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H,, filtering problem for a class of piecewise homogeneous Markovian jump nonlinear systems
is investigated. The aim of this paper is to design a mode-dependent filter such that the filtering
error system is stochastically stable and satisfies a prescribed H,, disturbance attenuation level. By
using a new mode-dependent Lyapunov-Krasovskii functional, mixed mode-dependent sufficient
conditions on stochastic stability are formulated in terms of linear matrix inequalities (LMIs).
Based on this, the mode-dependent filter is obtained. A numerical example is given to illustrate
the effectiveness of the proposed main results.

1. Introduction

The filtering problem has received significant attention in the past decade. Current efforts
on this topic can be divided into two classes: the Kalman filtering approach and the H,,
filtering approach. As we all know, Kalman filtering approach is based on the assumption
that the system is exactly known, and its disturbances are stationary Gaussian noises with
known statistics. These assumptions limit the application scope of the Kalman filtering
technique when there are uncertainties in either the exogenous input signals or the system
model [1]. To overcome the restriction described above, Hy, filtering has been introduced as
an alternative filtering technique [2-6].

On the other hand, Markovian jump systems are an active area of research. It switches
from one mode to another in a random way, and the switching between the modes is gov-
erned by a Markovian process with discrete and finite state space. These models serve as con-
venient tools for analyzing plants that are subjected to random abrupt parameter changes due
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to, for instance, component and/or interconnection failures, sudden environmental changes,
or change of the operating point of a linearized model of a nonlinear plant. A wide class of
industrial system applications experience time delays due to various reasons including inher-
ent physical properties (mass transport flow, recycling), data transmission delays or finite
capabilities of information exchange [7]. When considering the continuous systems with
time-varying delay, the systems can be clarified into two types, one is slow time-varying delay
systems, that is, the derivative of the time delay is less than one, for example, [2, 8, 9], and the
other is fast time-varying delay systems, that is, there are no constraints on the derivative of
the time delay. Both Lyapunov-Krasovskii and Lyapunov-Razumikhin approaches are funda-
mental for time-delay systems, and some existing work usually do not require the derivative
of the time delay to be less than one, see, for example, [10, 11]. Due to their extensive
practical applications, considerable attention has been devoted to Markovian jump systems
with time delays. The issues of stability and control have been well investigated; see, for
example, [9, 11-29] and references therein. In [30-32], the sliding mode control of Markovian
jump singular systems was studied, and, new integral-type sliding surface functions were
designed. Moreover, strict LMI conditions of the stochastic stability were proposed in [30, 31],
which are easy to be checked by Matlab LMI toolbox. In [32], a suitable switching surface
function and a sliding mode control law were designed to ensure the attraction of the sliding
surface when the system changes from one mode to another under Markovian switching,
and the slack matrix approach was used to derive less conservative LMI conditions assuring
stochastic admissibility. The filtering problem for Markovian jump time-delay systems was
reported in [8, 33—40]. Many nonlinear physical systems can be represented as a connection of
a linear dynamical system and a nonlinear element. Filtering for Markovian jump nonlinear
system is an important research area that has attracted considerable interest [41-43]. It should
be pointed out that the above-mentioned references assume that the Markovian processes
are homogeneous, that is, the considered transition probabilities (TPs) in Markovian process
are assumed to be time invariant. However, the assumption cannot always be satisfied in
real applications, and the ideal assumption on TPs inevitably limits the applications of the
established results to some extent [44]. Therefore, it is important and necessary to pay
attention to the study of Markovian jump systems with time-varying TPs. Recently, the
problem of H,, estimation for discrete-time Markovian jump linear system with time-varying
TPs has been investigated in [44]. The H,, control problem has been conducted for a class
of discrete-time Markovian jump systems with time-varying TPs in [45], where the average
dwell-time switching is used to describe the variation among the TPs. The stochastic stability
analysis of piecewise homogeneous Markovian jump neural networks with mixed time
delays has been studied in [46]. But, the time-varying delays in [46] are independent of jump
mode. To the best of our knowledge, no results have been given for piecewise homogeneous
Markovian jump nonlinear systems with mode-dependent time-varying delays. With the
appearance of time-varying TPs and mode-dependent time-varying discrete and distributed
delays, the main difficulties are as follows: (1) the new Lyapunov functional should be
constructed to deal with above problem; (2) since the system involves joint jump processes
and mode-dependent time-varying delays, the calculation of derivative of the Lyapunov
functional and the using of inequality techniques become more complicated. Moreover, the
Lyapunov matrix P, is assumed to be diagonal matrix in some existing literature, which leads
to some conservativeness. Therefore, the key problems in this research are: (1) how to choose
a Lyapunov function to derive a sufficient stochastic stability condition for the considered sys-
tems; (2) how to use the inequality techniques and calculate the parameters of the filter such
that the resulting sufficient conditions are less conservative? Which has motivated this paper.
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In this study, we are concerned to develop an efficient approach for H, filtering prob-
lem of piecewise homogeneous Markovian jump system. The system under study involves
mode-dependent time-varying discrete and distributed delays and inherent sector-like
nonlinearities. By using a novel Lyapunov-Krasovskii functional, mixed mode-dependent
sufficient condition on stochastic stability with an H,, performance is derived in terms of
LMIs. Based on this, the existence condition of the desired filter which guarantees stochastic
stability and an H,, performance of the corresponding filtering error system is presented. A
numerical example is provided to show the effectiveness of the proposed results.

