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The problem of stochastic finite-time guaranteed cost control is investigated for Markovian
jumping singular systems with uncertain transition probabilities, parametric uncertainties, and
time-varying norm-bounded disturbance. Firstly, the definitions of stochastic singular finite-
time stability, stochastic singular finite-time boundedness, and stochastic singular finite-time
guaranteed cost control are presented. Then, sufficient conditions on stochastic singular finite-
time guaranteed cost control are obtained for the family of stochastic singular systems. Designed
algorithms for the state feedback controller are provided to guarantee that the underlying
stochastic singular system is stochastic singular finite-time guaranteed cost control in terms of
restricted linear matrix equalities with a fixed parameter. Finally, numerical examples are given to
show the validity of the proposed scheme.

1. Introduction

Singular systems are also referred to as descriptor systems or generalized state-space systems
and describe a larger family of dynamic systems. The singular systems are applied to handle
mechanical systems, electric circuits, interconnected systems, and so forth; see more practical
examples in [1, 2] and the references therein. Many control problems have been extensively
investigated, and results in state-space systems have been extended to singular systems,
such as stability, stabilization, and robust control; for instance, see the references in [3-10].
Meanwhile, Markovian jumping systems are referred to as a special family of hybrid systems
and stochastic systems, which are very appropriate to model plants whose structure is subject
to random abrupt changes, such as stochastic failures and repairs of the components, changes
in the interconnections of subsystems, and sudden environment changes; see the references
in [11, 12]. The existing results for Markovian jumping systems include a large of variety of
problems such as stochastic Lyapunov stability [13-16], sliding mode control [17, 18], the
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H® control [19, 20], the H* filtering [12, 21], and so forth; for more results, the readers are
to refer to [22-24] and the references therein.

In many practical applications, on the other hand, many concerned problems are the
practical ones which described system state which does not exceed some bound over a time
interval. Compared with classical Lyapunov asymptotical stability on which most results in
the literature concentrated, finite-time stability (FTS) or short-time stability was studied to
deal with the transient behavior of systems in finite time interval. Some earlier results on
FTS can be found in [25-28]. Some appealing results were obtained to guarantee finite-time
stability, finite-time boundedness, and finite-time stabilization of different systems including
linear systems, nonlinear systems, and stochastic systems; for instance, see the papers in
[29-35] and the references therein. However, to date and to the best of our knowledge,
the problems of stochastic singular finite-time guaranteed cost control analysis of stochastic
singular systems have not been investigated, although some studies on stochastic singular
systems have been conduced recently; see the references [8-11, 15, 18]. We investigate finite-
time guaranteed cost control of one class of continuous-time stochastic singular systems. Our
results are totally different from those previous results. This motivates us for the study.

It is well known that linear matrix inequalities (LMIs) have viewed as a powerful
formulation and design technique for a variety of linear control problems. Thus reducing
a control design problem to an LMI can be considered as a practical solution to this
problem [36]. At present, it is an important tool to address stability and stabilization, roust
control, the H* filtering, guaranteed cost control, and so forth; see the references [2, 4-
11, 13, 15] and the references therein. The novelty of our study is that stochastic finite-time
stability, stochastic finite-time bounded and stochastic finite-time guaranteed cost control are
investigated for one family of Markovian jumping singular systems with uncertain transition
probabilities, parametric uncertainties, and time-varying norm-bounded disturbance. The
main contribution of this paper is that sufficient conditions on stochastic singular finite-time
guaranteed cost control are obtained for the class of stochastic singular systems and, a state
feedback controller is designed to guarantee that the underlying stochastic singular system
is stochastic singular finite-time guaranteed cost control in terms of restrict LMIs with a fixed
parameter.

The rest of this paper is organized as follows. In Section 2 the problem formulation and
some preliminaries are introduced. The results on stochastic singular finite-time guaranteed
cost control are given in Section 3. Section 4 presents numerical examples to demonstrate the
validity of the proposed methodology. Some conclusions are drawn in Section 5.

Notations

Throughout the paper, R” and R™" denote the sets of n component real vectors and n x m
real matrices, respectively. The superscript T stands for matrix transposition or vector. E{-}
denotes the expectation operator with respect to some probability measure . In addition,
the symbol * denotes the transposed elements in the symmetric positions of a matrix, and
diag{---} stands for a block-diagonal matrix. Amin(P) and Amax(P) denote the smallest and
the largest eigenvalue of matrix P, respectively. Matrices, if their dimensions are not explicitly
stated, are assumed to be compatible for algebraic operations.

2. Problem Formulation

Let the dynamics of the class of Markovian jumping singular systems be described by the

following:
E(r))x(t) = [A(r1) + AA(ry)]x(t) + [B(ry) + AB(ri)Ju(t) + [G(r;) + AG(r1)]w(t), (2.1)



Mathematical Problems in Engineering 3

where x(t) € R" is system state, u(t) € R™ is system input, E(r;) is a singular matrix with
rank E(r;) = r; < n; {r;,t > 0} is continuous-time Markovian stochastic process taking values
in a finite space M := {1,2,..., N} with transition matrix I' = (71;;) yn and the transition
probabilities are described as follows:

) ] .7['1‘]'A+O(A), ifi;é]',
Pj=Pr(rua=jln=i)= (2.2)
1+.ﬂ'i]‘A+O(A), lfl:],

where lima 9 0(A)/A = 0, m;; satisfies or;; > 0 (i#7), and ;; = —Zﬁl/ﬁimi foralli,j € M
AA(r), AB(r:), and AG(r;) are uncertain matrices and satisfy

[AA(ry), AB(r1), AG(r1)] = F(r:) A(r) [Ev(11), Ex(11), Es(r1)], (2.3)

where A(ry) is an unknown, time-varying matrix function and satisfies

AT(r)A(r) <1, Vr e M. (2.4)

Moreover, the disturbance w(t) € R? satisfies
T
f w (Hw(t)dt <d*>, d>0, (2.5)
0

and the matrices A(r;), B(r;), and G(r;) are coefficient matrix and of appropriate dimension
for all r» € M. In addition, we make the following assumption on uncertain transition
probabilities in stochastic singular system (2.1).

