. (44)

Then, there is a Ty such that, for t > Ty, we have —e < x(t) < €, where € is sufficiently small.
From the second equation of System (1.11), we have that

v (1) <y(b) <r2 - 223(12 > (4.5)

and, by the comparison principle, we conclude that

Y < Fron (4.6)
(6]

and consequently lim;_, o, infy(t) > kyr2/c>. Hence, we have that

lim y(f) = 272 (4.7)
t— o0 (6]

The proof is complete. O
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Next, we study the global attractivity of the interior equilibrium E3 of System (1.11).
Consider the following system:

arv(t)

V() = ago(t - T) — azv? () - o0+ ay

o(t) = @(t) >0, forte [-7,0], (4.8)

v(0) >0,

where a; > 0,i = 1,2,3,4. A similar reasoning using Lemma 2.2 gives that v(t) > 0 for all
t > 0. From Theorem 4.9.1 in Kuang [26] we conclude by the following lemma.

Lemma 4.4. System (4.8) has a unique positive equilibrium

2
<a4 —axaz + \/(a4 —axas)” +4az(axay - 01))
£

= 49
v 0, (4.9)

which is globally asymptotically stable if a;asy — a; > 0.
Finally, we have the following result.

Theorem 4.5. Suppose that

ko + ae™ '™
aefkal -1 <Cl(2ﬂ—ae)> > O, ﬂ > ]_,
Czﬁ

_ 2
ae’" - Pki—c1— >0,
(o]

(4.10)

then the positive equilibrium Es in System (1.11) is globally attractive.

Remark 4.6. From (4.10), we know that y7 has a negative effect on the global attractivity of
positive equilibrium; that is, an increase in the value of y7 can destroy Condition (4.10).

Remark 4.7. Comparing Theorems 4.1 and 4.2 with Theorems 4.1 and 4.2 in Song et al. [25], we
also see the inclusion of an extra term e™" in our condition, that is, the surviving probability
of each immature prey becomes mature must be taken into account.

Proof. By the first equation of System (1.11), we have
x5 (t) < aeTxp(t - T) - fa3(t), (4.11)

then by Lemma 2.1 and the comparison principle, for sufficiently small € > 0, thereisa T; > 0
such that

ae 17T
X2 (t) <

te=1, (4.12)
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for t > Ty + 7. Replacing this inequality into the second equation of (1.11), we have

v <y (n-220), 2 (4.13)

ﬂl + kz
Again by the comparison principle, there is a T, > T; + 7 > 0 such that

(i1 + k)rp
< 2y
(6]

y(t) e=v, t>T. (4.14)

Substituting (4.14) into the first equation of (1.11), we have

/ T v t
Xh(t) > ae T Txa (t - ) — P2 (t) — %xi(k)l (4.15)
Consider the following equation:
! £ = -YT _ _ 2 _ Clglz(t)
4 ( ) = ae Z(t T) ﬂZ (t) m (416)

From the first inequality of (4.14) and Lemma 4.4, we see that (4.16) has a unique positive

equilibrium z* = (ae™” - fk; + \/ (ae™™ = pk1)* + 4p(aeTk; — c1v1)) /2P which is globally
asymptotically stable. Using the comparison principle, for sufficiently small ¢ > 0, we see
that thereis a T3 > T, + T such that

x(t) >z" —e=u, >0. (4.17)

Plugging (4.17) into the second equation of (1.11), we have that

ymzym<m—”“”>,tzn. (4.18)

El+k2

By the comparison principle, there is Ty > T3 such that

+k
y(t) > % —e=v, t>Ty. (4.19)
) ”1

Hence, we have

u <x(t)<wu, vi<ylt)<vy, t>Tu (4.20)
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By replacing (4.19) in the first equation of (1.11) we see that

clglxz(t)

x3(t) S ae st - 7) ~ i (H) - T

(4.21)

From a similar use of the comparison principle, we conclude that there is T5 > Ty + T such that

() <z +e=1>0, t>Ts, (4.22)

where z] = (ae?"™ - ki + \/(cxe‘YT —ﬁkl)2 +4(ae k1 - c1v,)p)/2f > 0 is the positive
equilibrium for the equation

c1v,z(t)
() = ae T z(t) - p2A(t) - — . 4.23
2(1) = ae () - p0) - (423)
From (4.10), we have
U <uj. (4.24)
Substituting (4.22) into the second equation in (1.11), we have that
’ CZy(f) )
< - > Ts. 4.25
v <yo(n-220), e (4.25)

