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A mathematical model which describes an explicit time-dependent quasistatic frictional contact
problem between a deformable body and a foundation is introduced and studied, in which the
contact is bilateral, the friction is modeled with Tresca’s friction law with the friction bound
depending on the total slip, and the behavior of the material is described with a viscoelastic
constitutive law with time delay. The variational formulation of the mathematical model is given
as a quasistatic integro-differential variational inequality system. Based on arguments of the time-
dependent variational inequality and Banach’s fixed point theorem, an existence and uniqueness
of the solution for the quasistatic integro-differential variational inequality system is proved under
some suitable conditions. Furthermore, the behavior of the solution with respect to perturbations
of time-delay term is considered and a convergence result is also given.

1. Introduction

The phenomena of contact between deformable bodies or between deformable and rigid
bodies are abound in industry and daily life. Contact of braking pads with wheels and
that of tires with roads are just a few simple examples [1]. Because of the importance of
contact processes in structural and mechanical systems, a considerable effort has been made
in their modeling and numerical simulations (see [1-4] and the references therein). What
is worth to be taken particularly is some engineering papers that discussed the developed
mathematical modeling to a practically interesting problem [5, 6]. Owing to their inherent
complexity, contact phenomena are modeled by nonlinear evolutionary problems that are
difficult to analyze (see [1]). The first work concerned with the study of frictional contact
problems within the framework of variational inequalities was made in [7]. Comprehensive
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references for the analysis and numerical approximation of contact problems include [1, 8].
Mathematical, mechanical, and numerical state-of-the-art on contact mechanics can be found
in the proceedings [9, 10] and in the special issue [11].

When a viscoelastic material undergoes a small deformation gradient with a relatively
slow force applied, the process of the relative contact problem can be modeled by a quasistatic
system. At a relatively short duration, the effect of temperature changes caused by energy
dissipation on the deformation of the material is usually negligible. Rigorous mathematical
treatment of quasistatic problems is a test of recent years. The reason lies in the considerable
difficulties that the process of frictional contact presents in the modeling and analysis because
of the complicated surface phenomena involved (see [12]). By employing Banach’s fixed
point theorem, Chau et al. [13] got some existence and uniqueness results for two quasistatic
problems which describe the frictional contact between a deformable body and an obstacle.
They also proved that the solution of the viscoelastic problem converges to the solution of the
corresponding elastic problem. By using arguments for time-dependent elliptic variational
inequalities and Banach’s fixed point theorem, Rodriguez-Aros et al. [10] dealt with the
existence of a unique solution to an evolutionary variational inequality with Volterra-type
integral term. Delost and Fabre [14] presented a valid approximation method for a quasistatic
abstract variational inequality with time-independent constraint and applied its results to the
approximation of the quasistatic evolution of an elastic body in bilateral contact with a rigid
foundation. Very recently, Vollebregt and Schuttelaars [15] studied the quasistatic analysis of
a contact problem with slip-velocity-dependent friction. For more works concerned with the
quasistatic contact problems, we refer to [1, 16] and the references therein.

Quasistatic contact problems for viscoelastic or other materials with explicit time-
dependent operators were investigated in a large number of papers. Applying the theory
of evolutionary hemivariational inequality, Migorski et al. [17] proved the existence and the
regularity properties of the unique weak solution to a nonlinear explicit time-dependent
elastic-viscoplastic frictional contact problem with multivalued subdifferential boundary
conditions. In [18], Migorski et al. considered a class of quasistatic contact problems
for explicit time-dependent viscoelastic materials with subdifferential frictional contact
conditions. Based on the fixed point theorem for multivalued mappings and variational-
hemivariational inequality theory, Costea and Matei [19] proved the existence of weak
solution for the general and unified framework contact models. They also discussed the
uniqueness, the boundedness, and the stability of the weak solution under some suitable
conditions.

It is well known that time-delay phenomena are frequently encountered in various
technical systems, such as electric, pneumatic and hydraulic networks, and chemical
processes. For example, regarding polymer under the action of alternative stress, the stress
will lag behind the strain, which is just a time delay phenomenon. It gives us a mechanism
of the time-delay phenomena appeared in contact problems. Comincioli [20] proved the
existence and uniqueness for a kind of variational inequality with time-delay. For general
results of variational inequalities with time delay, we refer to [21-23]. However, to the best of
our knowledge, there is no papers to study contact problems for viscoelastic materials with
time-delay.

Motivated and inspired by the work mentioned above, in this paper, we introduce and
study a mathematical model which describes an explicit time-dependent quasistatic frictional
contact problem between a deformable body and a foundation, in which the contact is
bilateral, the friction is modeled with Tresca’s friction law with the friction bound depending
on the total slip, and the behavior of the material is described with a viscoelastic constitutive
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law with time delay. We give the variational formulation of the mathematical model as a
quasistatic integro-differential variational inequality system. By using the arguments of time-
dependent variational inequality and Banach’s fixed point theorem, we prove an existence
and uniqueness of the solution for the quasistatic integro-differential variational inequality
system under some suitable conditions. Furthermore, we consider the behavior of the
solution with respect to perturbations of time-delay term and show a convergence result.
The results presented in this paper generalize and improve some known results of [1, 24].

