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Using the fixed point theorem of cone expansion/compression, we consider the existence results

of positive solutions for a nonlinear semipositone telegraph system with repulsive weak singular
forces.

1. Introduction

In this paper, we are concerned with the existence of positive solutions for the nonlinear
telegraph system:

Up — Uy + 1y + a1 (t, X)u = f(t,x,0),

(1.1)
Vit = Uxx + CUs + ax(E, x)v = g(t, X, 1),
with doubly periodic boundary conditions
w(t +20r,x) = u(t,x +2r) =u(t,x), (t,x) € R, (1.2)

o(t+2,x) = v(t,x +27) = v(t, x), (tx) € R>.

In particular, the function f(t, x, v) may be singular at v = 0 or superlinear at v = +oo, and
g(t, x,u) may be singular at u = 0 or superlinear at u = +oo.
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In the latter years, the periodic problem for the semilinear singular equation

b(t)

x"+a(t)x=—F +c(t), (1.3)
x

with a, b, c € L'[0,T] and A > 0, has received the attention of many specialists in differential
equations. The main methods to study (1.3) are the following three common techniques:

(i) the obtainment of a priori bounds for the possible solutions and then the
applications of topological degree arguments;
(ii) the theory of upper and lower solutions;
(iii) some fixed point theorems in a cone.

We refer the readers to see [1-7] and the references therein.
Equation (1.3) is related to the stationary version of the telegraph equation

Up — Uy + Clly + Au = f(t,x,u), (1.4)

where ¢ > 0 is a constant and A € R. Because of its important physical background,
the existence of periodic solutions for a single telegraph equation or telegraph system has
been studied by many authors; see [8-16]. Recently, Wang utilize a weak force condition to
enable the achievement of new existence criteria for positive doubly periodic solutions of
nonlinear telegraph system through a basic application of Schauder’s fixed point theorem
in [17]. Inspired by these papers, here our interest is in studying the existence of positive
doubly periodic solutions for a semipositone nonlinear telegraph system with repulsive weak
singular forces by using the fixed point theorem of cone expansion/compression.

Lemma 1.1 (see [18]). Let E be a Banach space, and let K C E be a cone in E. Assume that Q,
Q, are open subsets of E with 0 € Qq, Q1 C Qy, and let T : KN (€, \ Q1) — K be a completely
continuous operator such that either

() ||Tull < lull, ue€ K noQ and ||Tul| > ||lull, u € K N0Qy; or
(i) |Tull > |Jull, u € KNOQq and ||Tu|| < ||ull, ue K NoQ,.
Then, T has a fixed point in K N (Qy \ Q).

This paper is organized as follows: in Section 2, some preliminaries are given; in
Section 3, we give the main results.

2. Preliminaries

Let T2 be the torus defined as

2 <z7riz> y (MLZ) (2.1)

Doubly 2sr-periodic functions will be identified to be functions defined on T2. We use
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the notations
v <T2>,C<T2>, c* <T2>, D(T2> =C® <T2>,. . (2.2)

to denote the spaces of doubly periodic functions with the indicated degree of regularity. The
space D'(T?) denotes the space of distributions on T2.

By a doubly periodic solution of (1.1)-(1.2) we mean that a (z,v) € L}(T?) x L'(T?)
satisfies (1.1)-(1.2) in the distribution sense; that is,

f (i — Pxx — 1901 + a1 (t, X)) dt dx = I ft,x,0)pdtdx,
T i Vo € D<T2>. (2.3)

f V(@ — Prx — 20y + a2 (t, x))dt dx = f g(t,x,u)pdtdx,
T2 T2

First, we consider the linear equation
U — Uy + CiUp — \ju = hi(t,x), in D' <T2>, (2.4)
where ¢; >0, \; € R, and h;(t,x) € L'(T?), (i=1,2).
Let £), be the differential operator

£), = st — Uy + Citly — Aith, (2.5)

acting on functions on T2. Following the discussion in [14], we know that if A; < 0, then £,
has the resolvent R);:

Ry L'(T2) — C(T2), hi— (2.6)

where u; is the unique solution of (2.4), and the restriction of R), on LP(T?) (1 < p < o) or
C(T?) is compact. In particular, Ry, : C(T?) — C(T?) is a completely continuous operator.