A similar discussion (as above) implies that for sufficiently small € > 0, there is a T¢ > T5 such
that

gty < RN 5 (4.26)
C2
Since U, < Uy, we get
Vo < V1. (4.27)

Plugging (4.26) into the first equation of (1.11) leads to

cvax) g (4.28)

x3(t) > ae Ty (t = 1) - () - T 2

From (4.10), Lemma 4.4 and the comparison principle, we see that for sufficiently small e > 0,
thereis a Ty > T + T such that

x(t) >z, —e=u, >0, t>T7 (4.29)
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where zJ = (ae?™ - ki + \/(cxe‘YT —ﬁkl)2 +4(ae Tk — c1v2)P)/2p > 0 is the positive
equilibrium for the equation

cﬁzz(t)

Z'(t) = ae "z (t) - PZ(t) - Dk (4.30)
Moreover, since v, < ¥; we have that U, >u,.
Replacing (4.22) in the second equation of (1.11) leads to
y'(t) 2> y(t)< 2~ 2{(2) t>Ty. (4.31)
Arguments similar to those used above guarantee the existence of a Tg > T7 such that
y(t) > (E%fz)” —e=w, 2Ty (4.32)

from which we get that v, > v;.

Repeating the above process leads to the construction of the sequences (#,),21, (&,,) 5,
(Vi) a, (v,),,and Ty, > 0. For t > Ty,, we have that

O<uy <uy<---<u, <xt) <up <. <uUp <uy,

(4.33)
O<w, <y, <<y <y(t) <v, < - <V <Yy
Hence, the limits of (#,);21, (&,)5,, (Vn);21, (v,)5, exist. Denote that
Wl = fmee usfime, 2=l 34)
then u > u, ¥ > v. To complete the proof, we only need to show u =u, v = v.
By the definition of v, and »,, we have
u +ky)r u
p < Wtk s @tkn (4.35)
(&) (&)
thus
— T
Vu—v,=—(Uy—u,) +2e. (4.36)
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According to the definitions of u,, u, and (4.36), we have

Up — U,

ae V" — ki + \/(“e’” - ﬂkl)z +4p(ae ki - c1v,,)
2p
— - 2 - V.
ae " — pky + \/(ue 17— ki) +4p(ae k1 — c1vy)
_ +
2p

€

4e1 (v, —vn)p
2ﬁ<\/(ae’” - ﬂk1)2 +4p(ae k) - c1v,) + \/(ae’” - ﬁkl)z +4p(ae kg — cﬁn)>

+ 2e€
< ——Cl (Z" _ vn) + 2e.

(ae™™ - Bk1)
(4.37)

Letn — oo, we have

_ c1(ra/c2) (- u) +2e
~ u 4.38
(fi—u) < i +2¢, (4.38)
hence
(e pa- a2 ) @-w) < (1+ 267" - pro)ze. (439)
2

By (4.10), we know that ae™” — k1 — (c112)/c2 > 0 and (1 + ae™"" — Pk1) > 0. Note that € can
be arbitrarily small, that is, letting ¢ — 0 leads to the conclusion that u = u. From (4.36) and
letting n — oo, we also conclude that ¥ = v. The proof is complete. O

5. Discussion

In this paper, we consider a Leslie-Gower predator-prey type model that incorporates the
prey “age” structure (an extension of the ODE model in the study by Aziz-Alaoui and
Daher Okiye [11]). We derive the “conditional” basic demographic number (R) for the
prey, that is the value of 9y when the predator’s population size has reached its steady
state in the absence of prey. We obtain sufficient conditions that ensure the boundedness of
solutions as well as permanence of System (1.11) (JRy > po > 1). Second, we derive sufficient
conditions for the local stability of nonnegative equilibria of Model (1.11). We show that
Ep = (0,0) and E; = (ae™"/p,0) are unstable, E; = (0, kpr2/c2) is unstable if Ry > 1 (stable if
Ry < 1), and the positive equilibrium Ej exists when Ry > 1. Finally, through the application
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Figure 1: The boundary equilibrium E; = (0, kar2/c) of System (1.11) is globally asymptotically stable.
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Figure 2: The positive equilibrium Ej3 of System (1.11) is globally attractive.

