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Recently the generalized Hyers-Ulam (or Hyers-Ulam-Rassias) stability of the following functional
equation 357y f(=7xj+ Xiamiz; 1ixi) 2 X rif (xi) = mf (X, rix;) wherery, ..., 1, € R, proved
in Banach modules over a unital C*-algebra. It was shown that if >}, r; #0, ri, 7 #0 for some
1 <i<j<mandamapping f : X — Y satisfies the above mentioned functional equation
then the mapping f : X — Y is Cauchy additive. In this paper we prove the Hyers-Ulam-Rassias
stability of the above mentioned functional equation in random normed spaces (briefly RNS).

1. Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam [1] concern-
ing the stability of group homomorphisms. Hyers [2] gave a first affirmative partial answer to
the question of Ulam for Banach spaces. Hyers” Theorem was generalized by Aoki [3] for
additive mappings and by Rassias [4] for linear mappings by considering an unbounded
Cauchy difference.

The paper of Rassias has provided a lot of influence in the development of what we
call the generalized Hyers-Ulam stability of functional equations. In 1994, a generalization of
Rassias’ theorem was obtained by Gavruta [5] by replacing the bound e(||x||” + |ly||) by a
general control function ¢(x, y).

The functional equation:

flx+y)+ f(x-y) =2f(x) +2f (y), (1.1)

is called a quadratic functional equation. In particular, every solution of the quadratic functional
equation is said to be a quadratic mapping. The generalized Hyers-Ulam stability problem for
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the quadratic functional equation was proved by Skof [6] for mappings f : X — Y, where
X is a normed space and Y is a Banach space. Cholewa [7] noticed that the theorem of Skof
is still true if the relevant domain X is replaced by an Abelian group. Czerwik [8] proved the
generalized Hyers-Ulam stability of the quadratic functional equation.

The stability problems of several functional equations have been extensively investi-
gated by a number of authors and there are many interesting results concerning this problem
(see [2,4,5,9-28]).

In the sequel, we will adopt the usual terminology, notions, and conventions of
the theory of random normed spaces as in [29]. Throughout this paper, the spaces of all
probability distribution functions are denoted by A*. Elements of A* are functions F :
R U {-o0,+0} — [0,1], such that F is left continuous and nondecreasing on R, F(0) = 0
and F(+o0) = 1. It’s clear that the subset D* = {F € A* : I"F(+o0) = 1}, where I" f(x) =
lim;_, .- f(t), is a subset of A*. The space A" is partially ordered by the usual point-wise
ordering of functions, that is, for all f € R, F < G if and only if F(t) < G(t). For every a > 0,
H,(t) is the element of D* defined by

0 if t<a
H,(t) = (1.2)
1 if t>a.

One can easily show that the maximal element for A* in this order is the distribution function
Hy(t).

Definition 1.1. A function T : [0,1]> — [0,1] is a continuous triangular norm (briefly a ¢-
norm) if T satisfies the following conditions:

(i) T is commutative and associative;

(ii) T is continuous;

)
)
(iii) T(x,1) = x for all x € [0,1];

(iv) T(x,y) < T(z,w) whenever x < zand y < w for all x, y, z, w € [0, 1].

Three typical examples of continuous t-norms are Tp(x, i) = xy, Tmax(x,y) = max{a+
b-1,0}, and Tps(x, y) = min(a, b). Recall that, if T is a t-norm and {x,} is a given of numbers
in [0,1], T", x; is defined recursively by T\, x; and T}, x; = T(T{;lxi, x,) forn > 2.

Definition 1.2. A random normed space (briefly RN'S) is a triple (X, 4/, T), where X is a vector
space, T is a continuous f-norm, and y’' : X — D% is a mapping such that the following
conditions hold.

(i) pl(t) = Ho(t) for all £ > 0 if and only if x = 0.
(ii) pl () = pi(t/]a]) foralla e R, a#0, x € X and t > 0.
(iii) plopy (t+8) 2 T(p (1), iy, (s)), forall x,y € X and t,s > 0.
Definition 1.3. Let (X, ¢, T) be an RNS.