The paper is structured as follows. In Section 2, we list the necessary assumptions on
the data and derive the variational formulation for the problem. In this part, an example
which is assumed to the Kelvin-Voigt viscoelastic constitutive law with long memory is
given, which represents a constitutive equation of the form (2.19). In Section 3, we prove
the existence and uniqueness of the solution to the quasistatic integro-differential variational
inequality system. In Section4, we study the behavior of the solution with respect to
perturbations of time-delay term and derive the convergence result.

2. Preliminaries

Let R be a d-dimensional Euclidean space and $% the space of second order symmetric
tensors on R%. Let Q C R be open, connected, and bounded with a Lipschitz boundary T
that is divided into three disjoint measurable parts I'1, I';, and I's such that meas(I';) > 0.
Let L2(Q) be the Lebesgue space of 2-integrable functions and W*?(Q) the Sobolev space of
functions whose weak derivatives of orders less than or equal to k are p-integrable on Q. Let
HK(Q) = Wr2(Q).

Since the boundary is Lipschitz continuous, the outward unit normal which is denoted
by v exists a.e. onI'. For T > 0, and let I1=[0,T] be the bounded time interval of interest. Let
R(u) be the range of displacement u. Since the body is clamped on I';, the displacement field
vanishes there. Surface traction of density f, acts on I'; and a body force of density fj is
applied in Q. The contact is bilateral, that is, the normal displacement u, vanishes on I'; at
any time.

The canonical inner products and corresponding norms on R and ¢ are defined as
follows:

Uu-v=uv;, ol = (v-0)"?, Vu,veR?,

1/2

(2.1)
O - T = 0jjTij, 7|l = (r-7)"%, Vo, e $4.

Everywhere in the sequel the index i and j run between 1 and d and the summation
convention over repeated indices is implied.
In the following we denote

H = {v = (01,0, ...,00) | v € [A(Q), 1<i < d} = L2(Q)?, (u,v) = I u;(x)vi(x)dx,
Q

Q={r=(m)Im=mi e [XQ), 1<i, j<d} = HQ (0,7)g = fg 0 (x)73(x)dx,

leQXI/
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Hi={v=(v1,0,...,00) |0; € H'(Q), 1<i<d} = H'(@),
V={veH;|v=0 on I't},
Vi={veV]|ov,=0 on I3},
(2.2)

where H and Q are Hilbert spaces with the canonical inner products. The associated norms
on the spaces will be denoted by | - || and || - [|o, respectively.
Define

(,0)y, = (W, 0)y + (e(u),€(v)) g, lolly, =4/(v,0)y, Yu,ve€H;. (2.3)

It is easy to verify that (Hy, || - ||z, ) is a real Hilbert space. Since V is a closed subspace of the
space H; and meas(I'1) > 0, the following Korn’s inequality holds:

le@)llg 2 dlolly,, YoeV, (2.4)

where 1 denotes a positive constant depending only on € and I';. We define the inner product
(-,*)y and the norm || - ||y on V by

(w,0)y = (e(w),£(0))g,  lvlly = lle@)llg, Yu,v€V. (2.5)

It follows that || - ||z, and | - ||v are equivalent norms on V. Thus, (V, || - ||v) is a real Hilbert
space and V; is also a real Hilbert space under the inner product of the space V given by (2.5).

For every element v € Hy, we also use the notation v for the trace of v on I' and we
denote by v, and v, the normal and the tangential components of v on I' given by

0V, =0V, Uy =0V — UyV. (2.6)

We also denote by o0, and o, the normal and the tangential traces of a function o € Q, and we
recall that when o is a regular function, that is, o € C! (Q)fXd, then

oy, = (ov) -, Or = OV — 0,7, (2.7)

and the following Green’s formula holds:

(0,€(v))g + (Divo,v)y = J‘ ov-vda, Yvé€ Hj. (2.8)
r

We model the friction with Tresca’s friction law, where the friction bound g is assumed
to depend on the accumulated slip of the surface. In this model we try to incorporate changes
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in the contact surface structure resulted from sliding. Therefore, g = g(t, S¢(11)) on I's x I with
S:(i1) (x) being the accumulated slip at the point x on I' over the time period I as

t
Mm=bM®M&tef (2.9)

It follows that ||o;|| < g(S¢(i1)) on I's. When the strict inequality holds, the material point is in
the stick zone: 11, = 0, while when the equality holds, ||o;|| = g(S;(i)), the material point is in
the slip zone: o, = —\it; for some A > 0.

Let r be a constant satisfying 0 < r < T and set Q_, = Q x (-r,0). Let 8 be the Borel o-

algebra of the interval [-r, 0] and () be a given finite signed measure defined on ([-r, 0], B).

Zhu [22] defined the time-delay operator G as follows: for any h € L*(Q x (-7, oo))_dgx‘i,

(Gh)(t,x) = IO h(t+ 6, x)u(d6). (2.10)

In order to make the above integral coherent, we always take the integrand to be a Borel
correction of h (by which we mean a Borel measurable function that is equal to h almost
everywhere).

