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We use the bifurcation method of dynamical systems to study the periodic wave solutions and
their limit forms for the KdV-like equation u; + a(l + bu)uuy + txxx = 0, and PC-like equation
Vy—Vpxx—(ay0 + apv®+azv®),, = 0, respectively. Via some special phase orbits, we obtain some
new explicit periodic wave solutions which are called trigonometric function periodic wave
solutions because they are expressed in terms of trigonometric functions. We also show that the
trigonometric function periodic wave solutions can be obtained from the limits of elliptic function
periodic wave solutions. It is very interesting that the two equations have similar periodic wave
solutions. Our work extend previous some results.

1. Introduction

Many authors have investigated the KdV-like equation
ur+ a(l +bu)uty + Uy =0, (1.1)
and the PC-like equation

Vit — Uttxx — <alv +ayvt + a3v3> =0. (1.2)
xXx

For example, Dey [1, 2] studied the exact Himiltonian density and the conservation laws,
and gave two kink solutions for (1.1). Zhang et al. [3, 4] gave some solitary wave solutions
and singular wave solutions for (1.1) by using two different methods. Yu [5] got an exact
kink soliton for (1.1) by using homogeneous balance method. Grimshaw et al. [6] studied the
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large-amplitude solitons for (1.1). Fan [7, 8] gave some bell-shaped soliton solutions, kink-
shaped soliton, and Jacobi periodic solutions for (1.1) by using algebraic method. Tang et
al. [9] investigated solitary waves and their bifurcations for (1.1) by employing bifurcation
method of dynamical systems. Peng [10] used the modified mapping method to get some
solitary wave solutions composed of hyperbolic functions, periodic wave solutions composed
of Jacobi elliptic functions, and singular wave solution composed of triangle functions for
(1.1). Chow et al. [11] described the interaction between a soliton and a breather for (1.1)
by using the Hirota bilinear method. Kaya and Inan [12] studied solitary wave solutions for
(1.1) by using Adomian decomposition method. Yomba [13] used Fan’s subequation method
to construct exact traveling wave solutions composed of hyperbolic functions or Jacobi elliptic
functions for (1.1).

Zhang and Ma [14] gave some explicit solitary wave solutions composed of hyperbolic
functions by using solving algebraic equations for (1.2). Li and Zhang [15] used bifurcation
method of dynamical system to study the bifurcation of traveling wave solutions and
construct solitary wave solutions for (1.2). Kaya [16] discussed the exact and numerical
solitary wave solutions by using a decomposition method for (1.2). Rafei et al. [17] gave
numerical solutions by using He’s method for (1.2).

Recently, many authors have presented some useful methods to deal with the
problems in equations, for instance [18-30].

In this paper, we use the bifurcation method mentioned above to study the periodic
wave solutions for (1.1) and (1.2). Through some special phase orbits, we obtain new
expressions of periodic wave solutions which are composed of trigonometric functions sin ¢
or cos¢. These solutions are called trigonometric function periodic wave solutions. We also
check the correctness by using the software Mathematica.

In Section 2, we will state our results for (1.1). In Section 3, we will state our results
for (1.2). In Sections 4, and 5, we will give derivations for our main results. Some discussions
and the orders for testing the correctness of the solutions will be given in Section 6.

2. Trigonometric Function Periodic Wave Solutions for (1.1)

In this section, we state our main results for (1.1). In order to state these results conveniently,
we give some preparations. For given constant ¢ #0, on a — b plane we define some lines and
regions as follows.

(1) When ¢ < 0, we define lines

l12b=0,

a
lyyb=—-—
2 6¢c’ 21)
b 32 '
R T
14 11:0,

and regions A; (i = 1-8), as Figure 1(a).
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Figure 1: The locations of the lines [;, k; (i = 1,2,3,4) and the regions A;, B; (j = 1,2,...,8) for given
constant ¢ #0.
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Figure 2: The limiting precess of u;(¢) when ¢ <0, (a,b) € Ay, and (a, b) tends to the line I;, where a = 4
and ¢ = -1.