Assumption 1. The jump rates of the visited modes from a given mode i are assumed to satisfy

0<£ls.71'1]§ﬁl, Vl,]Eﬂ,l#], (26)

where g, and 7; are known parameters for each mode or may represent the lower and upper
bounds when all the jump rates are known, that is,

0<z; = min {7 #0,#j} < 7; = max{m; #0,i# ). 2.7)

Moreover, let N; denote the number of visited modes from i including the mode itself.
Consider a state feedback controller

u(t) = K(ry)x(ry), (2.8)

where {K(r¢),7: =i € M} is a set of matrices to be determined later. The system (2.1) with the
controller (2.8) can be written by the form of the control system as follows:

E(ry)x(t) = A(r)x(t) + G(r)w(t), (2.9)

where A(r;) = A(ry) + AA(ry) + [B(ry) + AB(r1)]K(r) and G(r) = G(r) + AG(ry).
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Definition 2.1 (see [12, regular and impulse free]). (i) The singular system with Markovian
jumps (2.9) with u(t) = 0 is said to be regular in time interval [0,T] if the characteristic
polynomial det(sE(r;) — A(r;)) is not identically zero for all ¢ € [0, T].

(ii) The singular systems with Markovian jumps (2.9) with u(t) = 0 is said to be
impulse free in time interval [0, T], if deg(det(sE(r¢) — A(r:))) = rank(E(ry)) for all t € [0,T].

Definition 2.2 (stochastic singular finite-time stability (SSFTS)). The closed-loop singular
system with Markovian jumps (2.9) with w(t) = 0 is said to be SSFTS with respect to
(c1,¢2,T,R(rt)), with ¢1 < ¢ and R(r;) > 0, if the stochastic system is regular and impulse
free in time interval [0, T] and satisfies

E{xT(0)ET (r;)R(r;)E(r)x(0)} < ci = E{xT(t)ET (r)R(r))E(ri)x(t)} < c3, Vte[0,T].
2.10)

Definition 2.3 (stochastic singular finite-time boundedness (SSFIB)). The closed-loop singu-
lar system with Markovian jumps (2.9) which satisfies (2.5) is said to be SSFTB with respect
to (c1,¢2, T, R(ry), d), with ¢; < ¢ and R(ry) > 0, if the stochastic system is regular and impulse
free in time interval [0, T] and condition (2.10) holds.

Remark 2.4. SSFTB implies that not only is the dynamical mode of the stochastic singular
system finite-time bounded but also the whole mode of the stochastic singular system is
finite-time bounded in that the static mode is regular and impulse free.

Definition 2.5 (see [11,13]). Let V(x(t), r: = i, t > 0) be the stochastic function; define its weak
infinitesimal operator LL of stochastic process {(x(t),r; =i),t > 0} by

LV (x(t), 1 = i, t) = Vi(x(t), i, t) + Vie(x(t), i, ) x(t, 1) + iyri]-V(x(t),j,t). (2.11)
j=1

Associated with this system (2.9) is the cost function

T
Jr(n) = E{f %" OR: (r)x(t) + uT<t>Rz<n)u<t>]dt}, (2.12)

0

where Ry (r¢) and Ry(r;) are two given symmetric positive definite matrices for all r; =i € M.

Definition 2.6. There exists a controller (2.8) and a scalar ¢ such that the closed-
loop stochastic singular system with Markovian jumps (2.9) is SSFTB with respect to
(c1,¢2, T, R(rt),d) and the value of the cost function (2.12) satisfies Jr(r;) < ¢ for all r, € M;
then stochastic singular system (2.9) is said to be stochastic singular finite-time guaranteed
cost control. Moreover, ¢ is said to be a stochastic singular guaranteed cost bound, and
the designed controller (2.8) is said to be a stochastic singular finite-time guaranteed cost
controller for stochastic singular system (2.9).

In the paper, our main aim is to concentrate on designing a state feedback controller of
the form (2.8) that renders the closed-loop stochastic singular system with Markovian jumps
(2.9) stochastic singular finite-time guarantee cost control.
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Lemma 2.7 (see [36]). For matrices Y, D, and H of appropriate dimensions, where Y is a symmetric
matrix, then

Y +DF(t)H + H'FT()DT <0 (2.13)

holds for all matrix F(t) satisfying F'(t)F(t) < I for all t € R, if and only if there exists a positive
constant e, such that the following equality holds:

Y +eDD" + ¢ 'HTH < 0. (2.14)

3. Main Results

This section deals with the guaranteed cost SSFTB analysis and design for the closed-loop
singular system with Markovian jumps (2.9).

