Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2012, Article ID 871724, 17 pages
doi:10.1155/2012/871724

Research Article

Some New Traveling Wave Solutions of the
Nonlinear Reaction Diffusion Equation by Using
the Improved (G'/G)-Expansion Method

Hasibun Naher and Farah Aini Abdullah

School of Mathematical Sciences, Universiti Sains Malaysia, 11800 Penang, Malaysia
Correspondence should be addressed to Hasibun Naher, hasibunO6tasauf@gmail.com
Received 5 December 2011; Revised 23 February 2012; Accepted 24 February 2012
Academic Editor: Jun-Juh Yan

Copyright © 2012 H. Naher and F. A. Abdullah. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We construct new exact traveling wave solutions involving free parameters of the nonlinear
reaction diffusion equation by using the improved (G'/G)-expansion method. The second-order
linear ordinary differential equation with constant coefficients is used in this method. The obtained
solutions are presented by the hyperbolic and the trigonometric functions. The solutions become
in special functional form when the parameters take particular values. It is important to reveal that
our solutions are in good agreement with the existing results.

1. Introduction

Nonlinear evolution equations (NLEEs) describe many problems of solid state physics,
nonlinear optics, plasma physics, fluid mechanics, population dynamics and many others
which arise in mathematical biology, engineering sciences and other technical arena. In
recent years, several methods have been developed to obtain traveling wave solutions for
many NLEEs, such as the theta function method [1], the Jacobi elliptic function expansion
method [2], the Hirota’s bilinear transformation method [3], the F-expansion method [4], the
Backlund transformation method [5, 6], the generalized Riccati equation method [7, 8], the
sub-ODE method [9], the homogeneous balance method [10, 11], the tanh-coth method [12-
14], the sine-cosine method [15], the first integral method [16], the Cole-Hopf transformation
method [17], the Exp-function method [18-25], and others [26—43].

Recently, Wang et al. [44] presented the (G'/G)-expansion method and implemented
to four well-established equations for constructing traveling wave solutions. In this method,
the second-order linear ordinary differential equation (ODE) G” + AG' + uG = 0 is used,
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where A and p are arbitrary constants. Afterwards, many researchers used this method
to many nonlinear partial differential equations and obtained many new exact traveling
wave solutions. For instance, Malik et al. [45] applied the (G'/G)-expansion method for
getting traveling wave solutions of some nonlinear partial differential equations. Bekir [46]
concerned about this method to study nonlinear evolution equations for constructing wave
solutions. Zayed [47] investigated the higher-dimensional nonlinear evolution equations
by using the same method to get solutions. In [48], Naher et al. implemented the method
for constructing abundant traveling wave solutions of the Caudrey-Dodd-Gibbon equation.
Lately, Hayek [49] extended the method called extended (G'/G)-expansion method to obtain
exact analytical solutions to the KdV Burgers equations with power-law nonlinearity whilst
Guo and Zhou [50] expand the method and applied to the Whitham-Broer-Kaup-Like
equations and Coupled Hirota-Satsuma KdV equations to construct traveling wave solutions.
Zayed and Al-Joudi [51] concerned about the method to find solutions of the NLPDEs in
mathematical physics and so on.

More recently, Zhang et al. [52] extended the method which is called the improved
(G'/G)-expansion method for constructing abundant traveling wave solutions of the
nonlinear evolution equations. Then, many researchers implemented the method to construct
exact solutions. For example, Hamad et al. [53] solved the higher-dimensional potential YTSF
equation by using this powerful and useful method for getting many new exact solutions. In
[54], Nofel et al. investigated the higher-order KdV equation via the same method while Zhao
et al. [55] applied this method to obtain traveling wave solutions for the variant Boussinesq
equations. Tao and Xia [56] executed the method for searching exact solutions of the (3 + 1)-
dimensional KdV equation and so on.

Many researchers studied the nonlinear reaction diffusion equation to obtain traveling
wave solutions by using different methods. For instance, Zayed and Gepreel [57] used the
(G'/G)-expansion method to solve this equation. To the best of our knowledge, the nonlinear
reaction diffusion equation is not investigated by using the improved (G'/G)-expansion
method.

In this paper, we apply the improved (G'/G)-expansion method to construct new exact
traveling wave solutions of the nonlinear reaction diffusion equation which is very important
equation in mathematical biology.

2. Explanation of the Improved (G'/G)-Expansion Method

Suppose the general nonlinear partial differential equation:

P(ur U, Ux, Uxt, Uty Uxx, - - ) = 0/ (21)

where u = u(x, t) is an unknown function. P is a polynomial in u = u(x, t) and the subscripts
indicate the partial derivatives.
The main steps of the improved (G'/G)-expansion method [52] are as follows.

