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We consider multitarget linear-quadratic control problem on semi-infinite interval. We show that
the problem can be reduced to a simple convex optimization problem on the simplex.

1. Introduction

Let (H, (, )) be a Hilbert space, Z be its closed vector subspace, h, ..., h,,, and ¢ be vectors in
H. Consider the following optimization problem:

{nsieslzillh—hiﬂ — min, hec+Z (1.1)

Here || - || is the norm in H induced by the scalar product (, ). In [1], we analyzed
(1.1) using duality theory for infinite-dimensional second-order cone programming. We
obtained a reduction of this problem to a finite-dimensional second-order cone programming
and applied this result to a multitarget linear-quadratic control problem on a finite time
interval. In this paper, we consider a reduction (1.1) to even simpler optimization problem
of minimization of convex quadratic function on the (m — 1) dimensional simplex. We then
apply this result to the analysis of a multitarget linear-quadratic control problem on semi-
infinite time interval. We show that the coefficients of the quadratic function admit a simple
expressions in term of the original data.
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2. Reduction to a Simple Quadratic Programming Problem

Let fi(h) = |[h - h|>, i =1,2,...,m. It is obvious that (1.1) is equivalent to the following
optimization problem:

z — min,
(2.1)
fithy<z, i=12,...,m, hec+Z
Consider the Lagrange function
L1,y A b z) = 2+ D Ni(fi(h) - 2)
i=1
(2.2)

= z<1 - ZEA> + ;J\ifi(h).

Notice that despite the fact that our original problem is infinite dimensional, the usual
KKT theorem holds true (see e.g., [2], page 72). It is also clear that Slater conditions are
satisfied. Hence, optimality condition for (2.1) takes the form

A >0, )Li(fi(h)—z)=0, i=0,1,2,...,m,

oL om .
5z =0 IAVAn ez,

(2.3)

where Vfi(h) = 2(h - h;), i = 1,2,...,m, Z* is the orthogonal complement of Z in H.
Conditions (2.3) lead to

D=1, 420, i=12,...,m,
(2.4)
7z (h) = ZXi(7rzhy).
i=1

Here 7z : H — Zis the orthogonal projection. Let us form the Lagrange dual of (2.1).
Consider

PO, \a, ., A) =min{ LAy, ..., A, h,2) thEc+Z, z€Z). (2.5)

Using (2.4), we obtain that

A1, Ao, ) = D ifi(h(Ay, - ), (2.6)
i=1
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where

h(Ai, ..o Am) = m20() + D Az (). (2.7)

i=1

Notice that for any h € ¢ + Z, 7 z.(h) = 77.(c). Here rz : H — Z* is the orthogonal
projection of H onto orthogonal complement Z* of Z. To further simplify (2.6), introduce the
notation

h(l) = i/\ihi. (2.8)
i=1

Then

Fith(A, . Aw) = ||z (R(A) = By) + 70 (c = b)) ||

= |72 () =z (r)) | + orz: (e = 1) |

(2.9)
= |z (R + |Jrz () ||* = 2(72(h(N)), 72(h;))
2
+ [z (e = hy)|"
Hence, according to (2.6), we have the following:
Q- ) = bz (RO + D0 oz ()|
j=1

(2.10)

~2(mz(h(V), 7Z(h(L)) + DAz (e = ) |1
j=1

We, hence, arrive at the following expression of ¢:

Tz <ilihi>
i=1

We can simplify (2.11) somewhat. Notice that

O, A) = —

2 m
+§A,~<Ilarz(hj)||2+xzi (c—h,-)”z). (2.11)

72 (c = B) ||* = Nz ()N + || 702 (B = 2( 20 (), 720 (B))). (2.12)
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Consequently,

PO, A) = =l (RO 2 + S|y P

j=1
~ 27z (c), w7 (R())) + ||z ()| (2.13)

= — R + lorz (R(X) = I + D141

j=1

Here,

h(\) = i/\ihi. (2.14)

i=1
Hence, the Lagrange dual to (2.1) takes the following form:

(A, ..., ) — max,

m (2.15)
Sh=1, 0>0, i=12,...,m.

If (A],...,A;,) is an optimal solution to (2.15), we can recover the optimal solution of
the original problem using the relation (2.7), and ¢(4], ..., \},) gives the optimal value for the
original problem (1.1).