(i) A sequence {x,} in X is said to be convergent to x € X in X if for all ¢+ > 0,
limy, oo pty, (1) =1
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(ii) A sequence {x,} in X is said to be Cauchy sequence in X if for all t > 0,
limy, oo pty, ., () = 1.

(iii) The RN-space (X, ', T) is said to be complete if every Cauchy sequence in X is
convergent.

Theorem 1.4. If (X, ', T) is RNS and {x,} is a sequence such that x, — x, then lim, _ pt’, (t) =
Ho (B).

In this paper, we investigate the generalized Hyers-Ulam stability of the following
additive functional equation of Euler-Lagrange type:

1<i<m,i#j

if <—r]-x]- + Z T‘ixi> + 2irif(xi) =mf <irix,->, (1.3)
=1 i=1 i=1

where r1,...,1, € R, 3" 1:1#0, and r;,7j#0 for some 1 < i < j < m, in random normed
spaces.

Every solution of the functional equation (1.3) is said to be a generalized Euler-Lagrange
type additive mapping.

2. RNS Approximation of Functional Equation (1.3)

Remark 2.1. Throughout this paper, r1, ..., 7, will be real numbers such that r;, r; # 0 for fixed
1<i<j<m.

Theorem 2.2. Let X be a real linear space, (Z, ', min) be an RN space, ¢ : X" — Z be a function
such that for some 0 < a < 2,

#:p(le,...,me)(t) 2 nu:xtp(xl,...,xm)(t) Vxie X, t>0. (2.1)
f(0) =0and forall x; € Xand t > 0
(2.2)

. ) _
Jgrgo#(w(Z"xl,‘..Q"xm)/Z") (t) - 1

Let (Y, u, min) be a complete RN space. If f : x — Y is a mapping such that for all x;, x; € X
and t >0

S Frixis Saaem gy )2 S0 i fe)-m f (S o) (8) 2 W oy o (B) (2.3)
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then there is a unique generalized Euler-Lagrange-type additive mapping EL : X — Y such that, for
allx e Xandallt >0

, 2-a)t 2-a)t
HEL(x)-f(x) (£) 2 Tm (TM <# @i (x/21i,~(x/277)) <—6 ’ P‘,(,,i,]-(x/zr,-,O) 6 )

2-a)t 2-a)t
P"<pi,j(o,—(x/zrj>><—6 T H gy erm, i) 3 )

(2-a)t
'
H i (x/1:,0) < 3 ’

Proof. Foreach1 < k < mwith k#1i,j, let x; = 0in (2.3). Then we get the following inequality:

(2.4)

P ) (£) 2 l’l,tpg,j(x,-,xj)(t)’ (2.5)
for all x;, x; € X, where
gii(x,y) =0l o0,..,0_ x ,0,...,0, v ,0,...,0 |, (2.6)
i () = < y
ith jth

forallx,y € Xandall1<i<j<m, and
M(xi, xj) = f(=rixi + 1jxj) + f (rixi = vjx;) = 2f (rixi + vjx;) + 21 f (x3) + 2ri f (x5).  (27)
Letting x; = 0in (2.5), we get
s rxf (i f e (B) 2 10, (E), (2.8)
for all x; € X. Similarly, letting x; = 0 in (2.5), we get
Hf (i)~ (rx2nif () () 2 10 (B), (2.9)
for all x; € X. It follows from (2.5), (2.8), and (2.9) that for all x;, x; € X

(o))~ (f (i) (i) 421 £ ()~ (-~ f () 427 £ ) (F)

| " N t (2.10)
>Tm <nu @i (xi,x}) (g)’ H ‘Pi’j(inO) <§>’I/l (Pi,j(O,xj) <§>>
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Replacing x; and x; by (x/r;) and (y/r;) in (2.10), we get that
HF (~esy)+f (emy)-2f (er) +f () +f ()= (-0)~f () ()