Notation. Throughout this paper, R" denotes the n-dimensional Euclidean space. (2, ¥, D) is
a probability space, Q is the sample space, ¥ is the o-algebra of subsets of the sample space,
and p is the probability measure on F. £{-} refers to the expectation operator with respect to
some probability measure . We use diag{-, -, -} as a block diagonal matrix. A > 0 (< 0) means
A is a symmetric positive (negative) definite matrix. AT denotes the transpose of matrix A, I
is the identity matrix with compatible dimension.

2. System Description and Definitions

Fix a probability space (€, %, /) and consider the following stochastic Markovian jump sys-
tem with mode-dependent time-varying delays:

t
x(t) = A(r)x(t) + Ar(ro)x(t = 7(£, 1)) + Az (11) x(s)ds + B(ry) f (x(t)) + D1(r)w(t),

t=7(t,r1)

t
y(t) = Cr)x(t) + Ci(r)x(t - 7(t, 1)) + Ca(ry) x(s)ds + E(r)g(x(t)) + Da(r)ew(t),

t=7(t,r)
z(t) = H(r)x(t),

x(t) = ¢(t), te[-1,0],
(2.1)

where x(t) € R” is the state vector; w(t) is the exogenous disturbance input which belongs
to L,[0 o0); y(t) € RP is the measured output; z(t) € R is the signal to be estimated;
¢(t) is a compatible vector-valued initial function defined on [-7,0]; A(ry), Ai(r:), Ax(re),
B(rt), Di(r1), C(ry), Ci1(ry), Ca(ry), E(ry), Da(ry) and H(r;) are real constant matrices with
appropriate dimensions. 7(t,r;) is the mode-dependent time-varying delay. The process
{rt,t > 0} is described by a Markov chain with finite state space S; = {1,2,..., N}, and its

transition probability matrix, [1C+2) = [Jrl.(lo‘“)] ~nxn (i1 € S1), is governed by

(Ot+a) .
a " A+ 0o(A) I#i
Pr{rga=1|r=i=1""1 ’ ’ 2.2
(riea =Llm =1} {1 + A +o(D), 1=i, @2
where A > 0 and lima o(0(A)/A) = 0; Jrl.(la’*A) > 0 for [ #1i is the transition rate from mode
i at time f to mode [ at time t + A and yri(io“A) = - Zﬁu i yri(lG”A). In this study, we assume

that o; vary in another finite set S, = {1,2,..., M}, and the variations are considered as the
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stochastic variation. The variation of oy is governed by a higher-level transition probability
(HTP) matrix A = [Ajk] pm (J, k € S2) and the TPs of Markov chain satisfy

LA +o(A),  k#j

: (2.3)
1+ )L]]A + O(A), k= 1,

PI‘{Gt+A =k|0't=j} Z{

where \jx > 0 for k#j is the transition rate from mode j at time t to mode k at time ¢t + A
and \j; = - Zﬁilrkiﬁ j Ajk- The stochastic processes r; and o; are assumed to be independent
throughout this paper. For vector-valued functions f(x(t)) and g(x(t)), we assume:

[f(x) = f(y) = Mi(x = )] [f(x) - f(y) - Ma(x - )] <0,

(2.4)
[g(¥) - g(y) - Li(x - )] [8(x) - §(y) - La(x - )] <0,

where for all x,y € R* and M1, M, L,,L, € R™" are the known constant matrices. In what
follows, for implicity of presentations and without loss of generality, we always assume that
f(0) =0and g(0) =0.

For simplicity, a matrix R(r;) will be denoted by R;. For example, A(r;) is denoted by
Aj, Aq(ry) is denoted by Ay; and 7(ry, t) is denoted by 7;(t), (i € S1). When the mode is in
¢ = i, the mode-dependent time-varying delay satisfies

0< ()< <7, 7i(t) < pi, (2.5)

where T = max{t;}.
In this study, the following full-order linear filter is proposed to estimate the signal

z(t):

x(t) = A, X(t)dt + Br, y(t),

z(t) = Cr,x(t), (2.6)

%(0) = 0,

where X(t) is the filter state vector, and (Ar; Bf, Cf,) are appropriately dimensioned filter
matrices to be determined.