(2) When ¢ > 0, we define lines

k1: b= O,
ky:a=0,
3a (2.2)
R T
a
ky:b=—-—
4 o0’

and regions B; (i = 1-8), as Figure 1(b).
Using the lines and regions in Figure 1, we narrate our results as follows.
Proposition 2.1. For arbitrary given constant ¢ #0, let

E{=x—ct. (2.3)

Then, (1.1) has the following periodic wave solutions.
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Figure 3: The limiting precess of 11 (¢) when ¢ <0, (a,b) € As, and (a,b) tends to the line I;, where a = -4
and ¢ = -1.

(1) When ¢ < 0 and (a,b) € A or As, the expression of the periodic wave solution is

6¢

++/a(a + 6bc) cos(v/—cg) ’

ui(§) = (2.4)
a

which has the following limit forms.

(i) When ¢ <0, (a,b) € Ay and (a, b) tends to the line l;, u1(¢) tends to the periodic blow-up

solution
ore 6¢
4 = s cos(vocd)] 25)
(see Figure 2).
(ii) When ¢ <0, (a,b) € As and (a, b) tends to the line Iy, u1(¢) tends to the periodic blow-up
solution
e 6c
Uy (g) - a [1 — COS(\/jcg)] (26)
(see Figure 3).

(iii) When ¢ < 0, (a,b) € A1 or As, and (a,b) tends to I, u1(&) tends to the trivial solution
u(¢) =6c/a.

(2) When ¢ < 0and (a,b) € Ay, or when ¢ > 0 and (a,b) € Bs, the expression of the periodic
wave solution is

ag cos(woé) + Po

Do co5(wod) + o’ @7)

uy () =
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where

A =3a(3a + 16bc), (2.8)

(3a+ V&)1 a(a-va)

ap = — 4a2b2 P (29)
3a+24bc + VA
a(a-4)
po=——, (2.11)
1
qo=-—(a+Va), (212)

3a+ 16bc + VA
R 2.13)

The solution uy(&) has the following limit forms.

(i) When ¢ < 0, (a,b) € Ay and (a,b) tends to I3, the uy (&) tends to the peak-shaped solitary
wave solution

4c(3 +2cé?)

a(-9 + 2¢¢?) (214)

uy(8) =
(see Figure 4).

(ii) When ¢ <0, (a,b) € Ay and (a, b) tends to I, uy (&) tends to the trivial solution u(¢) = 0.

(iii) When ¢ > 0, (a,b) € Bs and (a,b) tends to ki, the uy(¢) tends to the periodic blow-up
solution

c(2sin?(v/e&/2) - 3)

2.15
asin®(1/c¢/2) 21

uy(8) =

(see Figure 5).

(3) When ¢ < 0and (a,b) € Ag, or when ¢ > 0and (a,b) € By, the expressions of the solution
is

ay cos(wié) + P
p1cos(wié) +q1”

us(§) = (2.16)
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Figure 4: The limiting precess of u;(¢) when ¢ <0, (a,b) € A, and (a, b) tends to the line I3, where a = 4
and ¢ = -1.
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Figure 5: The limiting precess of u>(¢) when ¢ > 0, (a,b) € Bs, and (a, b) tends to the line ki, where a = -2
and ¢ = 1.

where

(—3a + \/Z) a(a + \/Z>
4a2p? !

g, = da+24be VA
- 2ab? !

a(a+va) (2.17)
p1= T/

3a+ 16bc - VA
w1 = T

The solution uz(&) has the following limit forms.

x| =

(i) When ¢ < 0, (a,b) € Ag and (a,b) tends to I3, the uz(¢) tends to the canyon-shaped
solitary wave (see Figure 6) solution us(&).

(ii) When ¢ <0, (a,b) € Ag and (a, b) tends to I, us(¢) tends to the trivial solution u(¢) = 0.

(iii) When ¢ > 0, (a,b) € By and (a,b) tends to ky, the uz(¢) tends to the periodic blow-up
wave solution uj (&) (see Figure 3).
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(a) for b =-1.5875 (b) for b = -1.6865 (c) for b =-1.687499

40

Figure 6: The limiting precess of u3(¢) when ¢ <0, (a,b) € Ag, and (a,b) tends to the line I3, where a = -9

and ¢ = 1.