>T !
= M(Mf,j(x/n,y/r,-)( ) P‘zm,(x/nﬂ)( > ﬂtm@y/n)(g))’

for all x,y € X. Putting v = x in (2.11), we get

t t t
Hof(x)-2f (—x)-2f@2x) (£) 2 Tm <‘u/(Pi,j(x/ri' /) ( ) W 91 (x/7:,0) < > ¥ 01,0,/ 77) (3 > >,
(2.12)

for all x € X. Replacing x and y by (x/2) and —(x/2) in (2.11), respectively, we get

t t t
ress0®) 2 T W ermnran (3 )0 Hogerzmo\ 3 ) Hogo-arenl3) )
(2.13)

for all x € X. It follows from (2.12) and (2.13) that

K @x)-2f(x) (E) = Hf () f(-x)+(@f (0-2f (~x)-2f (2x)) /2) (E)

t
> Ty (ﬂf(x)+f(—x) <§>, M2 f (x)-2f (—x)-2f (2x) (t)>

i’ i’ t
2Tm( Tm # i, (x/2ri,~(x/2r})) l’l i, (x/21:,0) # i, (0,~(x/2r})) 6 ’
, t t t
Tm( p @i (x/1i,x/1)) ‘u i, (x/7:,0) # i (0.x/1) \ 3 ’

(2.14)

forall x € X. So

t t
H(f(2x)/2)-f(x) (E) 2 T (TM <l‘ i (x/211,~(x/21,) < ) H gy x/21,0) ( 3>'

, t
K yij0-xr2m\ 3 ) )7

2t , 2t , 21
”‘P!](x/rzx/r]) #(Px/(x/rlo) ‘Ll(Px](OX/r]) 3 '

(2.15)
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Replacing x by 2"x in (2.15) and using (2.1), we get

H(f @r1x) /201y~ (£ ) /2m) (F)

2"t 2"t 2"t
2 Tm( Tr P‘lp,]((znx/zr, ~@n2\ 37 )7 nu(p”((Z"x/Zrl)O) 3 #(p,](o ~ex/2n\ 3 ) )
2n+1t 2n+1t
!
T\ o @iy @xim) Ho@xmol —5 )
, 2n+1t
K gi0,20x/m))

(o N onp
2 Im( Im ”tp,,(X/Zn ~(x/2r})) 3an ﬂtpz,(xmnO) 3a r g 0-(x/2m) 3an ) )’

T , on+ly , on+ly , on+ly
M ‘u({’i/j(x/ri,x/rj) 3at /)’ ﬂtpi,j(X/n,O) 3at )’ ‘u(Pi,j(O/x/Tj) 3an ’

(2.16)

for all x € X and all n € N. Therefore, we have

n-1 _k

nl pky
H(f@rx)/2m)-f (x) (Z 2_k>
k=0
a

= HSn((F @10 /25~ (f (25x)/29)) < 2_>
k=0

n-1 akt
2 TiZo \ M@ 2oz \ e
t t t (217)
2 T k=0 Tm( Tm # i (x/2ri,~(x/2r})) 3 I’l i j(x/2r:,0) l’l i (0,~(x/2r})) 3 ’
2t , 2t , 2t
‘u i j(x/ri,x /1) s i (x/1:,0) ‘u% Ox/mH\ 3’
t\ t t
=T T K gy xrommrp\ 3 ) Hogrzmo\ 3 ) Foyo-ecrzim(3) )
2t ) 2t . 2t
Tm .uqy,](x/r, x/7j) //l(p”(x/n 0) nu(p,](()x/r]) 3 ’

~~
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for all x € X. This implies that

H(f@nx) /2m)—f (x) ()

/ t ! ;
=0 =0
i (0,~(x/2r})) 322;(1) ak/Zk) ! (2.18)

T , 2t , 2t
M\ H gy i(x/rix/ry) 322—3 ak/Zk) B gm0 322—(1)(0‘;(/2;() ’

, 2t
nin(s5p30075)))

Replacing x by 27x in (2.18), we obtain

H(f@rrx) /2m9)~(f (20 x) /27) (E)

¢ t
>Tul T ! W ’
= iM < M <# @i (x/2ri,~(x/21})) <3 Zz:fl (ak /2F) > ooy er2m0) <3 Zz:?l (ak /2K) >
. t
K 10~ (x/2r) 32212*1 (ak/zk) ’
2t
T !
M </’l i (x/ 1,/ 1}) <3 Zzzz—l ([Ik/zk) >/
y ot i 2t
WO\ 3z (ak/ak) ) O\ 5 S (ak 28)

