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An extended fractional subequation method is proposed for solving fractional differential
equations by introducing a new general ansitz and Backlund transformation of the fractional
Riccati equation with known solutions. Being concise and straightforward, this method is applied
to the space-time fractional coupled Burgers’ equations and coupled MKdV equations. As a result,
many exact solutions are obtained. It is shown that the considered method provides a very
effective, convenient, and powerful mathematical tool for solving fractional differential equations.

1. Introduction

In recent years, nonlinear fractional differential equations (NFDEs) have been attracted
great interest. It is caused by both the development of the theory of fractional calculus
itself and by the applications of such constructions in various sciences such as physics,
engineering, and biology [1-7]. For better understanding the mechanisms of the complicated
nonlinear physical phenomena as well as further applying them in practical life, the
solution of fractional differential equation [8-15] is much involved. In the past, many
analytical and numerical methods have been proposed to obtain solutions of NFDEs, such
as finite difference method [16], finite element method [17], differential transform method
[18, 19], Adomian decomposition method [20-22], variational iteration method [23-25], and
homotopy perturbation method [26-28].

Recently, He [29] introduced a new method called fractional sub-equation method
to look for traveling wave solutions of NFDEs. The method is based on the homogeneous
balance principle [30] and Jumarie’s modified Riemann-Liouville derivative [31-33].
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By using fractional sub-equation method, Zhang et al. successfully obtained traveling wave
solutions of nonlinear time fractional biological population model and (4 + 1)-dimensional
space-time fractional Fokas equation. More recently, Guo et al. [34] and Lu [35] improved
Zhang et al.’s work [30] and obtained exact solutions of some nonlinear fractional differential
equations.

The present paper is motivated by the desire to improve the work made in [30, 34, 35]
by proposing a new and more general ansitz so that it can be used to construct more general
exact solutions which contain not only the results obtained by using the method in [30, 34, 35]
as special cases but also a series of new and more general exact solutions. To illustrate the
validity and advantages of the method, we will apply it to the space-time fractional coupled
Burgers’ equations and coupled MKdV equations.

The rest of this paper is organized as follows. In Section 2, we will describe the
Modified Riemann-Liouville derivative and give the main steps of the method here. In
Section 3, we illustrate the method in detail with space-time fractional coupled Burgers’
equations and coupled MKdV equations. In Section 4, some conclusions are given.

2. Description of Modified Riemann-Liouville Derivative and
the Proposed Method

The Jumarie’s modified Riemann-Liouville derivative is defined as

1 d (% .
ey CEL R GOR O A

Dif(x)=4 1 d (" . ) o
e < I'ld-a)dx fo (x=9¢) 1(f(§) f(o))dé, O<ax<l
L (f™ ()™, n<a<n+1, n>1.

Some properties for the proposed modified Riemann-Liouville derivative are listed in
[32, 33, 36] as follows:

Dix" = %ﬂ‘“, y>0, 2.2)

D3 (u(x)v(x)) = v(x)Diu(x) + u(x) Div(x), (2.3)
DS flu(x)] = fu[u(x)]Du(x), (24)

D3 f[u(x)] = Dy, f [u(x)] (' (x))". (2.5)

Remark 2.1. In the above formulas (2.3)-(2.5), u(x) is nondifferentiable function in (2.3) and
(2.4) and differentiable in (2.5), v(x) is non-differentiable, and f(u) is differentiable in (2.4)
and non-differentiable in (2.5). We should use the formulas (2.3)-(2.5) carefully. In this paper,
we use formulas (2.3) and (2.5) to obtain the solutions of fractional differential equations. By
using the formulas (2.3) and (2.4) to search solutions, one can refer to [37, 38]. In [37, 38],
He et al. introduced the fractional complex transform to convert an FDE into its differential
partner easily. This transform is accessible to those who know advanced calculus.
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We present the main steps of the extended fractional sub-equation method as follows.

Step 1. For a given NFDEs with independent variables X = (x1,x2,x3,...,%4,t) and
dependent variable u,

P(u, ut, Uy, , Us,y, Uy, - - ., Dfu, D, D u, D u,...) =0, 0<a<l, (2.6)

where Dju, D u, D§ u, and D§ u are the modified Riemann-Liouville derivatives of u with
respect to t, x1, xp, and x3, and P is a polynomial in u = u(x1, x, x3, ..., Xy, t) and its various
partial derivatives, in which the highest order derivatives and nonlinear terms are involved.