Theorem 3.1. The closed-loop singular system with Markovian jumps (2.9) is SSFTB with respect
to (c1,¢2, T, R(rt),d), if there exist a scalar « > 0, a set of nonsingular matrices {P(i), i € M}
with P(i) € R™", sets of symmetric positive definite matrices {Q1(i), i € M} with Q,(i) € R™™",
{Q2(i), i € M} with Q2(i) € RP*P, and for all ry = i € M such that

E(i)PT(i) = P(G)E" (i) > 0, (3.1a)

. . =T . N s
A@PI@) + PHA () +T0) GG | _ 0, (3.1b)
* _QZ(i)
P(D)E() = ET()RV() Q1 () RV ()E(D), (3-1c)
I}é’a/.nx{)tmax(Ql (l)) }C% + riréinx{)tmax(QQ(i)) }dz < IiIel,i/}’ll{)Lmin(Ql (l)) }Cge—aT (31C1)

hold, where I (i) = Zj]\ilij(i)P‘l(j)E(j)PT(i) +P(i)[Rq1(i) + KT (i) Ra (i) K (i) | PT (i) - aE (i) PT (i).
Moreover, a stochastic singular finite-time guaranteed cost bound for the stochastic singular system
can be chosen as o = e maxie  { Amax (Q1 ()¢} )} + maxie n {Amax(Q2(1))d?}.

Proof. Firstly, we prove that the singular system with Markovian jumps (2.9) is regular and
impulse free in time interval [0, T]. By Schur complement and noting condition (3.1b), we
have

A@PT (i) + PYA (i) + (i - E@)PT (1) < — i mPOPT(HEGRPT@D 0. (32)

j=1j#1
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Now, we choose nonsingular matrices M (i) and N (i) such that

M@)EG)N() = diag{I,,,0),  M®@)AG)N() = [A“(i) A“(i)],

A (i) Ax(i)

(3.3)
Py (i) Pra(i)
M@)P@EHNT () = :
OPQ) ® [le(i) Pzz(i)]
Then, we have
E(i) = M\ (i) diag(L,,,0)N"'(i),  P(i) = M\(i) [?18 113128 ]NT(i). (3.4)
21 22
From (3.1a) and (3.4), one can obtain
Py (i) Pia(i) !
1/ 1: 1, —1/s T(:
<M ) diagtln 01N (1)> <M (l)[le(i) Pzz(i)]N (1)> (3.5)

~ o [Pu@ Pe@)] e 1,0\T
_<M (1)[1321(” g NT (i) <M (i) diag{I,, 0} N (1)) > 0.

Computing the above condition (3.5) and noting that P(i) is nonsingular matrix, one can
obtain from (3.3) and (3.4) that P;1(i) = PlTl(i) >0, Py1(i) = 0 and det(Px(i)) #0 for all i € M.
Thus, we have

P 0] M (i) > 0. (3.6)

E@i)PT(i) = P()ET (i) = ML(i) [ 0

Pre- and post-multiplying (3.2) by M(i) and M7 (i), respectively, and noting the equality
(3.6), this results in the following matrix inequality:

* *
0, 3.7
|* An(i)PL(3) +P22(i>A§2<i>] ) 57

where the star x will not be used in the following discussion. By Schur complement, we have
A22(i)P2Tz(i) + PzQ(i)Agz(i) < 0. Therefore A, (i) is nonsingular, which implies that the closed-
loop continuous-time singular system with Markovian jumps (2.9) is regular and impulse
free in time interval [0, T].

Let us consider the quadratic Lyapunov-Krasovskii functional candidate as
V(x(t),i) = xT()P~1(i)E(i)x(t) for stochastic singular system (2.9). Computing LV the
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derivative of V(x(t),i) along the solution of system (2.9) and noting the condition (3.1a),
we obtain

LV (x(t), i)

T LT N DT L N L Dl e el
T P1i)AG) + A (i)P (1)+]Z:;7rl]P (J)E(j) —aP*(i)E(@) P(i)G(i) L),

. 0
(3.8)

where ¢(t) = [xT(t),w”(t)]". Pre- and postmultiplying (3.1b) by diag{P~'(i),I} and
diag{PT(i), I}, respectively, we obtain

Pli)AG) + A ()P (i) + ij “(HE®)
+Ry (i) + KT ()R, (z)K(z) - uP \0EG  Paaa |0
* - (i)

(3.9)

Noting that R (i) and R, (i) are two symmetric positive definite matrices for all i € _#, thus,
from (3.8) and (3.9), we have

E{LV(x(t),i)} < aE{V(x(t),i)} + w' (t)Q2(D)w(t). (3.10)
Further, (3.10) can be rewritten as
E{e LV (x(t),i)} < e™w (t)Qx(i)w(t). (3.11)

Integrating (3.11) from 0 to t, with ¢ € [0,T] and noting that & > 0, we obtain
t
e ™E{V(x(t),i)} < E{V(x(0),i =1))} +f e Tl (1)Q, () w(T)dr. (3.12)
0

Noting that « > 0, t € [0, T], and condition (3.1c), we have
E{«" ()P HE@x() | = E{V(x(t),)
<e™E{V(x(0),i=ry)} +e™ ft e "W (1)Qy () w(T)dT (3.13)
0

< e [ ma e (1916 max e Q200 .
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Taking into account that

E{«" ()P HE@x(t)} = E{x"OET R Qi () RV (DE(@)x(t)}

(3.14)
> min (Anin(Q (1) E{x" (O ET ()RGE@D)x(1) |,
we obtain
E{x"(OETORMEDx(0) | < max{ A (Q1 ) JE{x"PGEG)x(1)}
(3.15)

o MaXien { Amax (Q1(1)) }f + maxien { Amax(Q2 (1)) }d?