Define the estimation error by e(t) = z(t) — Z(t), we obtain the following filtering error
system:

J— J— J— t — — p—
&(t) = Aijé(t) + A KE(t = 7i(t)) + Az K o ¢(s)ds + Bi; f(K{(t)) + Eijg (K§(t)) + Dijw(t),

e(t) = Hyé(b),

i(i’) = (;l)(t)/ Vi e [_T/ 0]/
(2.7)
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where §(t) = [x"(t) 27()]", (1) = [" (1) 071", and

A Ai 0 . Ali - _ AZi = Bi
Al] - BFi/Ci AF!'J']’ All] = BFijcli]/ A21] = [BFijCZi]l Bl] = I:O]/
(2.8)
El] B [BFifEi], Dl] - BFi/DZi]’ Hl] B [Hl CFI'J']’ K= [I O]'

Remark 2.1. According to the definitions of homogeneous Markovian chain and nonhomoge-
neous Markovian chain in [44, 47], one can see that the Markovian chain o; in this paper is
homogeneous, while the Markovian chain r; is neither homogeneous nor nonhomogeneous,
but a state between them, which can be called the finite piecewise homogeneous Markovian
chain.

Remark 2.2. In this paper, the nonlinear functions f(x(t)) and g(x(t)) are said to belong
to sectors, which means that the nonlinearities are bounded by sectors. The nonlinear
descriptions in (2.4) are quite general that include the usual Lipschitz conditions as a special
case [2].

The following lemma and definitions are introduced, which will be used in the proof
of the main results.

Lemma 2.3 (see [48]). For any matrix M > 0, scalar y > 0, vector function w : [0,y] — R" such
that the integrations concerned are well defined, the following inequality holds:

on a)T(s)ds] M UZ w(S)dS] <Yy J(: w (s)Mw(s)ds. (2.9)

Definition 2.4. The filtering error system (2.7) with w(t) = 0 is said to be stochastically stable,
if for any initial ¢(t) € R" defined on [-7,0] and modes r; and o}, the following relation holds:

[7]

lim é{LT 1€ (s, 0, 00, 9) ||2ds} < oo. (2.10)

T—o0o

Definition 2.5. Given a scalar y > 0, the filtering error system (2.7) is said to be stochastically
stable with an H,, performance y, if for every system mode r;, the filtering error system (2.7)
with w(t) = 0is stochastically stable and, under zero initial condition, it satisfies |le|]» < yl|w|l2
for any nonzero w(t) € L,[0, oo].
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3. Main Results

In this section, we first propose a delay-dependent sufficient condition for stochastic stability
with the H,, performance of filtering error system (2.7). Now, consider the following
Lyapunov-Krasovskii functional for systems (2.7):

6
V(& ti ) = D Valéutiisf), (3.1)
n=1

where

Vi (‘;t/ t, 1/]) = éT(t)P(T‘t, O't)g(t)/

Va@tif) = |

t=7(t,re)

Va(&it,i,j) = f

t—7(t,r¢)

t t

£ (s)KT Q1 (r, o) K& (s)ds + f £ (6)KT Qs (ry, o) K2 (s)ds,

t=7(r1)

[It éT(s)KTds:I Ri(r1,0¢) [It Kg(s)ds] de,
0 0

t

Vi(é,tij) =1 f : ; T (s)KTZKé(s)ds de,

t t

¢T(s)KTRyK¢(s)dsdO + fo ET(s)KT Gy (r)KE(s)ds db,
0 ~7 (1)

t+0

0
V(i) = |

T J t+

t

T 0 T
Vo(én,t,1,) = L f_e : & () KT Ry K¢ (a)dadsdO + L e(s —t+0)¢T (s)KTG,K¢(s)ds d6.

(3.2)

t—

Let £ be the weak infinitesimal generator of the random process {¢&, ¢, 0:}. Then, for
eachi € 51, j € Sy, the stochastic differential of Vi (¢, t,1, j) along the trajectory of system (2.7)
is given by

LV (&,t,1,) = 28T (1) P

t

X I:Zijé(t) + Ay KE(t - i) + AgijK o &(s)ds + By f(KE(t))

t—T,'