Remark 2.2. Note that if u = (&) is a solution of (1.1), then u = ¢(¢+r) also is solution of (1.1),
where 7 is a arbitrary constant. According to this fact and the results listed in Proposition 2.1,

the following nine functions also are periodic wave solutions of (1.1).
(1) When ¢ < 0 and (a,b) € Ay or As, the functions are

6c

—+/a(a + 6bc) cos(v/—cf) ’

6¢c

a++/a(a+ 6bc) sin(v/—=cg) ’

6c

a—+/a(a+6bc)sin(v/~cg)

up (¢) = .

uy(8) =

u (@) =

(2) When ¢ < 0 and (a,b) € A; or when ¢ > 0 and (a, b) € Bs, the functions are

—a cos(woé) + Po

20y _

) = cos(wod) + 4o’
2y = Tosin(@od) + o

() = po sin(wod) + qo”

u§(§) _ ~%0 sin(wyg) + Po

—posin(woé) + g0

(3) When ¢ < 0 and (a,b) € Ag, or when ¢ > 0 and (a, b) € By, the functions are

—ay cos(wié) + P

38y

) = oS T’
3,5 _ a1sin(wig) + p

) = ) +

ug(é) _; sin(wié) + f1

—pisin(wi) +q1-

(2.18)

(2.19)

(2.20)
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Figure 7: The locations of the rays I';, L; and the regions W;, Q; (i=1,2,...,8) for given a; and c.

Remark 2.3. In the given parametric regions, the solutions u;(¢), u! (&), u(¢), w2 (§) (i=1,2,3),
and u;(¢) are nonsingular. The solutions u5 (&), u](¢), and u3 (&) are singular. The relationships
of singular solutions and nonsingular solutions are displayed in the Proposition 2.1.

3. Trigonometric Function Periodic Wave Solutions for (1.2)

In this section, we state our main results for (1.2). For given a; and ¢ (a; # c?),on a,—as plane
we define some rays and regions as follows.
(1) When ¢? < a;, we define curves

Fli

Fz:

Fg:

F4:

F5Z

F6Z

F7:
Fg:

ap

az

az

as

as

ap

as

az

>0,

>0,

<0,

<0,

:0,

as

as

as

as

as

as

as

as

(3.1)

and region W; as the domain surrounded by I'; and T (i = 1-7), Ws as the domain
surrounded by I's and I'; (see Figure 7(a)).
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(2) When ¢ 2 > a;, we define curves
Li:a,>0, az3=0,
Lr.a,=0, a3>0,
L3: ap < 0, as = 0,
L 0 2a§
tap <0, = —"
R TP
a; (3.2)
Ls: ay <0, =—, :
TR e -
L¢:ar, =0, a3<0,
L >0 —a§
Ta , az= ,
7t ap 377 @ -2
. 0 24a}
tay >0, = —"
8: d as 9 -
and region Q; as the domain surrounded by L; and L;y1 (i = 1-7), Qg as the domain

surrounded by Lg and L, (see Figure 7(b)).
Using the rays and regions above, we state our results as follows.

Proposition 3.1. For given parameter ay and constant c satisfying c* # ay, let & = x —ct. Then, (1.2)
has the following periodic wave solutions.
(1) When ¢ 2 < ay and (ay, as) € Wy or Wy, the expression of the periodic wave solution is

v1(§) =

where

Ry

Ri+R, COS(R3§) ’

Ry =2<c2 - a1>,

1
R, = 5\/18513(c2 —-m) + 4a§,

R3

For a; #0, the periodic wave solution v (&) has the following limit forms.

2

ay —cC
2

(3.3)

(3.4)
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(i) When ¢? < ay, (az, a3) € Wi and (aa, az) tends to the ray Tq, v1(&) tends to the periodic
blow-up solution

3(c*—ar)

o+ (Var-/)8))

07 () = (3.5)

The limiting process is similar to that in Figure 2.