<e minje g { Amin(Q1(7))}

Therefore, it follows that condition (3.1d) implies E{x (t)ET (r)R(r;)E(r;)x(t)} < c% for all
te[0,T].
Once again from (3.8) and (3.9), we can easily obtain

LV (x(t),i) < aV (x(t),i) + w’ ()Qx(i)w(t) — [xT(t)Rl(i)x(t) + uT(t)Rz(i)u(t)]. (3.16)
Further, (3.16) can be represented as
L[V (x(),)] < e w0 (HQ(i)w(®) - e [xT (YR ()x(t) + u (HRo(Du(H)].  (317)

Integrating (3.17) from 0 to T, we have

I e [ (OR ()x(H) + u” (O Ra(i)u(t)| e
0

: (3.18)

T
<j e'“th(t)Qz(i)w(t)dt_,[ Lle™V(x(t),d]dt.
. 0

Using the Dynkin formula and the fact that the system (2.9) is regular and impulse free, we
obtain

E{LT et [xT(t)Rl(i)x(t) + uT(t)Rz(i)u(t)]dt}
(3.19)

T T
<j eafwT(t)Qz(i)w(t)dt—E{f IL[e‘“V(x(t),i>]df}-
0 0
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Noting that &« > 0 and R; (i) and R, (i) are two given symmetric positive definite matrices for
all i € M, thus, we have

T
Jr(i) = E{ f 0 [T (R ()x(t) + 1" (R (i)u(t)]dt}

< e"‘TE{ IT et [xT(t)R1 (i)x(t) + uT(t)Rz(i)u(t)] dt}
0

(3.20)
T T
<eT {I el (HQy(i)w(t)dt — E{f L[e ™V (x(t),1)] dt} }
0 0
< e { max U (@1 (9))1 6+ max o (Qa) 2
Thus, one can obtain that the cost function
Jri) < g = e maxt s (Q1(1) )6 + max( o (Q2 () 2} (321)
€M ieM
holds for all i € M. This completes the proof of the theorem. O

Corollary 3.2. The singular system with Markovian jumps (2.9) with w(t) = 0 is SSFTS with
respect to (c1,c2, T, R(rt)), if there exist a scalar a > 0, a set of nonsingular matrices {P(i),i € M}
with P(i) € R™", a set of symmetric positive definite matrices {Q1(i),i € M} with Q1(i) € R™",
and for all vy = i € M such that (3.1a), (3.1c) and

AG)P" (i) + PG)A (i) + T (i) <0, (3.222)
max { Amax (Qu (D) }ei < min{Amin (Q1 ()} 5™ (3.22b)

hold, where I'(i) = Zj]\ilyrijP(i)P‘l(j)E(j)PT(i) +P(i)[Rq1(i) + KT (i) Ra (i) K (i) | PT (i) - aE (i) PT (i).
Moreover, a guaranteed cost bound for stochastic singular system can be chosen as ¢y =
max{eaT)‘max(Ql (l))C%/ i€ -/n}

By Lemma 2.7, Theorem 3.1, and using matrix decomposition novelty, we can obtain
the following theorem.

Theorem 3.3. There exists a state feedback controller u = K(ry)x(t) with K(r;) =
LY (r)P7T(ry), rs = i € M such that the closed-loop stochastic singular system with Markovian
jumps (2.9) is SSFTB with respect to (c1,c2, T, R(r:),d), if there exist a scalar a > 0, a set of positive
matrices { X (i),i € M} with X(i) € R™", a set of symmetric positive definite matrices {Q(i),i € M}
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with Q,(i) € RP*P, and a set of matrices {Y (i),i € M} with Y (i) € R™"7), two sets of positive
scalars {o0;,i € M} and {e;, i € M}, forall r; =i € M such that (3.1d) and

0 < E(i)PT(i) = PG)ET (i) = EG)N ()X ({)NT(i)ET (i) < oi1, (3.23a)

[Qu(@) GG PG LG  Qs@) U]
x  —Qu(i) 0 0 EfG) 0
* * —RIl (i) 0 0 0 (3.23b)
<0
* * * —REl @ 0 0
* * * * -1 0
| * * * * -Wi]

hold, where Qq1(i) = P(i) AT (i) + L(i) BT (i) + (P(i) AT (i) + L(i)BT(i))T+el~F(i)FT(i) ~[(Ni=1)x,+
al PG)E" (i), Qis(i) = PG)ET (i) + LG)EL (i), U; = [VZ:P(@), ..., VA P(i)], W; = diag{PT (1) +
P(1)-o11, ..., PT(i-1)+P(i-1)—0;1I, PT (i+1)+P(i+1)=0i11, ..., PT(N)+P(N)-on1}, P(i) =
EG)N@)X@E)NT (@) + M (@)Y ()Y (i), M(E)E(@)N (i) = diag{I,,,0}, Y(i) = N(i)[0, I, ]", and
Qi1(i) = RYV2@)MT ()X 1 (i) M(i)R™Y/2(i). Moreover, X (i) and Y (i) are from the form (3.35).
Furthermore, a stochastic singular finite-time guaranteed cost bound for stochastic singular system
can be chosen as

1

o = e“T{ Egﬂx{/\max<R’1/2(i)MT(i)X’1(i)M(i)R’l/z(i)> }cf
(3.24)
emax{ L (Q2 ()7} .