of the comparison principle, sufficient conditions for the global attractivity of nonnegative
equilibria are obtained. We prove that E; is globally asymptotically stable when Ry < p1 < 1.
We conclude that the incorporation of a delay (“age” structure in the prey) does not change
the asymptotic behavior of the model when some restrictions are imposed on the effect of
such delay. Here we provide two numerical examples to illustrate our main results.
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Example51. If a =12,y =02,=1,¢1=05,c0 =11, k1 =1, kp =1, =1, and 7 = 20 then
the conditions of Theorem 4.1 are satisfied and the equilibrium E; = (0, kyr2/c2) of System
(1.11) is globally asymptotically stable (see Figure 1).

Example52. f a =12,y =02, =12,¢c1=05,c0=2,k; =025k, =10, =025, and 7 = 4
then the conditions of Theorem 4.5 are satisfied and the positive equilibrium Ez of system
(1.11) is globally attractive (see Figure 2).

The length of the time delay 7 plays an important role on the stability of the
positive equilibrium of System (1.11). Since the delay also appears in the coefficient of the
variable x,(t — ) in the second equation of (1.8) linearization at the positive equilibrium
is algebraically complicated. This complication prevents us from analytically computing the
precise parameter regimes where the positive equilibrium switches its stability as the delay
T is increased. Furthermore, because the positive equilibrium depends on 7 then some of
the existing stability switch methods are unapplicable (see [26]). Recently Beretta and Kuang
[29] have introduced a systematic method for the study of associated characteristic equations.
However, their approach is computer assisted and consequently, requires the identification
of suitable choices for the model parameters. We hope to apply their method to Model (1.8)
in near future.

Acknowledgments

Hai-Feng Huo was partially supported by the NNSF of China (10961018), the Key Project
of Chinese Ministry of Education (209131), The Project Sponsored by the Scientific Research
Foundation for the Returned Overseas Chinese Scholars, State Education Ministry, the NSF
of Gansu Province of China (3Z5S042-B25-013), the NSF of Bureau of Education of Gansu
Province of China (0803-01), and the Development Program for Outstanding Young Teachers
in Lanzhou University of Technology (Q200703), and the Doctor’s Foundation of Lanzhou
University of Technology. This work was completed while Hai-Feng Huo was visiting
MTBI (the Mathematical and Theoretical Biology Institute), Department of Mathematics and
Statistics, Arizona State University.

References

[1] E Brauer and C. Castillo-Chévez, Mathematical Models in Population Biology and Epidemiology, Springer,
New York, NY, USA, 2001.

[2] H. L. Freedman, Deterministic Mathematical Models in Population Ecology, Marcel Dekker, New York,
NY, USA, 1980.

[3] J. Hofbauer and K. Sigmund, Evolutionary Games and Population Dynamics, Cambridge University
Press, Cambridge, UK, 1998.

[4] J. D. Murray, Mathematical Biology, Springer, Heidelberg, Germany, 2nd edition, 1993.

[5] Y. Takeuchi, Global Dynamical Properties of Lotka-Volterra Systems, World Scientific, Singapore, 1996.

[6] P. H. Leslie, “Some further notes on the use of matrices in population mathematics,” Biometrika, vol.
35, pp. 213-245, 1948.

[7] P.H. Leslie, “A stochastic model for studying the properties of certain biological systems by numerical
methods,” Biometrika, vol. 45, pp. 16-31, 1958.

[8] Q. Wang, M. Fan, and K. Wang, “Dynamics of a class of nonautonomous semi-ratio-dependent
predator-prey systems with functional responses,” Journal of Mathematical Analysis and Applications,
vol. 278, no. 2, pp. 443-471, 2003.



22 Mathematical Problems in Engineering

[9] W. Wang, G. Mulone, F. Salemi, and V. Salone, “Permanence and stability of a stage-structured
predator-prey model,” Journal of Mathematical Analysis and Applications, vol. 262, no. 2, pp. 499-528,
2001.

[10] S.-B. Hsu, T. W. Hwang, and Y. Kuang, “Global analysis of the Michaelis-Menten-type ratio-
dependent predator-prey system,” Journal of Mathematical Biology, vol. 42, no. 6, pp. 489-506, 2001.