Some special cases of the operator G are as follows:

(i) Let Q1 = {w1,wo, ..., wy, ...}, L1 =2%, and

(A = D mw) = D pi, A€l (2.11)

w;€A wi€A

where p1(w;) = pi, i =1,2,...,n,...,p; € R" and p1(P) = 0. Then it is easy to see
that

0
(G)(t2) = [ he+0p(de) = 3 pihit+ ) 212)

wi€(-1,0)

which can be used to describe the countably many discrete delays.

(ii) Let €, = R, £, be a c-algebra of £, m a Lebesgue measure, f a Lebesgue
measurable function, and

H2(A) = JAf(x)dm, A€ L, (2.13)

Then

0 0
(Gh)(t, x) = J' h(t +6,x) 2 (d6) = f h(t+6,x) LG f(x)dm. (2.14)
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Moreover, letting f =1, then

0 0
(Gh)(t,x) = f_ h(t+0,x)ux(dO) = f_ h(t+6,x)do. (2.15)

Remark 2.1. Tt is easy to see that, for any h € L*(Q x (-7,00))%, Gh as an element in L?(Q x
(0, oo))‘_igx"Z is independent of the choices of Borel corrections for h.

Remark 2.2. Since p is a very general regular measure, (2.10) can be used in many cases such as
finitely many and countably many discrete delays. At this stage, we note that (2.10) contains
a very wide class of time-delay operators.

The following lemma is a fundamental result for operator G.

Lemma 2.3 (see [22]). For h € L%((-r,0) x Q;R%), we have Gh € L%((0,00) x Q;R?).
Furthermore, for any g € L*((0,00) x Q;R4),0 < s < +oo and 0 < sq < r, the following inequality
holds:

S+5So 1 S+50 2 1 S
J dx'[ (Gh) - gdt| < —f dxj gl dt+—|y|([—r,0])2I dxf |h||*dt
Q 0 2)q 0 2 Q -

: (2.16)
+ 5 |l ([=r, 0D || ([=s0, 01) fg dx f |Ih]|?dt.

Now we consider the contact problem. For any # € R(u), based on (2.10), we derive
the time-delay operator G of the form

0
(Gh)(t, e(u))= f_ h(t +6,&(u))pu(do). (2.17)

Remark 2.4. Replacing x with ¢(if) in (2.10) and letting sp = 0 and ¢ = Gh in Lemma 2.3, it is
easy to know that

I1GII < |p] ([=7,0D). (2.18)

Under the previous assumptions, the classical formulation of the frictional contact
problem with total slip dependent friction bound and the time-delay is as follows. For any
ii € R(u), find a displacement field u : Qx I — R% and a stress field 0 : Qx T — S84 such that

o(t) = A(t,e(u(t))) + B(t, e(u(t))) + Gh(t,e(@)) in Qx1I, (2.19)
Divo(t) + fo(t) =0 in Qx1, (2.20)

u(t)=0 on Iy xI, (2.21)
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o(t)v = fo(t) on Ty x1, (2.22)
u,(t) =0, Jlor()] < gt Si(i(t))) on T3x1I, (2.23)
u(0) =uy in Q. (2.24)

We present a short description of the equations and conditions in Problems (2.19)-
(2.24). For more details and mechanical interpretation, we refer to [1, 16]. Here (2.19)
represents the viscoelastic constitutive law in which </, B, and G are given nonlinear
operators, called the viscosity operator, elasticity operator, and time-delay operator,
respectively. The prime represents the derivative with respect to the time variable, and
therefore # represents the velocity field. Note that the explicit dependence of the viscosity,
elasticity, and time-delay operators &/, B, and G with respect to the time variable means
that the model involve the situations when the properties of the material depend on the
temperature, that is, its evolution in time is prescribed. Equality (2.20) represents the
equilibrium equation where Divo = (oj;;) represents the divergence of stress. Conditions
(2.21) and (2.22) are the displacement and traction boundary conditions, respectively.
Equation (2.23) represents the frictional contact conditions and (2.24) is the initial condition
in which the function u( denotes the initial displacement field.

In the study of mechanical problems (2.19)-(2.24), we assume that &/, B, g, and h
satisfy the following conditions.

H(A4): 4 : Q1 x 8% — $4is an operator such that

(i) A (x, tr, 1) = A(x, 1, 82) o < LIt —t2| + |le1 — £2]l0), for all e1, &2 € 8, 11,1, €1, ae.
x e Qwith L >0;

(11) ((J(x/ tl 51) _J(xl t/ 52))1 (61 _52))Q 2 M”gl _52”6/ for all £1,€2 € -Sd/ a.e. (x/ t) € Ql
with M > 0;