+E;jg(K&(t)) + Bijw(t)] +¢T(t) [Zﬂi(lj)l’lj + Z J\jkpik]ﬁ(t),
1S, keSy
t t
LV, (&, t,1,5) = £ ¢M(s)KTQu (1, 00)Ké(s)ds + ﬂj ¢M(s)KTQy (11, 01)Ké(s)ds

t=7(t,r;) t=7(r1)
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t+A

- lim ~E j £ (5)KTO1 (r1sa, 01sa) KE(5)ds
A—0"A t+A=T(rra t+A)

t
—f ¢T<s>I<TQh]-K§<s>ds}
t=7; ()

t+A
+ lim LE J &7 (5)KT Qs (risn, 01a) K& (5)ds
A—0r A FHA-T(rn)

t
—f ) éT(S)KTinjK§(S)dS}
t—T,' t

= ¢T(HKTQuijKE(t) — (1 —1(1))&" (t — 7:(t)) KT QuijK&(t — 7(t))

+¢T (KT QuiiKE(t)

(KT QK- ) + 3l f KT QuKy(e)ds
1S, t-7

t ot
+ 3 Ak I (KT Quike(s)ds + > | &7 (5)KTQujKe(s)ds

keS, t-7;(t) 1S, t-7

t

+ S| &) KTQuKeé(s)ds

keS; =T
< &K QuiKE() — (1 - i) & (¢ = (1)) KT Quy KE(t — 7(t))

+¢" (KT QuiiKE(t)

ot
(- 1) KT QuKE(t—71) + V) j ¥ ()KTQui K2 (s)ds
t=7i(t)

- §T<s>I<T< D ﬂi(lj)le]->K§(S)ds

t-t 1€Sy1 #i

t
«f §T<s>KT<Z)L,-kQuk>K§<s>ds
t-;(t)

keS,

t-; t-r 1€51#i

+ ) t &7 (s)KT Qi Ké(s)ds + t §T<s>I<T< D ariﬁf>szj>K§<s>ds

t

+ éT<s>I<T<Z)uijZik>K§<s>ds.

t= keS,

t

t
LV; (&, t,0,7) = = (1-5(t)) §T(s)KTdsR1i]-f K¢(s)ds
t—7;(t) t—7;(t)

t t
+2I §T(t)KTR1ijJ‘ K¢(s)dsdO
t-7;(t) 0
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() b T t
+1625171' ft Ti(t) <L§ (9K dS>R”f <L Kg(S)ds>d9

+ D Ak L w)f & (s) KT R K¢ (s)dsde.

keS,
(3.3)

Using Lemma 2.3 and considering (2.5), it can be deduced that

t t
LVs (&, tirj) < = (1-p) <L_T_(t) §T(S)KTdS> Ruyjj <J‘t_rm K§(s)ds>

O (3R )Ke) + |

t—7;(t)

f ¥7(5)KT Ry K&(s)ds d6
+ ”(]) J (t-0) It ¢ (s)K"Ry;jKé(s)ds df
1#i t-m(t) 0

+ Z)‘J'k f: © (t-6) J:) T (s) KT Ry K¢(s)dsdO

k#j

t t
- (1- ) < f §T(s)KTds> Ryjj <I Kg(s)ds>
t=T;(t) t-7;(t)

T OKT (7R )KE0) + f

N

J‘ gT(S)KTRll]Ké(S)dS de

—7;(t)

t

+ Zﬂf(’ ) f ¢ (s)K Ry jKé(s) (t-0)dods
1#i t-7(t) t-7y(t)

t

t
+ Dbk f ¢M(s) KT Ry K¢(s) (t - 0)d6 ds
k#j =it t-7i(t)

t t
- (1 - ‘ul) <I gT(S)KTdS> Rh']' <I Kg(S)dS)
t=7i(t) t=7i(t)

t t
+¢T (KT (; T Rh]> K&(t) + J'_T J'e ¢T(s)K"Ry;jK¢é(s)ds df

N

+Z T J‘ §(S)KTR111K§(S)CIS

l#l

t5 ZTZ)‘JkI ¢T(s)KT Ry K¢(s)ds.
k#] t-7;(t)

(3.4)
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In addition, it is not difficult to get

LVy(&,ti,7) = TE (KT ZKE(t) - T t ET(s)KTZKé(s)ds,

t-1
zw@m@<ﬁmemw%t§%mwmst

t-T

t t

éT(s)KTdsGuf K¢(s)ds

t=7; ()

g (OKTGuki() - 1 [

=7 (f)

+f0 t §T(5)KT< 3 yri(lj)Gli>K§(s)dsd6,
-7 J t+0

1eSy 1 #i

2iautin) = 3P OKTRKe0) - [ [ KT RKg()dsdo
t

—-T

+%T2§T(t)KTGzK§(t)—IO | ¢ (5)KTGoK¢(s)ds db.