3. Linear-Quadratic Case

Denoted by L}[0, ), the vector space of square integrable functions f : [0,00) — R". Let
H = L}[0,00) x L}'[0, o0), and

Z ={(a,p) € H : a is absolutely continuous on [0,0), & = Aa+Bf, a(0)=0}. (3.1)

Here A (respectively B) is an n by n (respectively n by m) matrix. Observe that

(), (@) = [ [t + pr oo,
0 (3.2)

(Lti,ﬁi) € H, i=1,2.

In this setting, the problem (1.1) admits a natural interpretation as a linear-quadratic
multitarget control problem. An interesting solution for this problem for m = 2 is described
in [3]. In our approach, we need an explicit computation of the coefficients of the objective
function (2.13) which in turn requires an explicit description of orthogonal projection irz.
Such a description has been found in [4]. We briefly describe it here.
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Theorem 3.1. Let C be an antistable n by n matrix (i.e., real parts of all eigenvalues of C are positive).
Consider the following system of linear differential equations:

x=Cx+f, (3.3)

where f € LJ[0,00). Then there exists a unique solution L(f) of (3.3) belonging to L% [0, o).
Moreover, the map L : L}[0,00) — L%[0, o0) is linear and bounded. Explicitly,

L(f)(t) =- f e CTf(t + 7)dr. (3.4)

For the proof, see [4].
Consider the algebraic Riccati equation

KBB'K + ATK + KA-1 =0. (3.5)
We assume that (3.5) has a real symmetric solution K such that the matrix
F=A+BB'Ky (3.6)

is stable (i.e., real parts of all eigenvalues of F are negative). Notice that such a solution exists
if and only if the pair (A, B) is stabilizable. See, for example, [5].

Theorem 3.2. We have the following:
7t = { (p + ATp, BTp>; p € L7[0,00), p is absolutely continuous, p € L;[0,o0) } (3.7)
Given that (g, ) € H, we have

g=x=(p+ATp), (3.8)

0 =u—-Bp, (3.9)

where x is the solution of the differential equation

X = <A + BBTKSt)x +BB p+ By, x(0)=0, (3.10)
u=BTKgx + BTp + 0, (3.11)
p=Kgx+p, (3.12)

and p is a unique solution to the differential equation

T
p=-(A+BB'Ky) p-KuBp-g (3.13)
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belonging to L7[0, o).
In particular, (x,u) € Z, —(p + ATp, BTp) € Z*, and consequently Z is a closed subspace in
H with

7wz (¢, ) = (x,u), w7 (g, ) = —(p +ATp, BTp). (3.14)

Remark 3.3. The required solution p exists and unique by Theorem 3.1, since the matrix —(A +
BBTK,) is antistable.

Sketch of the Proof

Letp € L5[0, o) be absolutely continuous and such that p € L7 [0, o). Suppose that (x, u) € Z.
Then

<(x,u), (;'9 + ATp, BTp> > = .[0 (pr +xTATp + uBTp>dt
= Jm [pr + (Ax + Bu)Tp] dt
0
= f: (pr + pr) dt (3.15)

J‘: % <pr> dt

Tim x™(7)p(7) = x(0)"p(0).

Butx(7), p(t) — 0,as T — oo (see e.g., [4] for details) and x(0) = 0. Hence,
<(x,u), (p +ATp, BTp) > - 0. (3.16)

Let us now show that the decomposition (3.5) and (3.9) takes place for an arbitrary
(¢, ) € H. Indeed, using (3.12),

p = Kgx + p. (3.17)
Hence by (3.10) and (3.13),

T
p = Ky(A+BB"Ky)x + KuBB"p + KuByp - (A+BB"Ky) p- KuBp - ¢. (3.18)
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Combining all terms with x and all terms with p in two separate groups, we obtain that
p+ATp=p+ATKux+ ATp
= (KA + KuBB"Ky + ATKy)x (319)

+ (KyBB" - AT~ KuBB + AT)p - g
Using now the fact that K satisfies (3.5), we obtain that
p+ ATp =x-¢ (3.20)
which is (3.8). Using (3.11) and (3.12), we obtain that

u-B"p=B"Kyx+Bp+¢-B Kyx-Bp
(3.21)
= (P,

which is (3.9). Finally, it is clear that for x and u defined by (3.11) and (3.12), we have

x=Ax+Bu (3.22)

and consequently (x,u) € Z. This completes the proof of Theorem 3.2.
Looking at (2.13), we see that the evaluation of coefficients of the quadratic function
requires the knowledge of expressions of the type ||z (h)||?, where h € H.