[11] M. A. Aziz-Alaoui and M. Daher Okiye, “Boundedness and global stability for a predator-prey model
with modified Leslie-Gower and Holling-type II schemes,” Applied Mathematics Letters, vol. 16, no. 7,
pp- 1069-1075, 2003.

[12] H. Guo and X. Song, “An impulsive predator-prey system with modified Leslie-Gower and Holling
type Il schemes,” Chaos, Solitons and Fractals, vol. 36, no. 5, pp. 1320-1331, 2008.

[13] C. Letellier and M. A. Asis-Alaoui, “Analysis of the dynamics of a realistic ecological model,” Chaos,
Solitons and Fractals, vol. 13, no. 1, pp. 95-107, 2002.

[14] C. Letellier, L. A. Aguirre, ]. Maquet, and M. A. Aziz-Alaoui, “Should all the species of a food chain be
counted to investigate the global dynamics?” Chaos, Solitons and Fractals, vol. 13, no. 5, pp. 1099-1113,
2002.

[15] A. F Nindjin, M. A. Aziz-Alaoui, and M. Cadivel, “Analysis of a predator-prey model with
modified Leslie-Gower and Holling-type II schemes with time delay,” Nonlinear Analysis: Real World
Applications, vol. 7, no. 5, pp. 1104-1118, 2006.

[16] X. Song and Y. Li, “Dynamic behaviors of the periodic predator-prey model with modified Leslie-
Gower Holling-type II schemes and impulsive effect,” Nonlinear Analysis: Real World Applications, vol.
9, no. 1, pp. 64-79, 2008.

[17] M. A. Aziz-Alaoui, “Study of a Leslie-Gower-type tritrophic population,” Chaos, Solitons and Fractals,
vol. 14, no. 8, pp. 1275-1293, 2002.

[18] A.Korobeinikov, “A Lyapunov function for Leslie-Gower predator-prey models,” Applied Mathematics
Letters, vol. 14, no. 6, pp. 697-699, 2001.

[19] R. K. Upadhyay and V. Rai, “Why chaos is rarely observed in natural populations,” Chaos, Solitons
and Fractals, vol. 8, no. 12, pp. 1933-1939, 1997.

[20] W.G. Aiello and H. I. Freedman, “A time-delay model of single-species growth with stage structure,”
Mathematical Biosciences, vol. 101, no. 2, pp. 139-153, 1990.

[21] W. G. Aiello, H. I. Freedman, and J. Wu, “Analysis of a model representing stage-structured
population growth with state-dependent time delay,” SIAM Journal on Applied Mathematics, vol. 52,
no. 3, pp. 855-869, 1992.

[22] Y. Cao, J. Fan, and T. C. Gard, “The effects of state-dependent time delay on a stage-structured
population growth model,” Nonlinear Analysis: Theory, Methods & Applications, vol. 16, no. 2, pp. 95—
105, 1992.

[23] Y. Kuang and J. W. H. So, “Analysis of a delayed two-stage population model with space-limited
recruitment,” SIAM Journal on Applied Mathematics, vol. 55, no. 6, pp. 1675-1696, 1995.

[24] S. Q. Liu and E. Beretta, “A stage-structured predator-prey model of Beddington-DeAngelis type,”
SIAM Journal on Applied Mathematics, vol. 66, no. 4, pp. 1101-1129, 2006.

[25] X.Song, L. Cai, and A. U. Neumann, “Ratio-dependent predator-prey system with stage structure for
prey,” Discrete and Continuous Dynamical Systems (Series B), vol. 4, no. 3, pp. 747-758, 2004.

[26] Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, vol. 191, Academic
Press, London, UK, 1993.

[27] S. Liu, L. Chen, G. Luo, and Y. Jiang, “Asymptotic behaviors of competitive Lotka-Volterra system
with stage structure,” Journal of Mathematical Analysis and Applications, vol. 271, no. 1, pp. 124-138,
2002.

[28] H. L. Smith, Monotone Dynamical Systems: An Introduction to the Theory of Competitive and Cooperative
Systems, Mathematical Surveys and Monographs, American Mathematical Society, Providence, RI,
USA, 1995.

[29] E. Beretta and Y. Kuang, “Geometric stability switch criteria in delay differential systems with delay
dependent parameters,” SIAM Journal on Mathematical Analysis, vol. 33, no. 5, pp. 1144-1165, 2002.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