T J t+0

Next, following a similar method of [46], to (3.5), denote

t ' t-rit)
51(t)=£_ _(t)Kg(s)ds, 62(t)=J‘ Ké(s)ds.

t-1

When 0 < 7;(t) < 7, according to Jensen’s inequality, we have that

t-T t-1

T T
> %610)%610) + T_—Ti(t)éz(t)Tz(sz(t)

T —7i(t)
7i(t)

7i(t)
T -7(t)

= 61(t)" Z61(t) + 61(t)" Z61(t)

+6,(NTZ6,(t) + 51T Z6,(1).

It is clear that [49]

T - 7i(t)
[z s] 7;(t)
7i(t)

R EEEA0)

o1(t)

62(t)

-7 ()
T t ET(s)KTZKé(s)ds = Tft T (s)KTZKé(s)ds +Tft t ET(s)KTZKé(s)ds
t=7i(t)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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which implies

T—T7(t)

—~0 0 () 26, (t) + ’(t) 51726, (t) = 61(H)TS8x(t) + 62T STE (). (3.11)

7i(t)

Then, we can get from (3.9) and (3.11) that

t

| E(s)KTZKé(s)ds = 61 (t)T Z61(t) + 6,(1) T Z6,(t) + 61(t)T S6,(t) + 62(£)T ST 61 (t)
t-1
_ 61(t)]T[Z S [61(t)
&M [* z] 61|

Note that when 7;(t) = 0 or 7;(t) = 7, we have 6:(t) = 0 or 65(t) = 0, respectively. So relation
(3.12) still holds. It is clear that (3.12) implies

(3.12)

-T t EN(s)KTZKE(s)ds < xT (H)Qx(t), (3.13)

t-1

where y(t) = [¢T(t) ¢T(t-n(£)KT ¢T(t-T)KT]"

-KTzK KT'(z-S) K's
Q= * -2Z+S+St z-5|. (3.14)
* * -Z
The following equation is true for any matrix N with appropriate dimensions:
0=2T(HK'N
t
X [ - Kg(t) + KAl]g(t) + KAh]Kg(t - Tl'(t)) + KAzl]K §(s)ds + KBl]f(Ké(t))
t=7i(t)
+KE;g(K&(t)) + Kﬁi,-w(t):l .
(3.15)
From (2.4), it is clear that [2]
¢ | [kTMik KTMz ¢(t)
<0 3.16
feonl | 0) (316

() 1'[KTLK KTL][ 0
8(K§(t))] [ * I ] g(Kg(t))] <0, (3.17)
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where M; = (1/2)(M{M2 + M§M1), M, = (—1/2)(M{ + M;), L = (1/2)(L{L2 + Lng),
Ly = —(1/2)(LT + LY). It implies from (3.17) and (3.18) that there exist &; > 0 and &, > 0 such
that

s T[KTMiK KTML| d)
“ [f(Kg(t)) [ * T :|f(K§(t)) =0, (3.18)
o KL KL ¢

“lscketn [ o ][g(Ké(t)) =0 (3.19)

We define

m(t):[g(t) gt-nt)K" E-m)K" FHK" FE-n)K
T (3.20)
t
J, o b OKds SHKD) gT(Kat»] .

From the above discussion, we have

aviein < [50] B ][]

' T2 .
’ L 0 FEK! < 2, A Qi + ?lZ)Vleik + ”i(i])Qlif> K¢(s)ds

keS, k#j

t

. 72
+ éT(s)KT [ Z ]ri(l]) <Q11]~ + Qle + ElRllj> - Rz] Kg(s)ds
t-T i

el (3.21)

N gT(s>I<T<ZAJ-kQZik+7r§f'>Q2ﬁ>K§<s>ds

t=7; keS,

t t
+ f f &M (s)KT (Ryij — R3)K¢(s)dsdo
t- J O

+f0 t §T(5)KT< > yrjlf)cu—cz>1<§(s)dsd6,
-7 J t+0

1Sy #i
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where
_ 7 . o -
Zn 22 0 <NKAij> K'S PijAx; Ziy 218
AT
+ I» 0 (NKAy) Z-S 0 0
* * _inj O O O 0 O
Zj= e ox o« Sy 0 NKAy; NKB; NKE;|,
* % * * -Z 0 0 0
* % * * * 66 0 0
* % * * * * -1 0
|+ * * * * * * -l |
— T :
Zn = PyAi+ A Py + 3, Py+ > AP (3.22)
lESl kESz
T 1, 1, 1,
+ K Qlij+Q2ij+TR2_Z+§Ti Rlij+§7- R3+TiG1i+ ET G2
x K — ;KT MK - KT LK,
Zp = Pijzlij +K'(Z-39), Sy = PijEij — 1K™ M,, Zig = PijEij ~ &KLy,
Sp=-(1-p)Quij—-2Z+S+S", Su=1"Z-N-NT,
1 —T —T T
D66 = — (1 - ,ui)Rh'j - ;Gli/ (Dlij = [Dijpij 00 DinTNT 0000f-

Therefore, we have the following result for the H, performance analysis.