For \; = —c?/4, the Green function G;(t, x) of the differential operator £), is explicitly
expressed; see lemma 5.2 in [14]. From the definition of G;(t, x), we have

e—3ciar/2
G; :=ess infG;(t, x) = —
- (1—e@m)
. (2.7)
J— + C;Jr
G; :=ess sup Gi(t, x) = (;)2.
2(1—e<m)

Let E denote the Banach space C(T?) with the norm ||u|| = maxyer2|u(t, x)|, then E is an
ordered Banach space with cone

Ko = {ueE|u(t,x)20, V(t,x)eTZ}. (2.8)

For convenience, we assume that the following condition holds throughout this paper:
(H1) a;(t,x) € C(T%, R*), 0 < a;(t,x) < ¢ /4 for (t,x) € T2, and [, a;(t, x)dt dx > 0.
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Next, we consider (2.4) when —\; is replaced by a;(t,x). In [10], Li has proved the
following unique existence and positive estimate result.

Lemma 2.1. Let h;(t,x) € L'(T?); E is the Banach space C(T?). Then; (2.4) has a unique solution
u; = Phy; Pi: LY(T?) — C(T?) is a linear bounded operator with the following properties;

(i) P;: C(T?) — C(T?) is a completely continuous operator;

(ii) if hi(t,x) > 0, then a.e. (t,x) € T2, P;[h;(t, x)] has the positive estimate

Gi
Gillhillp < Pi[hi(t, x)] <

< il (2.9)
Gillaill, ™

3. Main Result

In this section, we establish the existence of positive solutions for the telegraph system

Vit — Uxx + C10; + a1 (t, x)v = f(t,x,u),
(3.1)
Uy — Uxx + QU + a(t, x)v = g(t, x, u).

where a; € C(R%, R") and f(t,x,v) may be singular at v = 0. In particular, f(t,x,v) may
be negative or superlinear at v = +oo. g(t, x, u) has the similar assumptions. Our interest is
in working out what weak force conditions of f(t,x,v) atv =0, g(t,x,u) at u = 0 and what
superlinear growth conditions of f(t, x,v) atv = +oo, g(t, x, 1) at u = +oo are needed to obtain
the existence of positive solutions for problem (1.1)-(1.2).

We assume the following conditions throughout.

(H2) f, g¢:T?x(0,00) — Ris continuous, and there exists a constant M > 0 such that

fitt,x,u) + M >0, fot,x,u)+ M >0, Y(t,x)€T*and u,v € (0, ). (3.2)

(H3) F(t,x,v) = f(t,x,v) + M < j1(v) + h1 () for (t,x,v) € T? x (0,00) with j; > 0
continuous and nonincreasing on (0,0), h; > 0 continuous on (0, o) and hy/ji
nondecreasing on (0, o).

Gt,x,u) = g(t,x,u) + M < jo(u) + ho(u) for (t,x,u) € T?> x (0,00) with j» > 0
continuous and nonincreasing on (0, ), h, > 0 continuous on (0, o0) and hy/j»
nondecreasing on (0, o).

(H4) F(t,x,v) = f(t,x,0) + M > j3(v) + h3(v) for all (t,x,v) € T? x (0,0) with j3 > 0
continuous and nonincreasing on (0,0), h3 > 0 continuous on (0, o0) with h3/ 3
nondecreasing on (0, );

G(t,x,u) = g(t,x,u) + M > ju(u) + ha(u) for all (t,x,u) € T?> x (0,00) with js > 0
continuous and nonincreasing on (0,0), hy > 0 continuous on (0, o0) with hs/js
nondecreasing on (0, o).