Step 2. By means of the traveling wave transformation,

u(x, t) =u(), &E=x1+kixo+ -+ ky1xXm +ct+¢, (2.7)
where k; and ¢ are constants to be determined later; (2.6) becomes the following form:
P(u(@), 1 @), '), Dfu(@), ...) = 0. (28)

Step 3. We suppose that (2.6) has the following solution:

-1 m
u@) = > aig' (@) +ao+ > aip' (@), (29)
i i=1

i=—m
where a; (i =-m,-m+1,...,m—1,m) are constants to be determined later, and

-oB+ D¢ (¢)

YO DB

(2.10)

Here B, D are arbitrary parameters, and ¢(¢) satisfies the following fractional Riccati
equation:

DEBE) = 0+ §*(), (211)

where o is a constant. Recently, Zhang et al.’s [30] first obtained the following solutions of
(2.11):

(—/=otanh,(v=0¢),  0<0,
—/=0 coth, (v/-0¢), 0<0,

() = 4 Vo tana(vog), 0>0, 2.12)
—/0 cote (1/0¢), 0<0,
I'(l+a)

, wisaconst, o0=0,

(&
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where the generalized hyperbolic and trigonometric functions are defined as

Eq(z") + Ea(-2") Eq(z") + Ea(-2")

cosh,(z) = 5 sinh,(z) = 5
084(2) = E,(iz"%) +2Ea(—iz“)l sing (2) = E,(iz%) +2E,,,(—iz"’)l
(2.13)
_ sinh,(z) _ coshy(z)
tanh, (z) coshy (2)’ coth,(z) = m,
sing(z) _ cosu(2)
tana(2) o5, (z)” cota(z) = sing(z)

Here, E,(z) = 3720 2% /T(1 + ka) (a > 0) is the Mittag-Leffler function in one parameter.

Step 4. Substituting (2.9) into (2.8) and collecting all terms with the same order of ¢s(¢), then
setting each coefficient of q;k(g) to zero, yields a set of overdetermined nonlinear algebraic
system for a; (i=-m,...,m), k; (j=1,2,...,m-1)and c.

Step 5. Using the results obtained in the above steps and the solutions of (2.11) into (2.9), we
can finally obtain exact solutions of (2.6).

Remark 2.2. As we know, the choice of an appropriate ansitz is very important when using
the direct method to look for exact solutions. It can be easily found that the transformation
(2.9) is more general than that introduced in [30, 34, 35]. To be more precise, if B = 0, then
(2.9) becomes (15) in [34]. If we set a; (i = -m,-m +1,...,-1) = 0, then (2.9) becomes (10)
in [35]. It shows that taking full advantage of the transformation (2.9), we may obtain new
and more general exact solutions including not only all solutions obtained by the methods
[30, 34, 35] but also other new solutions. It should be noted that the method can also be
extended to other similar sub-equations [38] easily.

3. Application of the Proposed Method

Example 3.1. We first consider the space-time fractional coupled Burgers’ equations [39, 40]:

D%*u — D>*u + 2uD%u + pD*(uv) = 0,
(3.1)
D%v — D**v +2vD% + gD%(uv) = 0.

Using the traveling wave transformations ¢ = x + ct + &, (3.1) can be reduced to the
following nonlinear fractional ODEs:

c*Diu - Dg“u +2uDjfu + pD5 (uv) = 0, 62
c”‘Dg‘v - Dg”‘v + Zngv + qu (uv) = 0.
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According to the method described in Section 2, we suppose that (3.1) has the follow-
ing formal solution:

u(@) = ap + (&) + %
) (3.3)
0(E) = by + big(§) + qu;)

Substituting (3.3) into (3.2), and setting each coefficients of ¢*(¢) to zero, we get a
system of underdetermined equations for a;, b; (i = —-1,0,1) and c. To avoid tediousness,
we omit the overdetermined nonlinear equations. Solving the system, we get the following
solution sets.