Theorem 3.1. Given scalars T, 7;, and p;, the filtering error system (2.7) is stochastically stable with
an Ho, performancey for any time delay 7;(t) satisfying (2.5), if there exist matrices P;j > 0, Q1;; > 0,
Q2ij >0, Ry;j >0, R, >0, R3 >0, Z >0, Gy; >0, Gy >0, and matrices S, N such that for each
i€ Sl,j €S,

2ij Dajj Doij

* -y’ I 0 | <0, (3.23)

* * -1

72 ()
Z ik Quik + ?lzf\ijlik + ) Quij <0, (3.24)
k€S, k7]
2
o . L\ L
Z o\ Quj + Qo + 7R11; R, <0, (3.25)
ISy #i
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> Ak Qaik + 7 Qui < 0, (3.26)
keS,
Rlij < R3, (327)
> m/Gu<Gy (3.28)
IeSy1#i
where

_ T

@yj=|H; 000000 O . (3.29)

Proof. Using the Schur complement formula to (3.23), it can be seen that inequality (3.23) is
equivalent to

Sii + @p i OL. Dy
[ 1] . 1] 72ij - 21]I <0, (3'30)
Y

which implies %;; < 0. Now, we show that the filtering error system (2.7) with w(t) = 0 is
stochastically stable. If w(t) = 0, from (3.1), (3.21), (3.24)—(3.28), and X;; < 0, there exists a
scalar A > 0 such that

LV (&,t,i,7) < =Allx(®)]*. (331)

Therefore, for any T > 0, by Dynkin’s formula, we have
T
EV (&, t,i,7) —EV(8,0,0,0) < —AE f lx(s)|I*ds, (3.32)
0
which yields
! 1
af [l (s)|[>ds < TEV(60,0,0,0) < oo. (3.33)
0

Thus, the filtering error system (2.7) with w(t) = 0 is stochastically stable by Definition 2.4.
In the sequel, we will deal with the H, performance of the filtering error system (2.7).
Using (3.30) and H,, performance, we have

a{zv(gt, ti, ) +e" (Be(t) - ysz(t)w(t)}

wit) =

T
o [m®O] | =i+ Dy;j D3 D
= w(t) * -y*I
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Noting that the zero initial condition, then it follows from (3.34) that

1= ¢{ [ e te - o o)
(3.35)

< a{ I:Q [eT(t)e(t) — YT (Hw(t) + LV (&,1,i, j)]dt} <0.

Hence, if (3.23)-(3.28) hold, /| < 0 can be guaranteed. That is, |le]. < yllw| for all
nonzero w(t). Therefore, the filtering error system (2.7) is stochastically stable with the H,
performance y by Definition 2.5. This completes the proof. O

Remark 3.2. A new stochastic stability criterion is obtained in Theorem 3.1 by constructing
a novel mode-dependent Lyapunov functional. The Lyapunov functional in this paper uses
all information about r;, o; and 7(t, ;). The Lyapunov matrices P(r:, 0y), Q1(rt, 0¢), Q2(r, 0¢),
and R;(r;, 0y) depend on both the system mode r; and the higher-level Markovian chain oy.
Compared with the mode-independent Lyapunov matrices [40, 42], the mode-dependent
Lyapunov matrices can reduce the conservativeness since they provide additional degrees
of freedom which are very important for deriving LMlIs solutions in general. Hence, the
Lyapunov functional in this paper is more general and the condition on stability is more
applicable.

Remark 3.3. 1t should be pointed out that the aim of the introduction of V3(&,t,1,7) is to
propose a stability condition which depends not only on the delay upper bound 7, but also
on the subsystems’ delay upper bounds 7;, in other words, if V3(é,t,1, j) is not considered,
the obtained stability condition only depends on the delay upper bound 7. Hence, the
introduction of V3(¢&, t,1i, j) may reduce some conservativeness.

Based on Theorem 3.1, the H, filter synthesis problem can be developed in terms of
LMIs for the system (2.1) with higher-level Markovian chain.