Step 1. Consider the traveling wave variable:

u(x,t)y=v(n), n=x-Vit, (2.2)
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where V is the speed of the traveling wave. Using (2.2), (2.1) is converted into an ordinary
differential equation for u = v(1):

Q(v,v',7",...) =0, (2.3)

where the superscripts stand for the ordinary derivatives with respect to 7.

Step 2. Suppose that the traveling wave solution of (2.3) can be presented in the following
form [52]:

v(1) = i a;(%’>j, (2.4)

j=-m
where G = G(1) satisfies the second-order linear ODE:
G'"+\MG +uG =0, (2.5)

where a; (j =0, +£1,42,...,4m), A, and y are constants.

Step 3. To determine the integer m, substitute (2.4) along with (2.5) into (2.3) and then
take the homogeneous balance between the highest-order derivatives and the highest-order
nonlinear terms appearing in (2.3).

Step 4. Substitute (2.4) together with (2.5) into (2.3) with the value of m obtained in Step 3.
Equating the coefficients of (G'/ G), (r=0, £1, £2,...), then setting each coefficient to zero,
yields a set of algebraic equations for a; (j =0, £1, £2,..., +m), V, A, and p.

Step 5. Solve the system of algebraic equations with the aid of commercial software Maple
and we obtain values for a; (j =0, +1, £2,..., #m), V, 1, and . Then, substituting obtained
values in (2.4) along with (2.5) with the value of m, we obtain exact traveling wave solutions
of (2.1).

3. Applications of the Method

In this section, we investigate the nonlinear reaction diffusion equation by applying the
improved (G'/G)-expansion method for constructing exact traveling wave solutions.
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3.1. The Nonlinear Reaction Diffusion Equation

In this work, we consider the nonlinear reaction diffusion equation involving parameters
followed by Zayed and Gepreel [57]:

Ust + Aty + Pu+yu® =0, (3.1)

where a, f, and y are nonzero constants.
Using the traveling wave transformation Equation (2.2), (3.1) is transformed into the
ODE:

<a + V2> v+ po+yv’ =0, (3.2)

where the superscripts indicate the derivatives with respect to 7.
Taking the homogeneous balance between v” and v° in (3.2), we obtain m = 1.
Therefore, the solution of (3.2) is in the form as following:

o(n) = a1(G'/G) " +ay+ai(G/G), (3.3)

where a_1, ap, and ay are all constants to be determined.

Substituting (3.3) together with (2.5) into the (3.2), the left-hand side of (3.2) is
converted into a polynomial of (G'/G)" (r = 0, £1, +2,...). According to Step 4, collecting
all terms with the same power of (G'/G) and setting each coefficient of this polynomial
to zero yield a set of algebraic equations (which are omitted to display, for simplicity) for
a-, ap, a1, V, A, and p.

Solving the system of obtained algebraic equations with the aid of algebraic software
Maple, we obtain the following.

Case 1. One has

5 . 27
=0, Ly a2 —F v _a 34
. S (e K [ repm) g @ O

where a, f, and y are nonzero constants and A? — 4y #0.

Case 2. One has

[ 5 2

1 =32 Ny 4N/ =Fi TNy 4 N7/ :0/ V= - &,

CEEyeE ey Ty N
(3.

3.5)

where @, B, and y are nonzero constants and A? — 4y #0.
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Substituting the general solution Equation (2.5) into (3.3), we obtain two different
families of traveling wave solutions of (3.2).

Family 1 (Hyperbolic Function Solutions). When A? — 4 > 0, we obtain

-1

o() = Y . 1 - 4‘uAsinh(l/Z) A2 —4un + Bcosh(1/2)4/\? — 4un
=a_q _ — —

2 2 Acosh(1/2)4/A? — 4un + Bsinh(1/2)1/\? — 4un

+ ap

EMA sinh(1/2)4/A2 - 4un + B cosh(1/2) \/mn

2 Acosh(1/2)4/02 — 4un + Bsinh(1/2)\/\ — 4uy |

+a - +
N2
(3.6)

Various known solutions can be rediscovered, if A and B take particular values.
For example:

(i) if A =0but B#0, we obtain

B -1
v(n) = (1_1<7Jl + %Mcoth%\/ﬂ —4‘u11> + ap

(3.7)

-1 1 1
+ a1<7 + E\//\Z —4p coth 5\/)@ —4/471>;
(ii) if B = 0 but A#0, we obtain

-1 1 1 -
U(rl)=a_1<7+§\/mmnh§\//\2—4‘uq> +ao
-1 1 1
+a1<7+§Mtanh§\/A2—4pm>;