Proof. We firstly prove that condition (3.23b) implies condition (3.1b). By condition (3.23a),
we have

P (YE(j) <o P ()P (j), V€M (3.25)

Using Assumption 1, we obtain

N
miPG)E" (i) = - Y. mPG)ET (i) < —(N; - 1)ar,PG)E" (i), (3.26a)
j=1j#i
N N
> mioi P ()PT() < D Tioi P ()P (j). (3.26b)
J=Lj#i j=1,j#i
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Thus the inequality
N N
>, m PGP GYEG)P @) < Y, moi PGP ()P ()P (i)
=Ly =Lz
N 3.27
< Y, mo PGP ()P ()P () (327
=Lz
<uvul
holds, where U; = [\/7;P(i), ..., \/7:P(i)] and
V,~=diag{ol’1PT(1)P(1) ..... o PT(i—-1)P(i—1),0;,PT(i+ )P(i +1),..., o;leT(N)P(N)}.
(3.28)

Noting that the inequality o;'PT (i)P(i) > P (i) + P(i) - 0;I holds for each i € M. Thus we
have

N
>, m PP ()E()P (i) suLiw;'u], (3.29)
17

where W; = diag{P"(1) + P(1) = o11,...,PT(i-1) + P(i = 1) = 0;1I, PT(i +1) + P(i + 1) -
O'l'+11 ..... PT(N)+P(N)—O'NI}
Therefore, a sufficient condition for (3.1b) to guarantee is that

2(i) = [W(i) (@) ] <0, (3.30)
L 01 0))

where W(i) = A(i) PT (i) + P(i)ZT(i) +P(i)[Ri (i) + KT (i) Ro (i) K (i) ] PT (i) + LW, 'UT - [(N; -
1, + a]E(i)PT(i).
Noting that

=() Fo(i) + P(i) (R (i) + KT () R (DK (1)) PT (i) + LW U] G(i)
=(1) =

=,6),  (331)
" —Qz(i)]+ 10

*

=,(0) —(AA(i) + AB(i)K(i))PT (i) + ((AA(I) + AB(i)K(i))PT(i))T AG(i)]
=1(1) =

L

(3.32)
[F(i)] N T :
=1, A(i) [Ex2(i)PT (i) Es(i)] +

P»i)EL (i)
EJ (i)

]AT(i) [FT(i) 0],

-
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and Wy (i) = A(i)PT (i) + P(i) AT (i) - [(N; = 1)ar, + a]l PG)E" (i), E12(i) = E1 (i) + E2 (1) K (i), A(i) =
A(i) + BO)K(i).
By Lemma 2.7, we have

=) < [@O(i) + P(i) (R (i) + KT (i) Ry (i) K (i) ) PT (i) + LW 'UT  G(i) ]
=(1) <
* -Qx (i)

[Pa)FT(i) 0] . [Pa)Efz
+ € + €

R R Eg(i)(l)] [Ena()PT (i) Es(i)]

(3.33)
Wo(i) + F()FT (i) G(i
:[ o) + &F ()FT (i) ()_:I—Ail"‘l(i)AiT,
* -Qa(i)
=E(i),
where I['(i) = diag{-R;" (i), -R;" (i), —e;], -W;} and A; = [P(()i) P(i)]O<T(i) p(gf(fiz)@ Lé]
_ 3
By Schur complement, Z(i) < 0 holds if and only if the following inequality:
[Qu(i) G(@) PG P@OK'() PGHELG) U]
x  —Q@(@) 0 0 ET (i) 0
* * —RIl (1) 0 0 0
<0 (3.34)
* * * —REl (i) 0 0
* * * * —€;1 0
| * * * * * -Wi]

holds, where Qi1(i) = A(i)PT(i) + P(i)AT (i) + e;F(i)F" (i) = [(N; - 1)z, + a] P(i)E" (i) and
A(i) = A>i) + BG)K ().

Thus, let L(i) = P(i)KT (i), and noting that E(i) PT (i) = P(i)E” (i), from (3.34), it is easy
to obtain that condition (3.23b) implies condition (3.1b).

Noting that E(i) is a singular matrix with rank E(i) = r; for every fixed r; = i € A,
thus there exist two nonsingular matrices M (i) and N (i), which satisfy M()E(i)N (i) =
diag{I,,0}. Let P(@i) = MG)PE)NT(>i); by the proof of Theorem 3.1, we obtain that P(i) is
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of the following form [PTE)(i) 228]’ where Py1(i) > 0,P(i) € R™077) Py, (i) € ROvrix(n=ri)

Denote Y (i) = N (i) [0, In_ri]T. Then we have rank Y (i) = n —r;, E(i)Y(i) = 0 and

Pr1(i) Pra(i)

P(i)=M_1(i)[ 0 Pol)
22

]N%z’)
- <M-1(i) [IS’ g] N‘l(i)> (N(i)X(i)NT(i)) + (M‘l(i)Y(i)><[0 In_ri]NT(i)>

=EGNOXGNTG) + MG Y6E)YLG),
(3.35)

where X (i) = diag{Py1(i),©(i)} and Y (i) = [Psz(i),sz(i)]T.

Let Qi(i)) = RYV2(OMT)X1G@)M@GE)RY2(i), one can see that P(i) =
EGNGHXONTG) + M{G)Y@)YT(@) satisfies PGHETG) =  E@PTE) =
E(i)N(i)X(i)NT()E” (i) and (3.1c) holds.

From the proof of Theorem3.1 and noting that Qi(i) =
R'V2(OMT()X ' G)M@GE)RY2({), we can obtain  Jr(i) < %o =

for
O

e {maxie  {Amax (R”Y2(1) MT () X1 () M(i) R™/2 (1)) }of
all i € M. This completes the proof of the theorem.

+  maxien | tmax(Q2(i)) }d?}

By Theorem 3.1, Corollary 3.2, and Theorem 3.3, we have the following corollary.