(H5) There exists

Mije |
>

—5 (3.3)
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such that

472Gy
r> Lh I, (34)
Gilla1]| 1

here

e aor = Mleal) ), )
L=h(G 1+ - 4o - M ,
= (G ja(ur— Myl 47~ Ml

hy <(4JTZG_2/§|Ia2||L1>J'z(61r = Mllw1|) {1+ ha(r)/ jo(r) }) (3.5)

Iz =1+ — ,
j1<<47r2G2/§||112||L1>]'2(51T - Mlew:|) {1+ hz(r)/jZ(r)}>

where 6; = (QzllaiH 11/Gi) € (0,1), and w;(t, x) is the unique solution to problem:

Uy — Uy + Citly + a;(E, X)U =1,
(t,x) € R%. (3.6)
u(t+2m,x) =u(t,x+2r) =u(tx),
(H6) There exists R > r, such that
4r°Gils - I3 > R,
.7)
. ha(617 = M ) } ®
6274(R {1 + — > M,
SR G = Ml

where

[ An’G, { hz(R)}
=G ——h(61R- M 1+ - ,
3 —1]3<§||a2||”]2( 1 lleon ) 72 (R)

hs (@]ﬁ(R){l +ha(61R ~ M|lwi))/ ja(61R — Mjw: [|) }47* = M|eos |

(3.8)

I4 =1+ > .
j3(Gajs(R) (1 + ha(6:R ~ Mwnl])/js(61R ~ Miawn]) } 472 ~ Meoa]])

Theorem 3.1. Assume that (H1)-(H6) hold. Then, the problem (1.1)-(1.2) has a positive doubly
periodic solution (u,v).

Proof. To show that (1.1)-(1.2) has a positive solution, we will proof that

U — Uyx + C1Us + a1 (8, X)u = F(t, x, v — Mw,),

Vi — Uy + Q0 + ap(t, x)0 = G(t, x, u — Mwy) (3.9)
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has a solution (i1, 7) = (u+Muw,, v+Mw,) with i > Mw1, 7 > Muw; for (t, x) € T2. In addition,
by Lemma 2.1, it is clear to see that (1, v) € C*(T?) x C?(T?) is a solution of (3.9) if and only if
(u,v) € C(T?) x C(T?) is a solution of the following system:

u= pl(F(t/xrv - M(’UZ))/

v =P (G(t, x,u— Mwr)). (3.10)
Evidently, (3.10) can be rewritten as the following equation:
u= P (F(t,x, P,(G(t, x,u — Mwy)) — Mws)). (3.11)
Define a cone K C E as
K={ueE:u>0,u>b61|u|}- (3.12)
We define an operator T : E — K by
(Tu)(t,x) = PL(F(t,x, P,(G(t, x,u — Mw1)) — Mwy)) (3.13)

foru € Eand (t, x) € T2. We have the conclusion that T : E — E is completely continuous and
T(K) € K. The complete continuity is obvious by Lemma 2.1. Now, we show that T(K) C K.
For any u € K, we have

Tu =P (F(t,x, P(G(t,x,u — Mw,)) - Mw,)). (3.14)
From (H1)-(H3) and Lemma 2.1, we have

Tu=Pi(F(t,x, P(G(t, x,u - Mw1)) - Mw,))
> EHF(tl X, PZ(G(t/ X, U - M(,Ul)) - sz)”Lll

ITu|| = |P(F(t, x, Pa(G(t, x,u — Mw:)) — Mw,))|| (3.15)
G
< —”F(t/ X, PZ(G(t/ X, U - Mwl)) - Mw2)”L1'
Gillallx
So, we get
G llaallp
Tu> =———|Tul| 2 6:(|Tul, (3.16)
1
namely, T(K) € K.