(iii) for any e € 8%, (x, t) — 4(x, t,€) is measurable on Q1;
(iv) the mapping (x, t) — 4(x,t,0) € L2(Q1)"“.
H(B): B: Q1 x 84 — 84 is an operator such that
(i) IB(x, t,€1)~B(x, t,&)llg < Lille1—£2llg, forall &1, &, € 5%, ae. (x,t) € Qy with Ly > 0;
(ii) for any e € S84, (x,t) = B(x,t, ) is measurable on Q;
(iii) the mapping (x, t) — B(x, t,0) € L2(Q;)?.
H(g): g:T3xI xR — R*is an operator such that
(i) there exists L, > 0 such that for all t1,t, € I, u,u» € R,x € Q, |g(x, t1, 1) —
8(x, 2, 12)| < Lo(|ty — f2| + [ur — u2]);
(ii) for any u € R, (x, t) — g(x,t,u) is measurable;
(iii) the mapping (x,t) — g(x,t,0) € L?>(T3 x I);
@iv) loell < g(t, Se(u(t))) = 0y = 0, ||o-|| = g(t, Se(aa(t))) = exists A > 0 such that o, =
=i
H(h): h: Q; x 3% — $%is an operator such that

(i) l|h(x, t,e1)—h(x,t,&)llg < Lslle1 —&2]lg, forall €1, &2 € 34, a.e. (x,t) € Q; with Lz > 0;
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(ii) for any € € S84, (x,t) — h(x,t,€) is measurable on Qy;

(iii) (h(x,t,&1) = h(x,t,€), (61 — £2))g = M'[le1 — £2[), for all £1,, € 37, ae. (x,t) € Qs
with M’ > 0;

(iv) the mapping (x, t) — h(x,t,0) € L2(Q1)"“.

In the following, we provide an elementary example of the mechanical problem which
hold the constitutive law equation (2.19).

Example 2.5. Let &4 and B be nonlinear operators which describe the viscous and the elastic
properties of the material and satisfy the conditions H(<#) and H(B), respectively, while C
is the linear relaxation operator. The following example is assumed to be the Kelvin-Voigt
viscoelastic constitutive law with long memory of the form

o(t) = A(t,e(u(t))) + B(t, e(u(t))) + j; C(t - s)e(u(s))ds, (2.25)

which represents a constitutive equation of the form (2.19).

Contact problems involving viscoelastic materials with long memory have been
studied in [25, 26]. For more detail on the long memory models, we refer to [27, 28].

The famous time-temperature superposition principle tells us that when materials are
applied with the alternating stress, the reaction time is an inverse proportion to the effect of
the frequency. Hence, the influence of increasing the time (or reducing the frequency) and
elevating temperature to materials is equivalent.

The sinusoidally driven indentation test was shown to be effective for viability
characterization of articular cartilage. Based on the viscoelastic correspondence principle,
Argatov [5] described the mechanical response of the articular cartilage layer in the
framework of viscoelastic model. Using the asymptotic modeling approach, Argatov
analyzed and interpreted the results of the indentation test. Now, deriving from the (30) and
(115) in [5], and noting the relationship between time and frequency, we write the viscoelastic
constitutive law in the following form:

+ b2t2

a 2 by
bg, + 12

o(t) =
() a2+t2

e(u(t)) + e(u(t)), (2.26)

where ay, a; and by, b, by are some parameters which rely on the characteristic relaxation time
of strain under an applied step in stress, the equilibrium elastic modulus, and the glass elastic
modulus.

It is easy to verify that /(t,e(it(t))) = (a1t?/ (az + t2))e(ia(t)) and B(t, e(u(t)))=((bs +
byt?)/ (bs + 12))e(u(t)) satisfy the assumption H(+#) and H(B), respectively.

Next, we denote by f(t) the element of V; given by

(f(1),0)y = (fo(),0) g + (f2(£),0) o0, YO EVI, ae. b€ 1. (2.27)
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When we assume that the body force and surface traction satisfy fo € C(I; H) and
f2 € C(I; L*(T,)), we can get

fe c(T; V1>. (2.28)
Letj: I x L?(I'3) x V; — R be the functional defined as follows:

ﬂuwao=f (t,0)wrlda, Vo€ L2(T3), w e Vi. (2.29)
Ts

We notice that, by the assumption H(g), the integral in (2.29) is well defined.

Lemma 2.6 (Gronwall’s inequality). Assume that f, g € C[a,b] satisfy
t
O <g0 e fOds, telab, (230)
where ¢ > 0 is a constant. Then
t
f(t) <gt)+ Cf g(s)e™)ds, te[a,b]. (2.31)

Moreover, if g is nondecreasing, then
ft) <gt)e’™™, tela,b] (2.32)

Proceeding in a standard way with these notations, we combine (2.8)—(2.24) to obtain
the following variational formulation.

Problem 1. Find a displacement u : I — V; such that (2.24) holds and

(At e(u(t))) e(v—ut)))g + (Bt e(u(t))), e(v —u(t))g + (Gh(t, e(i)), e(v - u(t))) g
+j(t, Se(1);0) - j(t, Se(i); (b)) > (f(1), v —u(t)),, YveVyiieRu), aete 1.
(2.33)

We first introduce the following problem.