Corollary 3.4. There exists a state feedback controller u = K(r)x(t) with K(r;) =
LT(r)PT(ry), i1 = i € M such that the closed-loop stochastic singular system with Markovian
jumps (2.9) with w(t) = 0 is SSFTS with respect to (c1,c2, T, R(r)), if there exist a scalar & > 0, a
set of positive matrices {X(i),i € M} with X(i) € R™", and a set of matrices {Y (i),i € M} with
Y (i) € R™"70) two sets of positive scalars {o;,i € M} and {e;,i € M}, forall r; = i € M such that
(3.22b), (3.23a) and

(@11()  P(i) L) @) U]
x  -RI(G) 0 0 0
* *  -R}@ 0 0 | <0 (3.36)
* * * -1 0

| x * * * -W;]

holds, where @11 (i) = P(i)AT(i) + L(i)B" (i) + (P(i) AT (i) + L(G)BT(i))" + &;F()FT (i) - [(N; -
1), - a] PG)ET (i), @14(i) = P(i)ElT(i) + L(i)EzT(i). Furthermore, the other matrical variables are
the same as Theorem 3.3, and a guaranteed cost bound for the stochastic singular system can be chosen
as

o = max{e"‘T/\max<R"1/ 2)MT ()X MG RY Z(i))cf, ie ,/It}. (3.37)



14 Mathematical Problems in Engineering

Remark 3.5. It is easy to check that condition (3.1d) and (3.22b) can be guaranteed by
imposing the conditions, respectively,

mlI < R2GMT@)XEMT@ERY? (1) < 1, (3.38a)
3l < Qa(i) <2, (3.38b)
—aT 2 _ 32
[e &= dm Cl] >0, (3.38¢)
1 m
ml < R2GM7T@)XEMTERY? (1) < 1, (3.39a)
—aT -2
[e “ Cl] > 0. (3.39b)
C1 M

In addition, conditions (3.23b) and (3.36) are not strict LMIs; however, once we fix parameter
a, conditions (3.23b) and (3.36) can be turned into LMIs-based feasibility problem.

Remark 3.6. From the above discussion, one can see that the feasibility of conditions stated
in Theorem 3.3 and Corollary 3.4 can be turned into the following LMIs-based feasibility
problem with a fixed parameter a, respectively,

min c%
X(1), Y (i), L(i), Q2(i), €, 0i, "1, 12,13 (3.40)

s.t. (3.23a), (3.23b),and (3.38a)-(3.38¢)

: 2
min ¢

X(i),Y (@), L(i), €, 0i,m (3.41)

s.t.  (3.23a),(3.36),and (3.39a)-(3.39b).

Remark 3.7. 1f a = 0 is a solution of feasibility problem (3.41), then the closed-loop stochastic
singular system with Markovian jumps (2.9) with w(t) = 0 is SSFTS with respect to
(c1,¢2,T,R(r;)) and is also stochastically stable.



Mathematical Problems in Engineering 15
4. Numerical Examples

Example 4.1. Consider a two-mode Markovian jumping singular system (2.1) with

Mode 1.
100 26 1 1 01 2
E(1)=10 1 0}, Al=1|-1 3 0f, B(1)=1|1 -1 0],
000 -1 -10 0 01
05 0 0 0.03 0 02
F(1)=10 01 11, E1(1)=10.01 02 0 |, (4.1)
0 1 0 03 0 0.1
0.06 0 0.02 0.01 0
E,(1)=|001 01 0 |, Ex@=]o01], Gm=]|o0],
0.04 0 0.5 0 0.1
Mode 2.
100 20 1 05010
E2)=|010], A@=|00 1|, B@=|1 1 o],
000 01 -1 0 1 0
01 0 O 0.02 0 0.2
F2)=10 0.1 0f, E1(2)=10.01 02 0 |, (4.2)
0 00 01 0 05
0.04 0 0.01 0.04 0
E>(2)=10.01 0.1 0 |, E3(2) = |0.01], G2)=10],
03 0 0.1 0.3 0.1

and d = 2,A(i) = diag{r(i), 2(i), 3(i) }, where r;(i) satisfies |r;(i)| < 1 for all i = 1,2 and
j=1,2,3.
The switching between the two modes is described by the transition rate matrix I' =

[ 72 7 ]. The lower and upper bounds parameters of r;; for all i, j € M are given in Table 1.
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Table 1: Partially known rate parameters.

Parameters Lower bound Upper bound
J12 1 1.1
71 2 2.2

Then, we choose Ri(1) = Ri1(2) = Ry(1) = Ro(2) = R(1) = R(12) =13, T =15,¢1 =1,
a = 2. Using the LMI control toolbox of Matlab, we can obtain from Theorem 3.3 that the
optimal value ¢, = 20.6686, ¢y = 426.2786, and

0.0946 -0.0244 0 0.0544 -0.0025 0
X(1) = |-0.0244 0.0748 0 , X(2) = |-0.0025 0.0806 0 ,
0 0 0.5271 0 0 0.5271
-0.0181 -0.1182
Y (1) = |-0.0025], Y(2) = | 0.0329 |,
0.1558 0.3341
(4.3)
0.1041 -0.9367 —0.8087 -0.3732 -0.0971 0.0419
L(1) = |-0.9746 0.9310 0.0596 |, L(2) = |-0.8239 -0.9822 0.0579 |,
0.0383 —0.0023 —0.4082 -0.1311 -0.9817 —0.0439
m = 0.0541, 12 = 0.6948, 13 = 0.2301,
e; = 0.1571, e, = 0.5278, o1 = 0.1110,
o, = 0.0809, Q> (1) = 0.6920, 0Q>(2) = 0.6875.
Then, we can obtain the following state feedback controller gains:
-2.4102 -13.8074 0.2455 -8.1944 -10.3144 -0.3925
K(1)=1-7.3133 10.0632 -0.0146], K(2) = | -8.6928 —-11.2534 -2.9386 . (4.4)
-9.6821 -2.4455 -2.6195 0.5215 0.7875 -0.1313