Let

Q,={ueE:|u||l<r}, Qr={ueckE:|ul|<R}. (3.17)

Since r < ||lu|| < R for any u € K N (Qg \ Q,), we have 0 < 6;7 — M||w|| < u — Mw; < R.
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First, we show

| Tul| < |lull, for ue KnaQ,. (3.18)

In fact, if u € K N 0Q,, then |u|| = r and u > 67 > M||w;|| for(t, x) € T2 By (H3) and (H4),
we have

PZ(G(t X, U — M(Ul)) ||G(t X, U — M(,U])”Ll

Gz||112||L1
G, hz(u—Mw1)>
< ———F—— u—-Mw)ll+ —————- 3.19
< Gl |1 D (1 F s G19)
G_ hz(")} 2
< ——— (617 — M||w {1 4gr
Py (G(t, x,u — Mwy)) 2 Go||G(t, x,u = Mw:)|| 1
h4(u—Mw1)
2 G_ ]4(11 M(U1)< (u—Mw1)> (320)
. h4(61r—M||w1||)} 2
1+ = 4
> G| 7167 = Mianll) | ¥
In addition, we also have
. h4(61r—MIIaJ1II)} 2
P(G(t, x,u— M >G 1+ = 4
2(GUE, %, - Mun) _2]4(T){ Ja(617 = Ml|ew][) i
> Gui(R {1+ 1O Ml o
- ]4(617' - M”wlll) (321)
G )
——=— Mdr
Gollazll;
2 MwZ/
by (H5), (H6), and (3.20).
So, we have
Tu= P (F(t,x,v — Mw,))
G
< ——||F(t, x,v — M)l
Gillail|
Gy . { hi(v — Mw,) }
< - Muwy){1+ Lo 22
= Gl 1710~ MO 0T M)
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G .
< U |[1(Po(G(t, x,u — Mewy)) — M)
Gilla1]|p

{1 N hi(Pa(G(t, x, u = Mwy)) — Mw,) }
J1(P2(G(t, x,u = Mw)) - Mw,)

X

L
G [ h4(61r—MIIw1||)} 2 >
< Qllmllyh (@J4(r){1+ 5iGrr = Mlleon]) 477 — M||ws||
. h1<<G_2/%||¢12||L1>]'2(511‘—M||w1||){1+h2(r)/]'2(r)}4ﬂ.2> .
" an JT
i1((Go/Gallarl, ) ja(Bir — Milewr ) {1 + a(r) /ja(r) 422

X

<r=|lull
(3.22)
for (t,x) € T?, since 617 — M||w1|| < u — Mw; < 7.
This implies that ||Tul| < ||u||; that is, (3.18) holds.
Next, we show
[Tul| > ||lu||, for ue KnoQg. (3.23)

If u € KNOQg, then ||u|| = Rand u > 6R > M||w:|| for (t,x) € T?. From (H4) and (H6), we
have

Tu = Py (F(t,x,v - Mwz))

D

2

: ]-3(U_MWZ){1+ M}

J3(v = Mw,)

11

v
2

j3(P2(G(t,x,u - M(,(Jl)) - M(,(Jz) X {1 +

. [T h2(R) 2
]3<_Gz—||a2||L1]2(61R_M”wlll){l+ (R }471'>

h3(P2(G(t,x,u — M(,()l)) — M(,UZ) }
j3(P2(G(t/ X, U - Mwl)) - MWZ)

L1

Y
2

1 s (Gaja(R) {1+ ha(61R = Mwn]))/ a(81R ~ Mewr]]) }42 = Mjeon])
X +
j3(Gajs(R){1 + ha(6:1R ~ Mlwr ) /ja(61R = Mlcn]]) } 42 = Mo | )

> R = |ull
(3.24)

for (t,x) € T?, since 61R — M||w1|| € u — Mw; < R.

This implies that Tu > ||u||; that is, (3.23) holds.

Finally, (3.18), (3.23), and Lemma 1.1 guarantee that T has a fixed pointu € K ﬁQ_R\ Q,
with 7 < |lu|| < R. Clearly, u > Mw;.
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Since

Py(G(t, x,u — Mw1)) > Go||G(t, x, Mwn)|| 1

2G,

) hy(u — Mwy)
’4(”‘M“’1)<1 * j4<u—Mw1))

It

| = Ml )
> Gojs(R) 31+ = 4o
2 G {1+ 35 S 629
G )
——— M4
Gl
> sz,

then we have a doubly periodic solution (1, v) of (3.9) with u > Mwi, v > Mw,, namely,
(u— Mw1,v - Mw,) > (0,0) is a positive solution of (1.1) with (1.2). O

Similarly, we also obtain the following result.