Problem 2. Find a displacement u : I — V; such that (2.24) holds and

(AL, e(iu(t)), (v —u(t)) g + (Gh(t,e(ir)), (v - u(t))) g + j (£, Se(12); v) = j(t, Se(ir); ()

> (f(t),v-u(t),, YveW,iecRu), aetel.
(2.34)
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For solving the above problems, we derive some results for an elliptic variational
inequality of the second kind: Given f € X, find u € V such that

(A(t,u),v—u)y +j(@) +jw) > (f,o-u),, YveV,aete I. (2.35)

Lemma 2.7 (see [1]). Let j : V. — R be a proper, convex, and lower semicontinuous functional.
Then for any f € V, there exists a unique element u := Prox;(f) such that

uevy, (u,v-u)y +j(©) —ju) > (f,r-u),, VYoeV, aetel. (2.36)

Lemma 2.8. Let V be a Hilbert space. Assume that H(#) holds and j : V. — R is a proper, convex,
lower semicontinuous functional. Then for any f € V, variational inequality (2.35) has a unique
solution.

Proof. For any f € V,let p > 0 be a parameter to be chosen later. Since pj : V — R is again a
proper, convex, and lower semicontinuous functional, we can define an operator T : I x V. —

V by
T(t,v) = Prox,;(pf — pA(t,v) +v), VYveV, aete 1, (2.37)
where (A(t, u),v)y = (A(x,t,€(u)), £(v)) (see (2.5)). We will show that with a suitable choice

of p the operator T is a contractive mapping on I x V. To this end, let u, v € V. Since Prox is a
nonexpansive mapping, it follows from (2.37) that

IT(t,u) = T(t, )|y < |lu-v - p(Alt,u) - Alt,0) |

= llu=olly - 20(A(t,u) = A(t,0), u =)y + p*llA(t, 1) = At V)]l o
Using the assumption H(<#) and (2.5), we obtain
IT(t,u) =Tt V)5 < (1 —2pM + sz2> [ (2.39)
If0 < p <2M/L?, then
0<1-2pM+p*L* < 1. (2.40)
Taking
= (1 —2pM + p2L2>1/2, (2.41)

we deduce that a € (0,1) and

IT(t,u) = T(t,0)y < allu- o], (2.42)
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which shows that T : I x V — V is a contractive mapping. Therefore, T has a fixed point u,
that is,

u ="Prox,j(pf - pA(t,u) +u), aete I, (2.43)

which implies
(w,v—u)y +pj) —pjw) > (pf - pA(t,u) +u,v - u)v, Vo e V,ae.tel. (2.44)

It follows that
pl(A(tu),v-u)y, +j@) - jw)] 2p(fo-u),, YveV, aetel (2.45)

Since p > 0, we deduce from the above inequality that u is a solution of variational inequality
(2.35).

To show the uniqueness, we assume that there exist two solutions u;,u, € V of
variational inequality (2.35). Then for any v € V and a.e. t € I, we have

(A(t/ul)rv_ul)v+j(v)+j(u1) > (f/v_ul)vl (246)
(A(t,12),0 =)y +j(0) +j(u2) 2 (f,0 - 2),- '

Since j is proper, we know that j(u1) < oo and j(u2) < co. Taking v = u, in the first inequality
and v = u; in the second one and adding the corresponding inequalities, we get

(A(t, ul) - A(t, uz),ul - uz)v < 0. (247)

Using (2.5) and H(+#), we obtain that u; = uy, which completes the proof of Lemma 2.8. O

Remark 2.9. Lemma 2.8 is a generalization of Theorem 4.1 of [1].

3. Main Results

In this section, we present an existence and uniqueness result concerned with the solution
of Problem 1. Throughout this section, we assume that H(<#), H(B), H(g), H(h), and (2.28)
hold.

Theorem 3.1. Problem 2 has a unique solution u € C! (I V).

The proof of Theorem 3.1 is based on fixed point arguments and is established in
several steps. Let 7 € C(I; Q) and ¢ € C(I; V1) be arbitrarily given. We consider the following
auxiliary variational problem.

Problem 3. Find wy; : I — V; such that for any v € V;

(J(t,s(wqg(t))),e(v - wtié(t)))Q + (Tl(t),E(’U - wﬂé(t)))Q + j(t/ St(g)/ ’U) - j(t/ St(é)/ wqé(t))

> (f(t),v—wpe(t),, ae tel
(3.1)
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Lemma 3.2. There exists a unique solution wy; € C (I; V1) to Problem 3.

Proof. For each fixed t € I, in terms of hypotheses (2.9), H(+#), H(g), and (2.29), Problem 3 is
an elliptic variational inequality on Q. It follows from Lemma 2.8 that Problem 3 is uniquely
solvable. Let wy;(t) € Vi be the unique solution of Problem 3. Now we show that w;(t) €
C(,Vy).