Furthermore, let Ri(1) = R1(2) = Ro(1) = Ry(2) = R(1) = R(2) =13, T =15,¢1 = 1, by
Theorem 3.3, the optimal bound with minimum value of ¢3 relies on the parameter a. We can
find feasible solution when 0.37 < a < 12.92. Figure 1 shows the optimal value with different
value of a. When a = 1.4, it yields the optimal value ¢, = 18.3686 and ¢y = 337.0518. Then, by
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Figure 1: The local optimal bound of ¢».

using the program fminsearch in the optimization toolbox of Matlab starting at a = 1.4, the
locally convergent solution can be derived as

~2.9698 —17.3253 0.4007 ~10.4290 -12.9186 —1.0405
K1) =|-9.0355 123614 -0.0178|, K(2)= |-16.3971 -19.4281 -4.6741|, (4.5)
~11.8034 -2.3818 -3.3381 29505  4.3393 —0.3515

with a = 1.4217 and the optimal value ¢, = 18.3341 and ¢ = 336.0016.

Remark 4.2. From the above example and Remark 3.6, condition (3.23b) in Theorem 3.3 is not
strict in LMI form; however, one can find the parameter a by an unconstrained nonlinear
optimization approach, which a locally convergent solution can be obtained by using the
program fminsearch in the optimization toolbox of Matlab.

Example 4.3. Consider a two-mode stochastic singular system (2.1) with w(t) = 0 and

26 1 1 10 1
Al =[-1 30|, A@=]00 1. (4.6)
1 -10 01 -1

In addition, the transition rate matrix and the other matrices parameters are the same as
Example 4.1.

Then, let Ri(1) = Ri(2) = Ry(1) = Ry(2) = R(1) = R2) =13, T =15, ¢ = 1. By
Corollary 3.4, the optimal bound with minimum value of ¢3 relies on the parameter a. We can
find feasible solution when 0 < & < 13.37. Thus the above system is stochastically stable, and
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when a = 0, it yields the optimal value ¢; = 2.7682, ¢ = 7.6608, and the following optimized
state feedback controller gains

—0.3633 -7.2605 0.1285 -3.7840 -7.5189 -0.0097
K(1) = |-3.7567 6.3517 0.0046 |, K(2) = | -4.1361 -9.5627 —2.6484]. 4.7)
—4.2329 —0.6284 -2.0607 0.0089 0.0198 -0.0046

5. Conclusions

In this paper, we deal with the problem of stochastic finite-time guaranteed cost control
of Markovian jumping singular systems with uncertain transition probabilities, parametric
uncertainties, and time-varying norm-bounded disturbance. Sufficient conditions on stochas-
tic singular finite-time guaranteed cost control are obtained for the class of stochastic singular
systems. Designed algorithms for the state feedback controller are provided to guarantee
that the underlying stochastic singular system is stochastic singular finite-time guaranteed
cost control in terms of restricted linear matrix equalities with a fixed parameter. Numerical
examples are also presented to illustrate the validity of the proposed results.

Acknowledgments

The authors would like to thank the reviewers and the editors for their very helpful
comments and suggestions which have improved the presentation of the paper. The paper
was supported by the National Natural Science Foundation of PR. China under Grant
60874006, Doctoral Foundation of Henan University of Technology under Grant 2009BS048,
by the Natural Science Foundation of Henan Province of China under Grant 102300410118,
Foundation of Henan Educational Committee under Grant 2011A120003, and Foundation of
Henan University of Technology under Grant 09XJCO011.

References

[1] L. Dai, Singular Control Systems, vol. 118 of Lecture Notes in Control and Information Sciences, Springer,
Berlin, Germany, 1989.

[2] F. L. Lewis, “A survey of linear singular systems,” Circuits, Systems, and Signal Processing, vol. 5, no.
1, pp. 3-36, 1986.

[3] M. S. Mahmoud, E. M. Al-Sunni, and Y. Shi, “Dissipativity results for linear singular time-delay
systems,” International Journal of Innovative Computing, Information and Control, vol. 4, no. 11, pp. 2833—
2846, 2008.

[4] J. Y. Ishihara and M. H. Terra, “On the Lyapunov theorem for singular systems,” IEEE Transactions on
Automatic Control, vol. 47, no. 11, pp. 1926-1930, 2002.

[5] I. Masubuchi, Y. Kamitane, A. Ohara, and N. Suda, “H® control for descriptor systems: a matrix
inequalities approach,” Automatica, vol. 33, no. 4, pp. 669—-673, 1997.

[6] Y. Xia, P. Shi, G. Liu, and D. Rees, “Robust mixed H,,/ H, state-feedback control for continuous-time
descriptor systems with parameter uncertainties,” Circuits, Systems, and Signal Processing, vol. 24, no.
4, pp. 431-443, 2005.

[7] L. Zhang, B. Huang, and J. Lam, “LMI synthesis of H? and mixed H?/H* controllers for singular
systems,” IEEE Transactions on Circuits and Systems II, vol. 50, no. 9, pp. 615626, 2003.

[8] G. Zhang, Y. Xia, and P. Shi, “New bounded real lemma for discrete-time singular systems,”
Automatica, vol. 44, no. 3, pp. 886-890, 2008.



Mathematical Problems in Engineering 19

[9] X. Sun and Q. Zhang, “Delay-dependent robust stabilization for a class of uncertain singular delay
systems,” International Journal of Innovative Computing, Information and Control, vol. 5, no. 5, pp. 1231-
1242, 2009.

[10] Z.G. Wu and W. N. Zhou, “Delay-dependent robust stabilization for uncertain singular systems with
state delay,” ICIC Express Letters, vol. 1, no. 2, pp. 169-176, 2007.

[11] E. K. Boukas, Control of Singular Systems with Random Abrupt Changes, Communications and Control
Engineering Series, Springer, Berlin, Germany, 2008.