Since the right-hand side of the above inequality tends to 1, when p,n — oo, then

the sequence { f (2kx) /2k };: is a Cauchy sequence in complete RN space (Y, yt, min), so there
exists some point EL(x) € Y such that

(2.19)

k
EL(x) = lim f (zkx) , (2.20)

for all x € X.
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Fix x € X and put P = 0 in (2.19). Then we obtain

H(F@nx) /2m)-f () ()
>Tm( T , t | t
> Ty " ‘I/l (Pi'j(x/Zri,_(x/zr/)) 3 ZZ;(l) ak/zk) ’ //l ‘Pi,f(X/ZTi,O) 3 ZZ;(l) (ak/Zk) ’
, t
1z ¢ij(0,~(x/2r})) <m> >/
o 2t / S
M\ H gy x/mie/m)) 3 ZZ;(l) ak /2k) Honx/no) 3 ZZ;é ak /25) ’

, 2t

(2.21)

and so, for every € > 0, we have

HELG) £ () (E+ €) 2 T (HELG) (£ 2nx)/27) (€), (20 /27 f () (F))

t
>T <nuEL(x)(f(2nx)/2n) (€), Tu <TM <ﬂ,""” Gtz <m>
k=0
| t
iy erari0) W
| t
Hosoem\ 35 ) )
2t
!
Tnm <# i /73 ) <3 S (ak/2%) >

p < 2t >
i (x/1:,0) 3zz;(l) ak /Zk) 4

, 2t
H i 0,x/77) —3 ZZ;(l) (ak/zk) .

(2.22)
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Taking the limit as n — oo and using (2.22), we get

HEL(x)-f(x) (E + €)

2 -a)t 2-a)t
2 Tu <TM (ﬂltpi,j(x/Zri,—(x/zrj)) < 6 ’ #,ll’i,j(x/zhvo) 6 ’
/ (2 - Ol)t ' (2 B d)t
K 91 0,~(x/2))) ( 6 >>’ Tm (ﬂ i (x/1i,x/17) < 3 ’ (2.23)
2-a)t
‘u,(Pi,j(x/rirO)< 3 4

ﬂlwi,j(ofx”f)<@>>>.

Since € was arbitrary by taking ¢ — 0in (2.23), we get

, 2-a)t , 2-a)t
HEL(0-f () (B) 2 T <TM <# qfi,;(x/Zri,—(x/er))< 6 7 Hogij(x/2m0) 6 ’
, 2-a)t
oo~y "¢ ) )
! (2 - d)t ' (2 - “)t
Tnm <# ¢ij(x/7i,x/1}) ( 3 H i (x/1i,0) 3 4

.”’(p,-,j Ox/7)) <@> ) ) ’

Replacing x; by 2"x; for all 1 <i < m, in (2.3), we get for all x;, x; € X and forallt > 0,

(2.24)

S F 2074 Siciamiz ; 20 42 S 1 f (27)=m f (S 27riac;) /2 (t) 2 ‘”,(p(z"mp--l"xm)/zn (t). (2.25)
since
nh_{{}oﬂip(znxl,...,znxm)/zn ) =1, (2.26)
We conclude that

iEL <—r]~x]- + > rl-xi) + ZiriEL(xi) - mEL <irixi> =0. (2.27)

j=1 1<i<m,i#j i=1 i=1
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To prove the uniqueness of mapping EL, assume that there exists another mapping
A : X — Y which satisfies (2.4). Fix x € X, clearly EL(2"x) = 2" EL(x) and A(2"x) = 2" A(x),
for all n € N. Since HEL(x)-A(x) (i’) = limn‘)wlx{(EL(znx)/zn),(A(znx)/2n) (t), SO

. t t
H(EL@x) /2m)-(A(2nx) /2m) (B) 2 mm{.”(EL(Z"x)/2">f(f(2"x)/2") (t) (5)/#(f(znx)/z")f<A<2"x>/zn> (t) (5) }