Suppose that t;,t, € I. For simplicity we write wpe(ti) = w;, n(t;) = n; and f(t) = fi
with i =1,2. Using (3.1) for t = t1,t,, we have

(A(tr,e(wn)), (v —w1))g + (M, €(v - wl))Q +j(t1, 54 (&);0) — j(t1, Sk (&); w1)

(3.2)
> (fLo-wi)y,
(A(t2, e(w2)), €(v = w2))g + (12, €(V = w2)) o, +j(t2, St (§);0) — j (b2, St (§); w2) 53
> (fo,v-ws),. .
By adding two inequalities with v = w, in (3.2) and v = w; in (3.3), we get
(A(t1,e(wn)) — A(t2, e(w2)), e(w1 —w2))g
(3.4)

< (fi- fowi—wa)y + (= M2, e(wi — w2)) o + Dby, t2, ¢, w01, w2),

where

D(t1,t2,¢, w1, wa) = j(t1, St (§); wa) — j(t1, St (§); w1) + j(t2, S, (&), w1) — j(t2, S, (§); wo).

(3.5)
It implies that
(At e(wn)) — At e(wn)), e(wr —wa))g
< (A, e(wr)) — At £(w2)), e(wr — w2))g (3.6)
+D(t, by, &, w1, w2) + (1 — 12, €(wr — wz))Q + (fi = fa, w1 —wy)y,.
By H(<#), we get
(A(t1,e(wn)) — A(t1, e(w2)), e(w1 —w2))g 2 Mllwr - w3, (37)

[A(t1, e(w2)) — A(t2, e(w2))llg < LIt — to]-

Constituting a trace operator y : V. — L?(T3) that yv = vlp,, since y is a linear continuous
operator, it implies that there exists a constant ¢ > 0 such that

9]l 2, < cllolly- (3.8)
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It follows from (2.9), (2.29), (3.8), and H(g) that
D(t1,t2,&,w1,05) < Lo(1+ llc iy ) It = tol - 201 = w5 (3.9)

By (3.6)-(3.7) and (3.9), we have
1
[l = wally < M(Hfl - folly + llm =2l + 1t - t2|<L + L2<1 + ||§||C@V)))), (3.10)

which implies that w,; € C(I; V1). This completes the proof of Lemma 3.2. O

In order to get the unique solution of Problem 2, we derive the following operator
Ny : C(I; V1) — C(I; V1) defined by

Ayt =wy, Vée c(f; V1>. (3.11)

Lemma 3.3. For any 1 € C(I;Q), the operator Ay, has a unique fixed point &, € C(IL; V).

Proof. Let € C (T; Q) and ¢,¢ € C (T; V). We denote by w; the solution of Problem 3 with
¢ =¢; fori=1,2. By an argument similar to that used in obtaining (3.6), we get

(At e(wr)) — At e(w)), e(wr —w2))g < D(t, 81,6, w1, w2), (3.12)

where
D(t, 81,6, w1, ws) = j(t, 51(81); w2) — j(t, Se(§1);wr) + j(E, Se(82); wr) — j (¢, Se(é2); w2). (3.13)
Using (2.29), (3.8), (2.9), and H(g), we deduce that, for any ¢ € I,
t
D(t, &1, &, w1, w2) < 1 f 161(s) = &2(s) lvdsllwi (£) — wa(t)lly, (3.14)
0
where c; = cL,. By using the similar method in obtaining (3.10), we have

t —
[ (£) = wa (t)|y < ch L I€1(5) = &2(s)|lyds, ae. tel. (3.15)

Since w; = wy;, = Aygi, we rewrite the above inequality as

t
Anta(®) = Ay < 55 [ 1619 - £0)lvds, e tel (3.16)
0
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For w € C(T; Vi), let

lwlly = maxe ™ |jzo(®)]ly, (3.17)

where > 0 is a constant which will be chosen later. Clearly, | - ||s defines a norm on the space
C(I; V;) and

- ce P [t g
a6 = Aot < Lo [ eI 6) - a(s) s

g (3.18)

cre Pt c _

< —— | e”la - &llgds < —l& - &lly, ae tel

M ), Mp
Thus,
C

|Ands = Andall, < 5118~ &ll (3.19)

and so the operator A, is a contraction on the space C (T,' Vi) endowed with the equivalent
norm || - ||5 if we choose p such that Mp > c;. Therefore, the operator A, has a unique fixed

point ¢, € C (T; V1), which completes the proof of Lemma 3.3. O

In what follows, for any 1 € C (T; Q), we write
Wy = Wy, (3.20)
By A&, = &y, (3.11), and (3.20), we have
Wy = & (3.21)
Taking ¢ = ¢, in (3.1) and using (3.20) and (3.21), we deduce that, for any v € V,

(At e(wy())), e(v = w0y (8))) g + (1 6(v —wy(1)))

a (3.22)
+j(t, Se(wy);v) = j(t, Si(wy); wy(t) > (f(1), v —wy(t),, ae tel
Let wy, : I — V; be the function given by
t f—
uy(t) = J wy(x)ds +uy, ae. tel (3.23)
0

In addition, we define the operator A : C(;Q) — C(;Q) by

An= IO h(t+6,e(ii,))u(d6), Ve C(T; Q),a.e. tel (3.24)
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Lemma 3.4. The operator A has a unique fixed point n* € C(I; Q).