(ii) When ¢? < ai, (ay, a3) € Wg and (ay, az) tends to the ray Iz, v1(&) tends to the periodic
blow-up solution

3(c> - )

a(1 - cos((Var = c2/Ic[)2)) ‘

v1(¢) = (3.6)

The limiting process is similar to that in Figure 3.
(iii) When ¢* < ay, (az,a3) € Wy and (ay, az) tends to the curve I'y, or (ap, a3) € W and
(az, a3) tends to the curve T's, v1 (&) tends to the trivial solution v() = 3(c* — a1)/ ao.

(2) When ¢ < ay and (az, as) € Ws, or when ¢® > ay and (ay, as) € Q, the expression of the
periodic wave solution is

25
o 7
2($) = So ~S, + S3c0s(S48)” 7
where
g . TtVw
0~ 2[13 ’
—a3 +4az (a1 - ) + ax/w
51 = 2 ’
as
2
S = (-2 +3Vw), o
3[13
53 — i az(az +3\/(;>
3[13 '
51113
w = a% - 4a3<a1 - C2>' (39)

The periodic wave solution v,(¢) has the following limit forms.

(i) When c? < ay, (az, a3) € Ws, and (ay, az) tends to the curve T, v2(&) tends to the trivial
solution v(¢) = 0.
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(ii) When ¢* < ay, (ay,a3) € Ws, and (ay, a3) tends to the curve I's, the v, (&) tends to the
canyon-shaped solitary wave solution

2(a1 - ?)[12¢? - 9¢* - 2(a1 — ¢%)é?]
a2[9¢? + 2(a1 — ¢?)¢?] '

v,(8) = (3.10)

The limiting process is similar to that in Figure 6.

(iii) When ¢ > ay, (a, az) € Q, and (as, as) tends to the ray Ly, v5(&) tends to the periodic
blow-up wave solution

03 (&) = 1112;;2 [1 + 3tan2< %g)] . (3.11)

The limiting process is similar to that in Figure 2.

(3) When ¢? < ay and (ay, a3) € Wa, or when ¢* > ay and (ay, as) € 2, the expression of the
periodic wave solution is

2T
. ’ 3.12
vs(6) = To+ 5 cos(Tsg) o
where
T, = —dp — \/‘;
07 T4,
. —a3 +4a3(ar - ) — ay/w
1= ’
a3
2
Ty = oo (a2 +3vi), o
as
2
S NPREN )
T1a3
Ti=\2z

The periodic wave solution v3(¢) has the following limit forms:

(i) When c? < ay, (a2, a3) € Wa, and (ay, az) tends to the curve T'y, v3(&) tends to the trivial
solution v(¢) = 0.

(ii) When c* < ay, (az,a3) € Wy, and (ay, a3) tends to the curve I's, the v3(&) tends to the
peak-shaped solitary wave solution v3(¢). The limiting process is similar to that in Figure 4.

(iii) When ¢ > ay, (ay,as) € o, and (ay, as) tends to the ray Lj, the vs(¢) tends to the
periodic blow-up wave solution v3(&). The limiting process is similar to that in Figure 5.
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Remark 3.2. Similar to the reason in Remark 2.2, the following nine functions also are periodic
wave solutions of (1.2).
(1) When ¢? < a; and (ay, az) € W; or W;, the functions are

— RO
v (@) = Ry — Ry cos(R3¢)’

_ Ro
vy (8) = R+ Rosin(Rod)’ (3.14)
O pp—

Ri-R, Sil’l(Rg,g) '

(2) When ¢? < a; and (ay, a3) € W5 or when ¢ > a; and (ay, a3) € Q;, the functions are

25
2 _ 1
o (é) =50+ S+ 53 COS(S4§) ’
25,
2 = —_
v5(8) =So 5+ 5 sin(Ssd) (3.15)
25,
2 _
036) =S+ g e (S

(3) When ¢? < a; and (ay, a3) € W, or when ¢? > a; and (ay, a3) € &, the functions are

2T
3 _ _ 1
v (¢) =To T, + T3 cos(Tye)’
2T
3 _ 1
v,(§) =To + Tyt Tasin(Tad)’ (3.16)
2T
3@) =Ty - .
vs(6) =To - 7 sin(Tx8)

Remark 3.3. In the given regions, the solutions v;(¢), v} (§), v?(¢), v3(¢) (i = 1,2,3), and
v3(¢) are nonsingular. The solutions v{(¢), v{(¢), and v} (&) are singular. The relationships
of nonsingular solutions and singular solutions are displayed in Proposition 3.1.