Case 1. Consider

(p+1)c” p+1 (p+1)o
N g T pg-1 1T 1-pg
(3.4)
b _(q+1)c"‘ g+1 _(q+1)o
'T 2-2pq pg-1" ' 1-pq -
Case 2. Consider
1)c* 1
ao=u, a = PY , a1 =0,
2-2pq pq-1
(1) (3.5)
B qg+1)c” 3 q+1 3
bO_—Z—qu' bl-pq_l, b, =0.
Case 3. Consider
1)c* 1
2-2pq 1-pg
(g+1) (g+1) oo
_(g+1)c” B _(g+1)o
by = T 50n by=0, b= p—

From Case 1, we obtain the following solutions of (3.1):

(p+1)c*  p+1 0B+ Dy=otanh,(v/=0¢)

2-2pq * pq-1 D - By/-c tanh,(v/=0¢)
p +1 D+/-0 + Bo tanh, (v/-0¢)

" pa—1 Byo + Dtanh,(v—0¢) '
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(g1 q+1 0B + Dv/=0 tanh, (v/-0¢)
- 2-2pq pq 1 D - By/-o tanh,(v/-0¢)

q+l D+/-0 + Bo tanh, (v/-0¢)
pqg—1 B+/—0 + Dtanh, (ﬁg)

(3.7)

where 0 < 0and ¢ = x + ct + &.
Consider

p+1 0B+ D+/-0 cothg(v/-0¢)

(p+1)c"
" pa—1 D - By cothy(v-0?)

2-2pq
L Pl D+/-0 + Bo coth, (v/-0¢)
pq 1 By/=0 + D coth,(v~=0¢) * 28
~ (g+1)c" q+1 0B + Dv/=0 coth, (v/-0¢) 8
- 2-2pq pq 1 D - By/=0 coth,(v/=0¢)

q+1 D+/-0 + Bo coth, (v/-0¢)
pg—1 By/=0 + D coth,(v/~0¢) ’

where 0 < 0 and ¢ = x + ct + &.
Consider

(p+1)c*  p+1 Dyotans(v/0¢) — 0B
2-2pq  pq-1 D+ By/otan,(/0¢)
p+1 D+/c + Bo tan, (1/0¢)
"1-pg D tan, (1/0¢) - By/o 39)
(g+1)c* q+1 Dyotang(+/0¢) — 0B
2-2pq  pq-1 D+ By/otan,(1/0¢)

q+1 D+/0 + Bo tan, (1/0¢)
"1-pg D tan, (v/0¢) - By/o

where 0 > 0 and ¢ = x + ct + &.
Consider

~ (p+1)c” p+1 0B + D/ cot, (1/0¢)
2-2pq ' pq-1 D-By/ocots(v/o2)

p+1 Bo cote(v/0¢) — D\/O
"1-pg B+\/G + D cot,(+/0¢)
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_(g+1)c*  g+1 0B+ Dy/ocote(\/0¢)
~ 2-2pq  pq-1 D -Byocot,(+/aE)

q+1 Bo coty(1/0¢) — Do
"1-pq B\/c + D cota(+/0¢)

(3.10)
where 0 > 0 and ¢ = x + ¢t + §.
Consider
_(prDet p+l  DI+w
 2-2pg  pg-1D(E+w)-Br(1+a)’
(3.11)

_(q+1)c“+ g+1 DI(1+a)
 2-2pq  pq-1D(¢* +w)-Br(1+a)’

where 0 =0 and ¢ = x + ct + &.
From Cases 2 and 3, we can obtain many other exact solutions of (3.1). Here, we omit
them for simplicity.

Example 3.2. We next consider the following space-time fractional coupled MKdV equations
[15, 28]:

1
Du = =D¥u - 3u*D%u + §D,2(”‘u +3D%(uv) - 3AD%u,
= 2 (3.12)

D%v = -D¥*u - 3vD% - 3D*uD%v + 3u*D%v + 3AD%v.

Using the traveling wave transformations ¢ = x + ct + o, (3.12) can be reduced to the
following nonlinear fractional ODEs:

¢"Dfu = L poay, 3u’Dfu + 3 paay 4 3D%(uv) — 3AD%u,
27¢ 27¢ ¢ ¢
(3.13)
¢"Djv = —Dg’“u ~3vD{v - 3DfuDfv + 3u2ng +3\Dfv.

According to the method described in Section 2, we suppose that (3.12) has the
following two formal solutions:

u(g) = ao+ a@p(g) + —~ (g)
(3.14)

v(§) =bo+biy(§) + — (g)
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u(@) =ao+ argp(g) + %
N (3.15)
o) =bo+big@) + b’ @) + T+ o

Substituting (3.14) into (3.12), and setting each coefficients of ¢*(¢) to zero, we get a
system of underdetermined equations for a;, b; (i = —1,0,1) and c. To avoid tediousness,
we omit the overdetermined, highly nonlinear equations. Solving the system, we get the
following solution sets.