Proof. For any 11,1, € C(T; Q), let u; = uy, u; = iy, and w; = wy, with i = 1,2. Using (3.22)
and arguments similar to those used in the proof of Lemma 3.3, we obtain

t —
lwr(®) - w2 By < 2 <||m(t> -l + fo lzon (s) - w2(5)||vd5>r aetel, (3.25)

where

1 ¢
C = max{M,ﬁ}. (3.26)

An application of the Gronwall inequality yields
t p—
[lew: (t) = wa ()]l < 3 <||111(t) —1m(t)[|g + fo |711(s) = m2(s) ||st>, ae.tel, (327)

where
¢s = max{cz,cgecﬂ}. (3.28)
Thus,

t t
I [w1(s) —wa(s)|lyds < C4f 71(5) =m2(8) || o s, ae. t € I, (3.29)
0 0

where ¢4 = c3(1+T). For the operator A defined in (3.24), by 1 € R(u), (2.5), Remark 2.4, and
H(h), we obtain

0
I ) = A0l = | [ Unte 0, e)) = e+ 0, @) ()

Q

< |u|([-7, 0D lIh(t + 6, e(fir)) = h(t + 6, £(ii2)) | (3.30)

< L3|‘I/£|([—T,O])||u1 - uZHV

t —_—
< Csf lm - n2|,ds, ae tel,
0

where ¢5 = Ls|p|([-T,0])cs. By using (3.30) and the similar proof of Lemma 3.3, we get the
result of Lemma 3.4. This completes the proof. O
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Now we prove Theorem 3.1.

Proof of Theorem 3.1. Let n* € C (I; Q) be the fixed point of A and let u,. € CY(I; Q) be the

function defined by (3.24) for 17 = i*. For any v € V; and a.e. t € I, it follows from Uy = Wy
and (3.22) that

(At e (it (1)) &(0 =t (5)) o + (17, €0 =ty (1)) g + (8 St (it )5 0) = j (8, St (i) 1ty (1))

2 (f(t),v - i‘rz*(t))V'
(3.31)

Now inequality (2.34) follows from (3.24) and (3.30). Moreover, since (3.23) implies u,-(0) =
ug, we conclude that u,- is a solution of Problem 2.

Letuy,u; € C (T,' V1) be two solutions to Problem 2 and let w; = 1; for i = 1,2. Then we
have

t
u;(t) = f wi(s)ds +uy, ae.te 1. (3.32)
0

For a.e. t € I, by the similar argument used in obtaining (3.6), we have

(A(t, e(wi(t))) — At e(wa(t))), e(wi(t) —w2(h)))g

(3.33)
< (Am(t) = Amp(t), e(wr () - wz(t)))Q +D(t, wi, ws),
where
D(t/ wllw2)
= j(t,Si(w1); wa(t)) — j(t, Se(wr); wi(t)) + j(t, Sp(wr); wi(t)) — j(t, Si(w2); wa(t)).
(3.34)
Using (2.29), (3.8), (2.9), and H(g), we deduce that
t
D(t, w1, w2) < 1 f w1 (s) = wa(s)||ydsllwi(t) — wr(B)|ly, ae. tel. (3.35)
0

From the assumption H(<#) and relations (3.30)—(3.35), we know that, for a.e. t € I,
t
lleo1(t) = w2 ()l < C6<||u1(t) —up(B)lly + f w1 (s) - wz(S)llvd5>/ (3.36)
0

where

Co = max{ W, C_]\jI } (3.37)
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An application of the Gronwall inequality yields
t —_—
[ () —w2(B)]ly < C7<||u1(t) — ()l + f l[u1(s) = u2(5)||vd5>/ aetel,  (338)
0

where

cy = max{cé,céec"’T}. (3.39)

Recalling the definition (3.32) of u; and u,, and letting cg = ¢7(1 + T), we obtain
t p—
[leo1 () —wa(B)|ly < csf |l (s) —wa(s)|yds, ae.tel (3.40)
0

and so the Gronwall inequality implies that w; = w,. By definition (3.32), we see that u; = uy,
which completes the proof of Theorem 3.1. O

Theorem 3.5. Problem 1 has a unique solution u € C'(I; V).

Proof. Let ¢ € C(I; V4) and denote by u; € C (I; V1) the solution of the following problem:

(At e(ig(t)), e(v -y (1)) o + (Gh(t, e(ii)), (v —1:()) )
+7(t, Se(i1g);0) — j (b, Se(ing); 1 () (341)

2 (f(t) - g(t);v - ilg(t))v, VU,ﬁg eVy, ae. te T,
where
(Bt e(uy(1)), £(0 - (5 = (68,0 = (1)) - (3.42)

From Theorem 3.1, we know that there exists a unique solution u; for problem (3.41).
Consider the operator Y : C(I; V*) — C(I; V*) defined by

Ye(t) = Bt e(uy (1)), Ve e C(T; V1>, ae tel (3.43)

Now we show that the operator Y has a unique fixed point. In fact, for any ¢;,¢ € C(T; Vi),
let uy = ug, and up = ug, be the corresponding solutions to (3.41). Then it is easy to see
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that uy,u, € C (T; Vi). For any 17 € R(uq) and 1, € R(up), by the similar argument used in

obtaining (3.33), we have

(G2(8) = G1(t), wi(F) — w2 (t))y + D(E, wr, wy)
2 (At e(wi(t))) — At e(wa(t))), e(wi(t) —w2(t))) g