(3.8)

(iii) if A#0, A > B, we obtain

41 1 -
U(’Z) :a_]<7+§ )L2—4ytanh<§ )»2—4/41]+710>> + ap
-1 1 1
+a1<7+§ 12—4ytanh<§ ./{2_4#71_"7[0))'

(3.9)
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Family 2 (Trigonometric Function Solutions). When \? — 4y < 0, we obtain

-1

_ —Asin(1/2)\/4u — \>n + Beos(1/2)4/4u — \?n
v(n) =as —A+1\/4‘u—);2 +ap
2 2 Acos(1/2)\/4p — A\?n + Bsin(1/2)1/4u — A’
- —Asin(1/2)4/4p — A2+ Bcos(1/2)4/4p — A2
+ @ —A+1\/4p¢—1\2 .
2 2 Acos(1/2)\/4p — A\?>n + Bsin(1/2)4/4p — A\*y
(3.10)

Various known solutions can be rediscovered, if A and B are taken particular values.
For example,

(iv) if A = 0but B#0, we obtain

B -1
v(n) = a,1<?)L + %\/4‘11 —)chot%\/ély - )qu> +ap

(3.11)
-1 1 1
+ a1<? + E\/4y - )choti\/él,u - Azn>;
(v) if B =0but A#0, we obtain
-1 1 1 -
v(n) = a,1<7—E\/4y—/\2tan§\/4y—/\2n) + ag o)
-1 1 1 '
+ a1<7 - E\/4,u — A2 tan E\/4,u - )LZTZ>,’
(vi) if A#0, A > B, we obtain
-1 1 S (1 5 B
v(n) =ax 7+§\/4y—)u tan E\/4‘u—)L 1n—10 + ag 613
3.13

-1 1 1
+ a1<7 + E\/4‘u - A2 tan(z\/lly -\ - 110>>.
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Family 1 (Hyperbolic Function Solutions). Substituting (3.4) and (3.5) together with the

general solution (2.5) into the (3.3), we obtain the hyperbolic function solution Equation (3.6),
and then using (3.7), we obtain solutions respectively (if A = 0 but B#0),

vi(n) =+ ﬁ <—ZA +4/A%2 —4p coth<%\/)u2 —4u 11>>, (3.14)

where 7 = x i(\/(Zﬂ/()tz—4,Ll)) —a)t, A>—4u#0,and y #£0.

B -1 1 1 -
o) = s ((F + BV ameom L) —/\>, 615)

wheren=x + (\/(2[5/()u2 —4p)) —a) t, A2 —4u#0,and y #0.

Again, substituting (3.4) and (3.5) together with the general solution Equation (2.5)
into Equation (3.3), we obtain the hyperbolic function solution Equation (3.6), and then using
(3.8), our solutions become, respectively (if B = 0 but A#0),

v3(n) =+ }/(ﬂ_—im<—2A+\/)@ — 4y tanh(%\/m 11>> (3.16)
vy(n) = iﬂy()@_—i/,t)(z”(%)t + %\/)LZ —4p tanh(%\/)@ —4p 11>>_1 —/\>. (3.17)

Also, substituting (3.4) and (3.5) together with the general solution (2.5) into the (3.3), we
obtain the hyperbolic function solution (3.6), and then using (3.9), we obtain the following
solutions, respectively (if A#0, A > B):

vs(n) =+ ﬁ(—zm\/m tanh(%\/)@—ély 11+710>>, (3.18)

wherenp=x + (\/(Zﬂ/()t2 —4p)) —a) t, A2 —4u#0, y#0,and 19 = tanh ™ (B/A).
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W):i,/ﬁ@(%h;anh(;ﬁmm))‘lg, 619)

where = x + (\/(Zﬁ/()t2 —4p))—a) t, A2 —4u#0, y#0,and 19 = tanh ™ (B/A).

Family 2 (Trigonometric Function Solutions). Substituting (3.4) and (3.5) together with the
general solution Equation (2.5) into the (3.3), we obtain the trigonometric function solution
Equation (3.10), and then using (3.11), our solutions become respectively (if A = 0 but B#0),

vy(n) = ivy(él,u’;—/\z) (—2)L + \/ﬂcot(%\/ﬂ 11)), (3.20)

where 4y — A% #0 and y #0.

vg(n) = i“y(él‘u#i)@)<2'u<%)t + %\/4‘&1— )chot<%\/4y - )2 11)>_1 - l), (3.21)

where 4y — A2 #0 and y #0.