Theorem 3.4. Consider the systems (2.1). Given scalars T, T; and p;, the filtering error system (2.7)
is stochastically stable with an H, performance y for any time delay T;(t) satisfying (2.5), if there
exist matrices Plij >0, Qlij >0, Q2ij >0, Rlij >0, R, >0,R3>0,Z>0, Gli >0,G, >0, Si]' >0,
Uyij > 0, Viij > 0, Siij, Tkij, Zpij, Epij, épij, and matrices S, N such that foreachi € S1,j € 5,

(S Zip i3 0 (NA)" S S X5 S iy H T
- — — — — _
— — T
£« % 3 0 (NAl,-> Z-S 0 0 0 0 0
* ok =0y 0 0 0 0 0 0 0
* ok x % 355 0 NAy NBi 0 NDy 0
. x x . . _7 0 0 0 0 0 <0, (3.36)
* * * * * * 277 0 0 0 0
* * * * * * * -1 0 0 0
* k% * * * * * -6 0 0
* ok % * * * * * * —)’2] 0
| * * * * * * * * * * -1 ]
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2
T ;
> Ak Quik + éZJ\ijuk + Jri(i])Qlij <0, (3.37)
keS, k#]
@) T
Z o] <Qllj +Quj + 7R11]’> - Ry <0, (3.38)
IS #i
S 4k Qaik + 7Y Quis <0, (3.39)
keS,
Rlij < R3, (340)
(7)
D, 7 Gi<Gy (3.41)
IS4

where

J— — —T .
T T Z () Z

211 = Pliin + Ai Plij + Bp,.jCl- + Ci BFij + Jl'l.l Pllj + )L]'kplik + Qlii + Q2ij
€S, keS,

1 1 1 — -
+ ETiZRlij + TRy + §T2R3 -Z+1Gyi + §T2G2 - M -el,
Sio = Ap, + ATSE+ CTBy + () +0) S+ > Sy + 3 AT,
i7i Pey

315 = PyjAn + Bp,Cli+ Z - S, Sy = PijjAgi + Br,Cai, S5 = Py;jB; — e1 My,
Si6=Br,Ei—elo, iy = PyDyi + Be, Dy,
5o = Ap, + Ap + (10 4 0;)S; + S oaP U+ S Vi

22 Fij Fij ii ji )i il Hij jk Vkijs

1Sy 1 #i keSy k#j

Sp3 = SijA1 +Br,Cui,  Zo4 = SijAsi +Br,Cai, 35 = SiDy; + B, Dy,

- - = 1
o= - (1-p)Quj-22+8+S",  Zs=7Z-N-N', Iy =-(1-p)Ri- G
(3.42)

In this case, the parameters of the desired filter can be chosen by

Af, = S;ilzpij, Br, = s;;EF Cr, = Cr,. (3.43)

ij’

Proof. For each r; = i € S, 04 = j € Sy we define a matrix P; > 0 by P; =
[Piij g zz ] By invoking a small perturbation, if necessary, we can assume that P»;; and P5;; are

0

nonsingular. Thus, we can introduce the following invertible matrix | = [(I) PiIPL ] Pre- and
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postmultiplying (3.23) by diag [J T I,I,1,1,1,1,1,1,1,1I]and its transpose, respectively. Then,
we define

Br, = P;jBr,, Cr, = Cr, Py} PJ,

_p..p-lpT
Sij = PuijPy; P, 3ij* 2ij”

A _ D -1 pT
3ij* 2ij” AF:-]-—PZUAF,--P P

i1 3ij 217

Sij = Pzszgi}PzTi,- (I#1), Tyij = P2ikP3_i}P27;j (kK#7), U = Pzingi]TPaszgi}PzTij (I1#1),

Viij = Paij Py Paix Py Pryy - (K #])-

(3.44)
It is easy to obtain (3.36).
On the other hand, according to (3.44), we have
AF, = Pz—i}ZFU P;i]TP3ij, Br, = PZ;.}EF,.,., Cr, =Cr, Pz-gpg;i,». (3.45)

From (2.6), the transfer function from measured output y(t) to estimated signal Z(t) can be
described by

Tgy = Cpi]. <SI - Api].>_1Bpii

— J— -1 —
= Cr, Pyl Py <51 - Pyl Ar, Pz-,.]TP3ij) P;\Br, (3.46)

— — -1 —
= CFi/' <SI - Si_leFij> Si_]-lBFi]..

Therefore, we can conclude from (3.46) that the parameters of the filter in (2.6) can be
constructed by (3.43). This completes the proof. O

Remark 3.5. It should be pointed out that some existing work in control and filter design
of Markovian jump systems, the Lyapunov matrix P; is assumed to be diagonal matrix, for
example, see [42]. It is well known that such assumption can lead to much more conservative
result. Although the first diagonal element Z1; in (3.23) includes P;;, P;;, and Py in this paper,
P;j is not assumed to be diagonal matrices.

Remark 3.6. In [30-32, 38], the authors have achieved some excellent work of Markovian
jump singular systems. Due to the presence of the singular matrix E, the issues of stability
and control of such systems are more difficult and complicated. However, there is no results
on piecewise homogeneous Markovian jump singular systems in the existing work, and the
problem of control for such system is an interesting issue.