Case 1. Consider

a; = —1, a1 =0, bo = )L, b1 = —2(10,
3.16)
1/ (
b_1 =204y, c= <40' + 3a§> a,
where ay is an arbitrary constant.
Case 2. Consider
ay = —1, a1 = O, bo = )L, b1 = —2510,
1 (3.17)
b1 =0, c= <o + 3(13) “,
where ay is an arbitrary constant.
Case 3. Consider
a = 0, a1 =0, bo = )L, b1 = 0,
3.18)
1 (
b= 20ay, Cc = <O' + 35[%) “’
where ay is an arbitrary constant.
From Case 1, we obtain the following solutions of (3.12):
0B + Dy/-o tanh,(v/-0¢) D+/-0 + Bo tanh, (v/-0¢)
u=ag+ - ,
" 'D- By/-ctanh,(v/-0¢)  Bv/-0 + D tanh,(v/-0¢)
(3.19)

0B + D+/=0 tanh, (v/-0¢) ) D+/=0 + Bo tanh, (v/-0¢)
D-By-ctanh,(v-0f) " Bv-0+Dtanhy(v-0¢) '

v =1+2aq

1/
where 0 <0and ¢ = x + (40 +3a3) "t + &.
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Consider
~ 0B + Dv/=0 coths(v/=0¢)  D+/-0 + Bo coth, (v/-0¢)
O D By o cothe(v-08) B0+ Dcoths(v-0¢) ’ )
3.20
Cao 0B + D+/-0 coth, (v/-0¢) ) D+/=0 + Bo coth, (v/-0¢) (
O D T B o cotha (V0?) " By0 + Dcotha(v-0¢) ’
where 0 <0and ¢ = x + (40 + 3a§)1/at +¢&.
Consider
B 0B - Dy/otan,(y/0¢) D+/0 + Bo tanh,(1/0¢)
“EMT Y By/o tan, (1/0¢) ! Dtan,(+/0¢) - By/o ’
3.21
Cao 0B - D+/o tan, (1/0¢) ) D+/c + Bo tanh, (1/0¢) (32D
v=ATaa D + B+/o tan, (1/0¢) e Dtan,(v/0¢) - By/o
where 0 > 0and ¢ = x + (40 + Ba%)l/“t + .
Consider
~ 0B+ Dy/o coty(1/0¢) D+/o — Bo cota(+/0¢)
H T D B cota(voE) | Bv/o + Deota(v/O?) | .
0B + D+/o coty(1/0¢) D+/c - Bo cot, (1/0¢) (322
v =A\+2a - 2ag ,
D — B+/o cot, (+/0¢) B+/o + D cot,(1/0¢)
where ¢ > 0and ¢ = x + (40 + 3a[2))1/at + .
Consider
) DI(1 +a)
WMt Dy w) —Bl(+a)
(3.23)
oo s 20 DI(1 +a)

D(¢* +w) - BT(1 +a)’

where o =0and ¢ = x + (3ag)l/“t + .

From Cases 2 and 3, we can obtain many other exact solutions of (3.12). Here, we do
not list them for simplicity.

It should be noted that when using ansitz (3.15), we can also obtain more exact
solutions of (3.12) by the same procedure. For the sake of simplicity, we omit them too.

Remark 3.3. 1t seems that the Exp-function method [30] is more general than the extend sub-
equation method. The adopted sub-equation method actually uses the same idea as the one
using an FDE Dfv = a + bv? with constants a and b. You can choose either of these methods
for analyzing a new equation or a previously unstudied (or partially studied) problem.
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4, Conclusion

In this paper, based on a new general ansitz and Backlund transformation of the fractional
Riccati equation with known solutions, we propose a new method called extended fractional
sub-equation method to construct exact solutions of fractional differential equations. In order
to illustrate the validity and advantages of the algorithm, we apply it to space-time fractional
coupled Burgers’ equations and coupled MKdV equations. As a result, many exact solutions
are obtained. The results show that the extended fractional sub-equation method is direct,
effective, and can be used for many other fractional differential equations in mathematical
physics.
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