Also, substituting (3.4) and (3.5) together with the general solution Equation (2.5)
into the (3.3), we obtain the trigonometric function solution Equation (3.10), and then using
(3.12), our traveling wave solutions become respectively (if B = 0 but A#0),

(1) = + mCu A -2 tan(%\/m ;1)) (3.22)
v19(7) =i\/ﬁ<2y<¥—%\/ﬂtam(%m 11))1—)(>. (3.23)

Moreover, substituting (3.4) and (3.5) together with the general solution Equation (2.5) into
Equation (3.3), we obtain the trigonometric function solution Equation (3.10), and then using
(3.13), our obtained solutions (if A#0, A > B) are as follows:

011 (11) = ﬂ:\/ﬁ(—ﬂt +1/4p — A2 tan(%\/4‘u -\ - 110)), (3.24)

where 79 = tan"!(B/A).

v (1) = :I:VY(LL:;_)@)<2/‘<%)L + %\/4;1— A2 tan(%\/ély -\ - 11()))1 - .)L>, (3.25)

where 79 = tan"!(B/A).
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Table 1
Zayed and Gepreel [57] solutions Our solutions
() Ifc1#0, ¢ =0, A >0and p =0, Equation (3.31) (i) If A >0, u = 0and 5 = ¢, solution v; becomes:
becomes: u(¢) = +1/(=p/y)(coth(1/2)¢ - 2). u(¢) = £1/(=p/y)(coth(1/2)¢ - 2).
(ii) Ifc; =0, c2#0, A >0and p =0, Equation (3.31) (ii) If A >0, p = 0and 7 = ¢, solution v3 becomes:
becomes: u(¢) = +1/(-p/y)(tanh(A/2)¢ - 2). u(¢) = £/ (-p/y)(tanh(A/2)¢ - 2).
(iii) If c; =0, 2 #0, A =0and p is positive Equation  (iii) If A = 0, p is positive and 7 = ¢, solution v;
(3.32) becomes: u(¢) = ++/(B/y)cot( /it &). becomes: u(&) = ++/(B/y)cot(,/il).

(iv) If c1#0, c =0, A =0and p is positive Equation  (iv) If A = 0, p is positive and 1 = ¢, solution vg

(3.32) becomes: u(¢) = ++/(B/y) tan( /i &). becomes: u(¢) = ++/(B/y) tan(\/pé).

_15~|....|..|.|...|||||||||.||||||—|
15 10 5 0 -5 -10 -15
x

Figure 1: Periodic solution fora =3, =40, y =6, A =4, and u =9.

4. Results and Discussion

It is noteworthy to mention that some of our obtained solutions are in good agreement with
the existing results which are shown in Table 1. Furthermore, the graphical presentations
of some of obtained solutions are depicted in the Figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
and 11.
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Figure 2: Periodic solutionfora =1, =20, y=7, A =3, and u =8.
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Figure 3: Periodic solution fora =3, =40, y =4, A =2, and yu = 6.

4.1. Comparison between Zayed and Gepreel [57] Solutions and
Our Solutions

Beyond Table 1, we obtain many new exact traveling wave solutions which have not been
found in the previous literature.
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; 500 1000 500 x

Figure 4: Solitons solution fora =1, =10, y =3, A =1, and p =2.

Figure 5: Periodic solution fora =2, =9, y=8, A =4, and p =3.

4.2. Graphical Representations of the Solutions

The graphical illustrations of the solutions are described in the Figures with the aid of Maple.
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Figure 6: Periodic solution fora =2, =15 y=9, A =7, and p =11

x10°

Figure 7: Solitons solution fora =2, f=12, y=6, A =6, and = 8.

5. Conclusions

In this paper, we obtain abundant new exact traveling wave solutions for the nonlinear
reaction diffusion equation involving parameters by applying the improved (G'/G)-
expansion method. The obtained solutions are expressed in terms of the hyperbolic and the
trigonometric function forms. The solutions of the nonlinear reaction diffusion equation have
many potential applications in biological sciences.The validity of the obtained traveling wave
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Figure 8: Solitons solution fora =2, =9, y=9, A=6, and u=7.

Figure 9: Periodic solutionfora =1, p=18, y=9, A1 =8, and p=7.

solutions is proved by comparing with the published results. We expect that the used method
will be effectively used to construct many new exact traveling wave solutions for other kinds
of nonlinear evolution equations which are arising in technical arena.
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1000

Figure 10: Solitons solution fora =3, f=6, y =10, A =5, and p =6.

0

40

40 30 20 10 0 -0 -20 =30 —40

X

Figure 11: Solitons solution fora =2, =22, y=8, A =9, and p =21.
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