[12] S. Xu and J. Lam, Robust Control and Filtering of Singular Systems, vol. 332 of Lecture Notes in Control
and Information Sciences, Springer, Berlin, Germany, 2006.

[13] X. Mao, “Stability of stochastic differential equations with Markovian switching,” Stochastic Processes
and Their Applications, vol. 79, no. 1, pp. 45-67, 1999.

[14] K. C. Yao, “Reliable robust output feedback stabilizing computer control of decentralized stochastic
singularly-perturbed systems,” ICIC Express Letters, vol. 1, no. 1, pp. 1-7, 2007.

[15] Y. Xia, E. K. Boukas, P. Shi, and J. Zhang, “Stability and stabilization of continuous-time singular
hybrid systems,” Automatica, vol. 45, no. 6, pp. 1504-1509, 2009.

[16] C. E. de Souza, “Robust stability and stabilization of uncertain discrete-time Markovian jump linear
systems,” IEEE Transactions on Automatic Control, vol. 51, no. 5, pp. 836-841, 2006.

[17] P. Shi, Y. Xia, G. P. Liu, and D. Rees, “On designing of sliding-mode control for stochastic jump
systems,” IEEE Transactions on Automatic Control, vol. 51, no. 1, pp. 97-103, 2006.

[18] L. Wu, P. Shi, and H. Gao, “State estimation and sliding-mode control of Markovian jump singular
systems,” IEEE Transactions on Automatic Control, vol. 55, no. 5, Article ID 5406129, pp. 1213-1219,
2010.

[19] S.K.Nguang, W. Assawinchaichote, and P. Shi, “Robust H-infinity control design for fuzzy singularly
perturbed systems with Markovian jumps: an LMI approach,” IET Control Theory and Applications, vol.
1, no. 4, pp. 893-908, 2007.

[20] G. Wang, Q. Zhang, C. Bian, and V. Sreeram, “H,, Control for discrete-time singularly perturbed
systems with distributional properties,” International Journal of Innovative Computing, Information and
Control, vol. 6, no. 4, pp. 1781-1792, 2010.

[21] S. Xu, T. Chen, and J. Lam, “Robust H* filtering for uncertain Markovian jump systems with mode-
dependent time delays,” IEEE Transactions on Automatic Control, vol. 48, no. 5, pp. 900-907, 2003.

[22] K. C. Yao and C. H. Hsu, “Robust optimal stabilizing observer-based control design of decentralized
stochastic singularly-perturbed computer controlled systems with multiple time-varying delays,”
International Journal of Innovative Computing, Information and Control, vol. 5, no. 2, pp. 467-478, 2009.

[23] J. Qiu and K. Lu, “New robust passive stability criteria for uncertain singularly Markov jump systems
with time delays,” ICIC Express Letters, vol. 3, no. 3, pp. 651-656, 2009.

[24] R. Amjadifard and M. T. H. Beheshti, “Robust disturbance attenuation of a class of nonlinear
singularly perturbed systems,” International Journal of Innovative Computing, Information and Control,
vol. 6, no. 3, pp. 913-920, 2010.

[25] H.]J. Kushner, “Finite time stochastic stability and the analysis of tracking systems,” IEEE Transactions
on Automatic Control, vol. 11, pp. 219-227, 1966.

[26] L. Weiss and E. E. Infante, “Finite time stability under perturbing forces and on product spaces,” IEEE
Transactions on Automatic Control, vol. 12, pp. 54-59, 1967.

[27] E. Amato, M. Ariola, and P. Dorato, “Finite-time control of linear systems subject to parametric
uncertainties and disturbances,” Automatica, vol. 37, no. 9, pp. 1459-1463, 2001.

[28] . Amato, M. Ariola, and P. Dorato, “Finite-time stabilization via dynamic output feedback,”
Automatica, vol. 42, no. 2, pp. 337-342, 2006.

[29] W. Zhang and X. An, “Finite-time control of linear stochastic systems,” International Journal of
Innovative Computing, Information and Control, vol. 4, no. 3, pp. 689-696, 2008.

[30] D.Y.Xinand Y.G. Liu, “Finite-time stability analysis and control design of nonlinear systems,” Journal
of Shandong Universituy, vol. 37, pp. 24-30, 2007.

[31] G. Garcia, S. Tarbouriech, and J. Bernussou, “Finite-time stabilization of linear time-varying
continuous systems,” IEEE Transactions on Automatic Control, vol. 54, no. 2, pp. 364-369, 2009.

[32] R. Ambrosino, F. Calabrese, C. Cosentino, and G. de Tommasi, “Sufficient conditions for finite-time
stability of impulsive dynamical systems,” IEEE Transactions on Automatic Control, vol. 54, no. 4, pp.
861-865, 2009.

[33] E. Amato, R. Ambrosino, M. Ariola, and C. Cosentino, “Finite-time stability of linear time-varying
systems with jumps,” Automatica, vol. 45, no. 5, pp. 1354-1358, 2009.



20 Mathematical Problems in Engineering

[34] F. Amato, M. Ariola, and C. Cosentino, “Finite-time control of discrete-time linear systems: analysis
and design conditions,” Automatica, vol. 46, no. 5, pp. 919-924, 2010.

[35] S. He and F. Liu, “Stochastic finite-time boundedness of Markovian jumping neural network with
uncertain transition probabilities,” Applied Mathematical Modelling, vol. 35, no. 6, pp. 2631-2638, 2011.

[36] S. Boyd, L. E. Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix Inequality in Systems and Control
Theory, vol. 15 of SIAM Studies in Applied Mathematics, SIAM, 1994.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