2M(2 - a)t 2"(2 — )t
! !
2Tm <TM <# i j(x/211,~(x/21})) <—12a" >: K g, (x/25,0) <—12a" ,

) 2"2 - a)t

Koo~ " 1oan ) )’
2"(2 - a)t 2"2 - a)t
! !
Tm <# (Pi//'(x/ri,x/rj)< 6a" >"u (Pi,j(x/ri/0)< 6am ’

, 21(2 - a)t
Hoyox/m\ ™ gan :

(2.28)

Since the right-hand side of the above inequality tends to 1, when n — oo, therefore, it

follows that for all t > 0, pgr(x)-a(x) (f) = 1 and so EL(x) = A(x). This completes the proof. [

Corollary 2.3. Let X be a real linear space, (Z, p', min) be an RN space, and (Y, p, min) a complete
RN space. Let 0 <p <1,z9 € Zand f : X — Y be a mapping with f(0) = 0 and satisfying

ST F6+ S i, 1) 42 S0 v f ) -m (S0 i) () 2 (s oy (8), (2.29)

for all x;,x; € X and t > 0. Then the limit EL(x) = lim,, o f (2"x)/2" exists for all x € X and
defines a unique Euler-Lagrange additive mapping EL : X — Y such that

, Plrr|"@-20)t\ 2P (2 - 2Pt
ﬂEL(x)ff(x)(t) >Tm <TM <ﬂ |x||”zo< 6(|Ti|p + |rj|p) s H l2IP zo <T>/
) |2r;]" (2 - 2P)t
v\ — ¢ ) )
, [rirs|"2-27)t\ il (2 - 27)t
Tm <l4 [lx[IP zo < 3(|r,-|p + |rj|P) M IIXHPZo< 3 )’

. (Inle-2)
Hidprz\ — 3 ’

Proof. Leta = 2P and ¢ : X™ — Z be defined as ¢(x1,...,xm) = (31, 1x:ilP) zo. O

(2.30)

forall x € X and t > 0.
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Corollary 2.4. Let X be a real linear space, (Z, ', min) be an RN space, and (Y, u, min) a complete
RN space. Let zy € Zand f : X — Y be a mapping with f(0) = 0 and satisfying

#meﬂ F1ix+ S ciam, 14 Tixi)+2 S mi f (o) —m f (X2 rioxi) (t) 2 nulézo (t)’ (2'31)

forall x; € X forall 1 <i <mandall t > 0. Then, the limit C(x) = lim, _, . (f(2"x)/2") exists for
all x € X and defines a unique Euler-Lagrange additive mapping EL : X — Y such that

(BN [t
HEL()-f(x) (F) = Tm (H 620 <g>r# 620 <§>), (2.32)

forall x € X and t > 0.
Proof. Leta =1and ¢ : X™ — Z be defined as ¢(x1,...,x,) = 620. O

Theorem 2.5. Let X be a real linear space, (Z, ', min) be an RN space, ¢ : X" — Z be a function
such that for some 0 < a < 1/2,

,,,,,

H o2t 2 W,y (B VX € X, 80, (2.33)

f(0) = 0and forall x; € Xand t > 0, limn_,w,u’znq)(x]/zn ,,,,, xm/Z")(t) = 1. Let (Y, p, min) be a
complete RN space. If f : X — Y is a mapping satisfying (2.3), then there is a unique generalized
Euler-Lagrange-type additive mapping EL : X — Y such that, for all x € X

(1-2a)t (1-2a)t
HEL(x)f(x) (£) > T;m <TM </‘ltp,~,,-(x/n,—x /rf>< o , #/W(x/mo) )

, (1-2a)t
K i 0,-x/r) < 6a >>
(2.34)
, (1-2a)t
Ty <lu i (x/1i,x/1)) < 3a >’
, (1-2a)t , (1-2a)t
#tﬂi,j(X/n,O)< 3a )’ ”«pf,j(O,x/rj)< 3a )))’

forall x € X andall t > 0.