Theorem 3.4. Let h = (¢, ¢) € H, and p € L}[0, o) is the function entering the decomposition
(3.8) and (3.9) and described in (3.13). Then

ez ()IE = |87+ 9 (323)
ez ()P = P - |[B7p + g (324)

Proof. Let (y,v) € Z. Let, further,
A(y,v) = (v-B"Kuy - BTp - (p>T<v -~ B Ky - BTp - ). (3.25)

Here for simplicity of notations, we suppressed the dependence on t. Then

A(y, V) =A1+ A+ A3, (326)
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where

Ar=-9) (v-9), A= (Kgy+p) BB (Kgy +p), and Az = -2(v - (p)T<BTK5ty + p).
(3.27)

Since (y,v) € Z, we have
y=Ay+Bv, y(0)=0. (3.28)
Hence,
A, = y" (KsBBTKg)y + p"BBTp + 2p" BBT Ky,
A; = -2(Bv - By)' (Kay +p)

= 2(y - Ay - By)" (Kqy +p) (3.29)

= 29Ky +y" (ATKa + KuA)y +2(Bp) Ky
~2y"p+2(Ay) p+2(By) p.
Notice that yTp + yTp = (d/dt)(y* p). Hence,
Ay, v)=(v- (p)T(v -¢)+y" <I<S'[BBTKS'E + ATK + KstA>y
+2y" (p+ KBy + KuBBTp + ATp) + <BTp>T (B7p) (3.30)
27 (8'9) - 5, (v"0) - (v Kow).
Using the fact that K is a solution to (3.5) and (3.13), we obtain that
Ayv)=(-9) (v-9)+y"y -2 g+ (BTp+ ¢>T<BTP +o)
0"y~ 5 (v70) - 5 (v Kw)
(3.31)
=) v -9)+ (- 9) (v -9) + (Bp+y) (BTp+o)
—¢Tp ¢y - %(yTp) - %(yTKsty)

Integrating (3.31) from 0 to +oco and using the fact that y(0) =0, y(t), p(t) — Oast — oo,
we obtain that

® 2
fo Ay v)at= [l -gv-o) "= o)+ |[BTo+ 0| (3.32)
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Notice that A(y,v) > 0 and A(y, v) = 0 provided (y,v) = 7z (g, ¢). See (3.11). Consequently,
(3.32) implies that

I )P = |Be + o] + Iz 0)I (3.33)

Hence,
2 ) I = || BT+ 0 (3.34)
This completes the proof of Theorem 3.4. O

We can now easily compute the coefficients of the objective function (2.11). Assuming
that h; = (¢, i) € L3[0,00) x LT'[0,00), i =1,2,...,m, c = (a,f) € L}[0,00) x L}*[0,0) and
noticing that by Theorem 3.4

oz (h() = )P = fo [B700) + p(0)] [B70(1) + p(0)]at, (3.35)
where p(1) is the solution of the differential equation
%p(x) = —(A + BBTKst>Tp(A) — KaB(p(\) — (L)), (3.36)

belonging to L}[0, o0) and
00 =3N(0-F), )= Skl 637)
Consequently,
p(A) = g)ﬁ (pi—pc), (3.38)

where p; and p. are L} [0, o) solutions of differential equations

pi:_<A+BBTKSt>Pi_KStB(Pi—(Ifi, i:],2,...,m/
(3.39)
pe=—(A+BBTKy)pe - KuBp - a,

respectively.
Hence,

|72 (h(A) = o)|* = J‘:J T()'T()at, (3.40)



10 Mathematical Problems in Engineering

where
r() =D\ [BT (pi— pe) + (i — ﬂ)], (3.41)
i=1

which allows us to easily express the objective function (2.13) in terms of integrals of p; and
Pec-

4. Concluding Remarks

In this paper, we have shown that multitarget linear-quadratic control problem on semi-
infinite interval can be reduced to solving a simple convex optimization on the simplex.
The reduction involves solving one standard algebraic Riccati equation and m + 1 linear
differential equations, where m is the number of targets. Notice that our results can be easily
extended to discrete-time systems.
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