Theorem 3.2. Assume that (H1)-(H4) hold. In addition, we assume the following.
(H7) There exists

r > Mleoal] (3.26)
62
such that
—
r> 4Gy I5 - I, (327)
Gallazl| 1
here
: . h3 (621 — Ml|ws ) } )
Is = jo( 47°G r{1+, - Ml|w]| ),
= (475G () s | = Ml
— . . 3.8
(G Gl )i Gor - Ml (1 ) /r))) O
6 =1+ — .
i2((477G1/Gilla I ) 1 (627 = Milwa {1+ b (r) /2 (1)} )
(H8) There exists R > r, such that
4‘71'2%17 . Ig > R,
61]‘3(R){1 + 1a(&ar = Ml } (329
J3(62r — M||wa|) ’
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where
[ 4r?Gi { hi1(R) }
I; = ———1(6R — M||w 1+ = ,
7 ]4<Q||al||yh( 2 llw2|1) 1(R)
. ) (3.30)
(G R (14 (@R - Mlwal)/ @R - MifwslD)} - M)
g=1+ )
ja (472G js (R {1+ ha(8:R = M2}/ ja(6:R = Mllwall) } = Mijeon )
Then, problem (1.1)-(1.2) has a positive periodic solution.
4. An Example
Consider the following system:
Ugt — U + 20y + SIN>(F + X)) = y(v‘“ +0f + kl(t,x)),
Ut — Usx + 204 + COS>(E + X)v = AMuT +u’ + ko(t, x)), @)

u(t+20m,x) =u(t,x +2r) =u(t,x), (t,x)e€ R

v(t+2r,x) =v(t,x+2r) =v(t,x), (tx)¢€ R?,

whereci =2 =2, 4, A>0,a, 7>0, , 0> 1, a1(t,x) = sin?(t + x), ax(t,x) = cos?(t + x) €
C(T?%,R"), ki : T> — Ris continuous. When p is chosen such that

pe s Slalnr .
ue((Mlwrl)/61,00) Ghar2 12 :
here we denote
I'= ”(Qf\”fr{l + (611 — M|w1 ) 77 }4ar® - M||w2||>“,
E Pra
P=1+ =———A&u- Mlw|) " (1+u"" +2Hu" 4>
<§||ﬂ2||L1 (02 = Mieanly ¢ ) > (43)

+2H LA(SW - M|l |) "1 + u®t + 2Hu")4ax? ),
Gllaz||

where H = max{||ki]|, ||kz2||} and the Green function G; = G, = G. Then, problem (4.1) has a
positive solution.
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To verify the result, we will apply Theorem 3.1 with M = max{uH,\H} and

j1(v) = j3(v) = uv™®, hi(v) = ‘u<vﬁ + 2H>, h3(v) = P,

(4.4)
o) = ja(u) = M, ha(u) = p(u +2H), ha(u) = poc°.
Clearly, (H1)-(H4) are satisfied.
Set
Gllayllp 1! (M)
= = — _— . 45
T (u) iz I ue ( 3 ,+oo> (4.5)

Obviously, T((Ml|w1]])/61) =0, T(oo) = 0, then there exists r € ((M]|w:1]|) /61, +o0) such that

Glla It
T(r) = Clan I wo)
ue((Mllen ) /61,00) G2 T
This implies that there exists
e (Ml ), )
01
such that
Gllai||;: I
pe  sp Slaln s

we((Mljwrl))/61,00) Ghm2 T2

So, (H5) is satisfied.
Finally, since

R((G/Gliaalls ) A(61R - Mwr[)™(1 + RO + zHRT)4yr2)“

v — 0 as R— oo, (4.9)
HG[1+ (GAR {1+ (6:R = Mwi[)7'" }42 = M|cws])) 7]

this implies that there exists R. In addition, for fixed r, R, choosing A sufficiently large, we
have

5 AR {1+ (617 = Mljeon|)) 7 } > M. (4.10)

Thus, (H6) is satisfied. So, all the conditions of Theorem 3.1 are satisfied.
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