Remark 3.7. Theorem 3.4 solves the filtering problem of a class of piecewise homogeneous
Markovian jump nonlinear systems. The obtained conditions are formulated in terms of
LMIs, which could be easily checked by using the LMI toolbox in Matlab. The feasible
solutions to the conditions presented in Theorem 3.4 will depend on both the mode r; and the
higher-level Markovian chain oy, which ensure that the error system is stochastically stable.
A numerical example verifies the validity of the designed filter in Section 4.



Mathematical Problems in Engineering 17
4. A Numerical Example

In this section, a numerical example will be presented to show the validity of the main results
derived above.

Example 4.1. Let us consider the stochastic system (2.1) with the following system of matrices:

am=[7 L ao-|} T an-[3 0

0.7 0.8

SO TN R

0.01 0.02

-0.01 0.01
M,=L,= [_0‘03 _0.02], C(1)=[19 -21], Ci(1) = [1.5 0],
C(1) =11 1], E(1) = [0.8 0.6], D,(1) =08, H(1)=[04 0.2],
(4.1)
-9 0 0.8 0.6 -08 0
e ) FR TG R il PR HC R i
09 1 0.2 0.01 0.01
B@2) = [2.3 0.6]’ D:1(2) = [0.2]’ Mi=Li= [0.01 0.02]’
-0.01 0.01
My=1L,= [_0.03 —0.02]' C22)=[1.8 -2.2], Ci1(2) =12 0.1],
C(2)=[1 -0.8], E(2) =[0.8 0.6], Dy(2) =1, H(2)=1[0.9 0.1].
The piecewise homogeneous TP matrices are given as
1_[-05 05 » _[-0.7 0.7 5 _[-0.8 0.8
= [0.6 —0.6]’ = [0.4 —0.4]’ = [0.6 —0.6]' (42)

The HTP matrix for the Markovian chain is considered as follows:

-08 04 04
A=]04 -09 05]. (4.3)

07 08 -15
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Variation TP matrices subject to HTP

2 3 4 5

Times (s)

(e}
Ju—

Figure 1: Variation of TP matrices subject to HTP.

In this example, we assume 71 = 7, = 1, iy = 0.8, yp = 0.5. For y = 1.2. By solving LMIs
(3.36)—(3.41), the filter matrices are obtained as

- [T [0 oo vaue
= [0 22 23], - oo o)
Ap, = [__151_62698793 :g:?‘gﬂ, B, = [3%82] Cr,, = [-0.0041 -0.0029],
(4.4)
- (550 6T ] o ono 12m)
- [S200 20 O - paone o)
- [0 03] - [958, - Lo 0o

For simulation purposes, we assume the initial condition x(0) = [0.1 O.l]T and w(t) =1/(0.5+
1.2t). The time delays are 71 (t) = 0.2+0.8 sin(f), T»(t) = 0.5+0.5 cos(t). The nonlinear functions
f(x(t)) and g(x(t)) are selected as

0.02x; (t)sin?(x1 (t)) — 0.01(x1 () — x2(t))

flx(®) = glx(t)) = o () ,

(4.5)

Figures 1-5 illustrate the simulation results. A case for stochastic variation with HTP
matrix is shown in Figure 1, and possible realizations of the Markov jumping mode of system
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System mode
N

—_

Times (s)

Figure 2: System jumping mode.

The state response

-0.05

0 1 2 3 4 5
Time (s)

— x1 (1)
-- X (b)

Figure 3: The state responses of x1(t) and X (t).

and delay are plotted in Figure 2, where the initial modes are assumed to be 7y = 1 and op = 1.
Figure 3 shows the state responses of real states x;(t) and its estimate x; (¢). Figure 4 shows
the state responses of real states x,(t) and its estimate X, (). Figure 5 is the simulation result
of the estimation error response of e(t). The simulation results demonstrate that the designed
H._, filters are feasible and effective.
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0.1

The state response

-0.05

0 1 2 3 4 5
Time (s)

— x2(t)
-- X (b)

Figure 4: The state responses of x,(t) and X ().

0.1

0.08

0.06

0.04

0.02

The estimation response

— e(t)

Figure 5: The estimation error response of e(t).

5. Conclusion

The problem of H,, filtering for a class of Markovian jump nonlinear systems is investigated
in this paper. The piecewise homogeneous Markovian chain and mode-dependent time-
varying delays are considered in the model. By using the Lyapunov-Krasovskii functional,
mixed mode-dependent sufficient conditions are developed to design stable filters. A
numerical example demonstrates the effectiveness of the given method.
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