+(Gh(t, e(u1)) — Gh(t, e(ina)), e(wr (t) —wa(t))) o, ae.te I

By H(+#), H(h), (2.5), (3.30), (3.32), and (3.35), we get
t
w1 (t) — w2 ()|l < co <|I€1(t) -y + fo llws (s) - wz(s)||vds>, ae tel,

where

o = max 1 1+c¢
o7 M+M M+M |

An application of the Gronwall inequality yields
t t B
[ or(s) - wa@)lets < e [ 100) - &(G)lvds,  ae.tel,
0 0
where c9 = (1 + T) max{co, c3e“T}. From H(B), (3.43), and (3.47), we have
t [
IS = Yo®y < cuj I61(s) = &2(9)llvds, ae tel,
0

where c11 = Tcj L. Iterating the last inequality p times, we obtain

P p-1 t
1Y (1) = YPL % < nt” f I1(s) - &a(s)|3ds,  ae tel,
p-1)!J)o

(

which leads to

p 1/2
cy, TP _
IYP¢1 - YP§2”L2(T;V) < _(P — 1)‘! 161 = §2||L2(f;v)/ ae tel.

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

Since limy, -, o (¢}, T/ (p - 1) )!/2 = 0, the previous inequality implies that, for p large enough,
a power Y? of Y is a contraction. It follows that there exists a unique element ¢* € V; such that

YP¢* = £*. Moreover, since

YP(YE) = Y(YPY) = YT,

(3.51)
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we deduce that Y¢* is also a fixed point of the operator Y. By the uniqueness of the fixed
point that Y¢* = ¢*, we know that ¢* is a fixed point of Y. The uniqueness of the fixed point of
Y results straightforward from the uniqueness of the fixed point of YP. This implies that u,- is
the unique solution of Problem 1, which completes the proof of Theorem 3.5. O

Remark 3.6. When G = 0 and all the viscosity and elasticity operators «# and B are explicitly
time dependent, Theorem 3.5 reduces to Theorem 10.2 of [1]. Furthermore, Theorem 3.5 is
also a generalization of Theorem 2.1 of [24].

4. A Convergence Result

In this section, we study the dependence of the solution to Problem 1 with respect to
perturbations of the operator h. We assume that H(<#), H(B), H(g), and H(k) hold and, for
any f§ > 0, let hy be a perturbation of the operator h.

We consider the following problem.

Problem 4. Find ug : T — V; such that

(At e(ip(t))), (v —1p(t)) o + (Bt e (up(t))), £ (v - 115(H)) )
+ (Ghyp(t e (i), e(v—up(t)) o + j(t, Se(tp);0) = j(t, Se(ig);ip(t))  (4.1)
> (f(t),v - ilp(t))v, Yo e Vi, up € §R(uﬂ),
up(0) = uo. (4.2)
It follows from Theorem 3.5 that, for each f > 0, Problem 4 has a unique solution denoted by

up € C(I; Wy).
In order to get the convergence result, we need the following assumption:

;l;iE})”hﬂ(x’ t,€) — h(x, t,s)”Q =0. (4.3)

Now we give the convergence result.

Theorem 4.1. Assume that H(+4), H(B), H(g), H(h), and (2.28) hold. Then the solution ug of
Problem 4 converges to the solution u of Problem 1, that is,

%if})””ﬂ - u”c(f;vl) =0. (4.4)
Proof. For any > 0and a.e. t € I, let

0
m= | (e 0,2(p(@)) (),
- (4.5)

0
7= f_ h(t+0,e(u(0)))u(do).
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Keeping in mind (4.1) and (2.33), and using H(+#) and H(B), by the similar argument used
in obtaining (3.36), we have

t —
|wp(t) —w(®)||y, < c12 <||11p(t) -n®|l, + fo ||wp(s) —w(s) ||Vds>, aetel, (4.6)

where
C1p = max{ %, ¢ 4];/1111 } (4.7)
Hence,
t t B
fo lwg(s) —w(s)||,ds < ci3 Jo lns(s) —n(s)||,ds, aetel, (4.8)
where
c3=(1+T) max{clz,cfzeC“T } (4.9)
For a.e. t € I, it follows from (4.5), (2.5), and Remark 2.4 that
lp®) =1l < Ll (=, 01) [ p (¢ + 6,2(7ip(0))) — it + 0, 2(Gi(0))) |
< |l (=7, 01|l (£ + 0,e(71p(0))) ~ gt + O, @O, (410)
+ ||hp(t +6,€(ii(0))) — h(t + 6,£(ii(0))) ||Q]
Noting 115 € R(ug), from the last inequality, (4.3), (4.8), and H(h), we have
t —
|ewp(t) —w(t)]|,, < c13|ﬂ|([—r,0])TL3J‘ |wp(s) —w(s)||,ds, aetel (4.11)
0

It follows from the Gronwall inequality that wp = w and so the convergence result (4.4) is a
consequence of (3.32). This completes the proof. O
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