4. The Derivation on Proposition 2.1

In order to derive the Proposition 2.1, letting ¢ be a constant and substituting u = ¢(¢) with
¢ =x —ctinto (1.1), we have

—cy' + apy' + abyp’y' + ¢" = 0. (4.1)
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Integrating (4.1) once and letting the integral constant be zero, it follows that

_ EZ a_bB "no_
c<p+2(p + 3(/) +¢" =0.

Letting ¢’ = y, yields the following planar system:

, a ab 4

Obviously, system (4.3) has the first integral
6y* — 6¢cp* + 2ap’ + abyp* = h.

Let

_ Ba-VA
L
B —3a++VA
2=

=y, Y=cp-5-—=¢.

13

(4.2)

(4.3)

(4.4)

(4.5)

where A is defined in (2.8). Then, it is easy to see that system (4.3) has three singular points
(¢1,0), (0,0) and (¢, 0) when A > 0, two singular points ((=3/4b),0) and (0,0) when A =0,

unique singular point (0,0) when A < 0.
Lete;and f; (i =1,2,3) be, respectively,

—a—+Va?+ 6abc

e = ———,
ab

—a++a?+6abc

fl = ab s

ez=ﬁ<—a+\/£—2\/a<a—\/g> >,
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Figure 8: When ¢ < 0, the bifurcation phase portraits of system (4.3) and the locations of e; and f; (i =
1,2,3).

fz=ﬁ<—a+ﬁ+2\/a<a—\/§> >,
e3 = —%ab<a+ﬁ+2\/a<a+\/x> >,
f3= —ﬁ<a+ A—2\/a(a+\/K> >

(4.6)

Using the qualitative analysis of dynamical systems, we obtain the bifurcation phase
portraits of system (4.3) and the locations of e; and f; (i = 1,2,3) as Figures 8 and 9.

It is easy to test that the closed orbit passing (e;,0) passes (f;,0) (i = 1,2,3). Thus,
using the phase portraits in Figures 8 and 9, we derive u;(¢) (i = 1,2,3) as follows.

(1) When ¢ < 0 and (a,b) € Ay or As, the closed orbit passing the points (e1,0) and
(f1,0) has expression

b
y= :I:V %(p\/—elfl +(e1+ fi)p—¢?, wheree; <¢< fi. (4.7)

Substituting (4.7) into d¢/y = d¢, we have

I - \/%dé- 48)
e+ (e + fi)p - g2
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Figure 9: When ¢ > 0, the bifurcation phase portraits of system (4.3) and the locations of e; and f; (i =
1,2,3).

Integrating (4.8) along the closed orbit and noting that u = ¢(¢), we obtain the solution u;(¢)
as (24).

(2) When ¢ < 0 and (a,b) € A, or when ¢ > 0 and (a,b) € Bs, the closed orbit passing
the points (ez,0) and (f2,0) has expression

b
y= :t‘v %((p - (pl)\/—ezfz +(e2+ f2)p—¢?, wheree; << fo. (4.9)
Substituting (4.9) into dg/y = d¢, we get

dy 1/ (4.10)

(p-p)\-esfot (e + f)p-g 1 ©

Along the closed orbit integrating (4.10) and noting that u = ¢(¢), we get the solution u(¢)
as (2.7).

(3) When ¢ < 0 and (a,b) € A¢ or when ¢ > 0 and (a, b) € By, the closed orbit passing
the points (e3,0) and (f3,0) has expression

b
y =+ %(tpz - (p)\/—e3f3 +(es+ f3)p—¢? wherees<p< fs. (4.11)
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Substituting (4.11) into dg/y = d¢, it follows that

dy a—bdé- (4.12)

(92 = 9)\/-esfs + (es + fo)g - @2 Ve

Similarly, along the closed orbit integrating (4.12), we obtain uz(¢) as (2.16). From the
expressions of these solutions, we get their limit forms. This completes the derivation on
Proposition 2.1.