12 Mathematical Problems in Engineering

Proof. Replacing x by x/2"! in (2.14) and using (2.33), we obtain

I/lznf(x/zn)_znﬂf(x/znﬂ) (t)

t t
>2Tm( Tm # i (x/2211,~(x/2%2) \ on . g # o2\ 3 g )7
' t
K gij0-@r2w\ ong ) )
! t t t
G i (x/2%17,2/ 2% )\ Dm 3 l’l i (x/2113,0)\ Dn . 3 # 9ij(0x/27r) \ Dn . 3
>T T ! " I t
S #(Pi'j(x/zri'_(x/Z’f)) m ’ /’lwi,j(x/Zn,O) m ’
' t
Foso-trm i 5) )
! t / t | t
M\ H ¢ij(x/1i,x/j) m s H i, (x/1:,0) m w oo m |

(2.35)

So
n-1

P f(x/2m) —f () <sz“k+lt>
i=1

t t t
2.36
>TM<TM<# @i j(x/1;, (x/r]))< ) ‘u(plj x/r; 0)( > ‘u‘PU(O (x/r]))<6>)’ ( )
, t t t
Tm( p @i (x/1i,x /1)) P K i, (x/1:,0) W 9 0x/m)\ 3 ’

for all x € X. This implies that

o f(x/2m)-f (x) (F)

ST T ; t ) t
=M\ M #(Pi,j(x/ri,_(x/rj)) 6 Zn Lok gk 4 #‘Pi,j(x/riro) 6 Zn Lok gk
# 1,
i (0,~(x/7})) <6 ZZ (1)2kak>> (237)
'
Tm <# @i (x/1i,x/17) < n 1 Zkak>
, t
‘u‘{)i/j(x/rilo) n 12k k ‘u({)q (0,x/1) 3a Zn 1ok yk :
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Proceeding as in the proof of Theorem 2.2, one can easily show that the sequence
{2" f(x/2")} % is a Cauchy sequence in complete RN space (Y, y, min), so there exists some
point EL(x) e Y such that

. nel X
EL(x) = lim 2 f< zn), (2.38)
forall x € X.
Taking the limit # — oo from both sides of the above inequality, we obtain (2.34).
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.6. Let X be a real linear space, (Z, ', min) be an RN space and (Y, y, min) a complete
RN space. Letp > 1,z € Zand f : X — Y be a mapping with f(0) = 0 and satisfying

.”Z, 1 f (1 x4 Zciam, iz 1iXi)+2 St rif (xi)-mf (Zy rixi) (t) 2 #’(Z;:;l [l 11P) o (t)’ (239)

forall x; € X forall1 <i <mandall t > 0. Then the limit EL(x) = lim,,_, ,2" f (x/2") exists for all
x € X and defines a unique Euler-Lagrange additive mapping EL : X — Y such that

, 2| @ -2t 2rifP (2 = 2)t
HEL(0)—f(x) (£) > Tm <TM <# . sz< » Pz <—>,
20\ 6 (r + 1) ] 6

|2r]|’” (2P - 2)t
il zo ’

(2.40)
|rmi|"@ -2t P (2P = 2)t
H =y 33l + |ri7) R\ 3 )
|r,|”(2P - 2)t
sz ’
forallx € Xand t > 0.
Proof. Leta =277 and ¢ : X™ — Z be defined as ¢(x1, ..., xm) = (312 I1xillP) 2o O

Corollary 2.7. Let X be a real linear space, (Z, ', min) be an RN space and (Y, y, min) a complete
RN space. Let zo € Z and f : X — Y be a mapping with f(0) = 0 and satisfying

KT F X Dacim, iz i) +2 it i f (xi)—m f (S Tixi)(t) 2 ”iﬁzo (), (241)

for all x;,x; € X and t > 0. Then, the limit EL(x) = lim, 2" f (x/2") exists for all x € X and
defines a unique Euler-Lagrange additive mapping EL : X — Y such that

, 4t , 2t
HEL(0)-f(x) (£) 2 Tm (ﬂ 520 <§>/ sz, <§> ) , (2.42)

forall x € X and t > 0.
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Proof. Leta =1/4and ¢ : X" — Z be defined as ¢(xy, ..., x,,) = 620. O
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