5. The Derivation on Proposition 3.1

In this section, we give derivation on Proposition 3.1. Let v = ¢s(¢) with ¢ = x — ct, where c is
a constant. Thus, (1.2) becomes

C2(P// _ C2lp’m _ (alip n aZ‘PZ i a3w3>” =0. (5.1)
Integrating (5.1) twice and letting integral constant be zero, we get
Ay —¢") = arp + axgp® + azy. (5.2)

Letting ¢’ = y, we have the planar system

! 2

¢ =y, cy' = <c2 - a1>qr - axgp? - azg°. (5.3)

It is easy to see that system (5.3) has the first integral

y? + <p2<%(lf2 + %(P +a; - cz) =h, (5:4)

and three singular points (0,0), (¢1,0), and (¢, 0), where

—ay — W
¢ = ZZ_H;f
(5.5)
—ap + \/&
go=—5——
2[13

and w is defined in (3.9).
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Figure 10: When ¢? < aj, the bifurcation phase portraits of system (5.3) and the locations of m; and n; (i =
1,2,3).

Let m; and n; (i =1,2,3) be, respectively,

—2a, — \/Z(ag - 9ayjas + 9asc?)

mp = 34 ’
—2a, + \/Z(aé - 9aia3 +9azc?)
= 3(13 g
—dp — 3\/5 -2 lZz(tZQ + 3\/5)
2= 6[13 ! (5 6)
—ay — 3\/& + 2\ / [12((12 + 3\/5)
np = 6as ’
—a + 3\/5 -2 az(az - 3\/5)
s = 6(13 g
—ap + 3\@ + 2\ / 112(112 - 3\/&)
ns = 6(13 .

Similarly, using the qualitative analysis of dynamical systems, we get the bifurcation
phase portraits of system (5.3) and the locations of m; and n; (i = 1,2,3) as Figures 10 and 11.

It is easy to test that the closed orbit passing (m;, 0) passes (n;,0) (i = 1,2,3). Thus,
using the phase portraits in Figures 10 and 11, we derive v;(¢) (i = 1,2,3) as follows.
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Figure 11: When ¢? > a;, the bifurcation phase portraits of system (5.3) and the locations of m; and n; (i =
1,2,3).

(1) When ¢ 2 < a; and (ay, a3) € Wi or W, the closed orbit passing the points (m;,0)
and (n1,0) has expression

y== ;—32¢\/—m1n1 + (my +n1)p —¢?, where my < ¢ <ny. (5.7)
c

Substituting (5.7) into d¢s/y = d¢, we have

dg as de
=\ 529 5.8
qr\/—mlm +(myAm)g—g? 26 58)

Integrating (5.8) along the closed orbit and noting that v = ¢(¢), we get the solution v;(¢) as
(3.3).

(2) When ¢? < a; and (ay, az) € W5, or when ¢? > a; and (ay, a3) € Qi, the closed orbit
passing the points (m5,0) and (15, 0) has expression

y=4= 2‘%(({@ -y) \/—mznz + (my + mo)y — g2, where my < ¢ <. (5.9)
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From d¢/y = d¢ and (5.9), it follows that

d
- =Y zcz S (5.10)

(g2 — o) \/—mznz + (my + )y — g2

Integrating (5.10) along the closed orbit, we get v,(¢) as (3.7).
(3) When ¢? < a1 and (ap, a3) € Wy, or when ¢? > a; and (a,, az) € Q,, the closed orbit
passing the points (m3,0) and (n3, 0) has expression

y=+ ;Tsz(q’ - q;l)\/—m3n3 + (m3 + n3)p — ¢?, where ms < ¢ < ns. (5.11)

Substituting (5.11) into d¢s/y = d¢, we have

d
£ =\ 22 2C2 S5 dé. (5.12)

((,U - %)\/-7113"3 + (m3 + n3) g — ¢?

Integrating (5.12) along the closed orbit, we obtain v3(¢) as (3.12). From the expressions
of these solutions, we get their limiting properties. This completes the derivation on
Proposition 3.1.

6. Discussions and Testing Orders

In this paper, Using the special closed orbits, we have obtained trigonometric function
periodic wave solutions for (1.1) and (1.2), respectively. Their limit forms have been given.
From these expressions, an interesting phenomena has been seen, that is, (1.1) and (1.2) have
similar periodic wave solutions. Our work has extended previous results on periodic wave
solutions.

Now, we point out that the trigonometric function periodic wave solutions can be
obtained from the limits of the elliplic function periodic wave solution. For given real number
U, let

m:ﬁ —4a(2+bﬂ)+w+21<i+\/§>l: ,
. 4(1 —i\/§)aFoz . (6.1)
W2 =50 —4a(2+b‘u)+f—21<1+\@>13 ,

1 aPoz
Uz = 6b< 2a(2 +bp) - 2F>,
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Figure 12: The locations of l}i and lﬁ when ¢ < 0and (a,b) € A;.

where

For = (8 - 6bpu + 156%2 + 106%°),

Fp = <—9bc + a<—2 +bu+ b2y2>>,
6.2)

Fo3 = \/a3 <8F82 +a(-54bc(-1+by) + aFm)Z),

1/3
F = (54a2bc(—1 + b‘u) - a3F01 + F03>

Assume that ¢ <0, (a,b) € (A1), and ¢; < p < e1. It is easy to check that y; (i =1,2,3)
are real and satisfy

pU<er<@a< fi<p <@z<py<0<ps<ys. (6.3)

There are two closed orbits l}l and li (see Figure 12). The closed orbit l}l passes the
points (4,0) and (y1,0). The closed orbit li passes the points (p2,0) and (3, 0).
On ¢ — y plane, the expression of l}, is

ab
v = (=9)(2=9) (- 9) (p-p), where p <o <pu. (64)

Substituting (6.4) into d¢/y = d¢ and integrating it along I, we have

g sn”!(sinz, k) = \/%T)|§|, (6.5)
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where

2

8= ,
\/(#3 — 1) (2 — )

o | (s p2) (=)
(s =) (2 =)’

(6.6)

sins o | = H) (P p)
(=) (i3 =)

Solving (6.5) for ¢ and noting that u = ¢(¢), we obtain an elliptic function periodic
wave solution

p(ps = ) + pa(pa = p)sn? (1, k)

_ , 6.7
ule) pa = p + (1 — p)sn? (ng, k) 7
where
B \/ab (3 — 1) (2 — ) (6.8)
= 24 '

Letting y — e; — 0, it follows that y3 — f1, yp — O, 3 — 0,k — 0,71 —

\/(abe f1)/24 and sn*(n¢, k) — sn?(\/(abe; f1/24)¢,0) = sin®(\/(abe f1/24)¢).
Therefore, in (6.7) letting 4 — e; — 0, we obtain the trigonometric function periodic
wave solution

u(@) = o/
fi+ (e1 - fr)sin®(y/(aber f1/24)¢)
N —6¢
s va(a+6bc) —2+/a(a + 6bc)sin2<(\m/2>§> (6.9)

_ 6c = uj (@),
a-— VWCOS(\/H@)

Via Remark 2.2 and u] (§), further we get 13 (&), u3(¢) and 1y (). Similarly, we can derive
others trigonometric function periodic wave solutions.

We also have tested the correctness of each solution by using the software
Mathematica. Here, we list two testing orders. Others testing orders are similar.



22 Mathematical Problems in Engineering

(1) The orders for testing u; ()

u= bc (6.10)

a++/a(a + 6bc) cos[v/—c(x — ct)]

Simplify [D[u, t] + a(1 + bu)D[u,x]u + D[u, {x, 3}]].
(2) The orders for testing v1(¢)

Ro :2<—a1 + c2>,

4a3
R2 = 2a3(—a1 + Cz) + T,

6.11
N (6.11)

2

7

Ro
" Ry +Rycos[Rz(x —ct)] ’

vtt = D[v, {t,2}],

vttxx = D[vtt, {x,2}]

Simplify [vtt — vttxx — D[a1v + av? + a3v®, {x, 2}]].
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