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Frontal polymerization is a process in which a spatially localized reaction zone propagates
into a monomer, converting it into a polymer. This new approach to polymer production
requires both theoretical and experimental study. Agreement between the existing
theoretical and experimental work done on this subject has generally been fairly good.
However, experimental results tend to show a higher degree of conversion than theoretical
results. The reason for this discrepancy may be attributed to an autoacceleration of the
polymerization rate which occurs when conversion has reached a certain point. This
autoacceleration is due to a decrease in the termination rate caused by a phenomenon
known as the gel effect. In this paper, we develop a mathematical model of the frontal
polymerization process, taking the gel effect into consideration. Specifically, we determine
how it will affect the degree of conversion, maximum temperature, and propagation
velocity of the system.
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1. INTRODUCTION

Frontal polymerization is a process in which a spatially localized
reaction zone propagates into a monomer, converting it into a
polymer. This new approach to polymer production requires both
theoretical and experimental study. Agreement between the existing
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theoretical and experimental [3—6,19—25] work done on this subject
has generally been fairly good. However, experimental results tend to
show a higher degree of conversion than theoretical results [7]. The
reason for this discrepancy may be attributed to an autoacceleration of
the polymerization rate which occurs when conversion has reached
a certain point (for methyl methacrylate in a benzene solution, for
example, this point has been shown to be at approximately 50%
conversion [14]). This result may, at first, seem counterintuitive, as
many theoretical models have shown that the polymerization rate
would decrease over time, due to reductions in the concentration of
monomer and initiator. If the amount of initiator and fresh monomer
is depleted, it would make sense that conversion would slow down, for
the simple reason that there will not be large amounts of monomer
present to convert. What actually occurs, though, is the opposite. Up
until a certain point, the rate of polymerization does decrease steadily.
However, after this point (the gel point) it actually begins to increase.
This autoacceleration is due to a decrease in the termination rate
caused by a phenomenon known as the gel effect. This phenomenon
was first noted in the 1940s [17,26] in the polymerization of methyl
methacrylate with a benzoil peroxide initiator, and has since then been
studied extensively in batch reactors (see, for example the references
in [9]), and in the frontal regime [7,15].

A simplified description of how the gel effect works is as follows.
Once the gel effect has occurred, polymer molecules that reach a
certain chain length become entangled with other polymer molecules.
At this point, the mobility of these molecules (specifically the
mobility of the chain ends where the active sites are located) becomes
severely reduced. Because of this decrease in mobility, the probability
of two polymer chains reacting with each other (a termination
reaction) is much lower, greatly reducing the value of the termination
rate constant k.

In addition, experiments in the non-frontal regime have shown that
the initiation and propagation reactions may be similarly affected,
but only for temperatures below a certain point (the glass transition
temperature) [2]. For the case of frontal polymerization, however,
the temperatures are necessarily above this point, so for the system
described in this paper, the initiation and propagation reactions are
not appreciably affected by the gel effect [7].
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Thus beyond the gel point, the system will consist of a combina-
tion of large, relatively immobile polymer molecules with many active
sites, and smaller monomer molecules whose mobility is compar-
atively undeterred by the gel effect. The propensity will be for the
monomer molecules to attach themselves to the polymers, providing
a noticeable increase in the rate of conversion. Again, this was a
simplified description of the gel effect, the purpose of which was to
provide the necessary background for this paper.

In this paper, we develop a mathematical model of the frontal
polymerization process, taking the gel effect into consideration.
Specifically, we determine how it will affect the degree of conversion,
maximum temperature, and propagation velocity of the system.

2. MATHEMATICAL MODEL

The propagation of free-radical polymerization fronts involves the
usual free-radical mechanism [12] consisting of decomposition, initia-
tion, propagation and termination reactions. For the process studied
in this paper, the characteristic scale of the polymerization wave is
much smaller than the vessel through which it propagates, so that the
test vessel (usually a test tube) can be treated as infinite on the scale
of the polymerization wave. To study polymerization waves that
propagate at a constant speed and do not change their profile in the
course of propagation, we introduce a moving coordinate system
attached to the wave, in which the wave is a stationary solution.
Thus a traveling wave coordinate (x) may be introduced. At one side
of the vessel (x=—o0) there is a fresh mixture of monomer and
initiator, and on the other side (x = oco) there is the inactive polymer,
or products, that are left behind in the wave’s wake. The kinetic
equations describing this system are written as

ul + kgl =0, (2.1)
uR’ — 2fkal + kpyRM + kRP = 0, (2.2)
uM' + kpRM + k,MP = 0, (2.3)
uP' — kpRM + k,RP + kP? = 0, (2.4)

uP' — k(RP — kP? = 0, (2.5)
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where u is the propagation velocity of the wave which must be
determined in the course of solution of the problem. Here I, R, M,
and P denote the concentrations in mol/L of the initiator, free
radicals, monomer, and inactive polymer, P is the concentration of
the polymer radicals, and prime denotes the derivative with respect
to x. The quantities kq, kp, and k. are the rate constants for the
decomposition, propagation, and termination reactions, respectively,
that are all taken in the form of Arrhenius exponentials

kg = kS exp(—Eq/RT), kp= kg exp(—Ep/RgT),
ko = K exp(~Eo/ Ry T),

where R, is the gas constant, T is the temperature of the mixture,
and kg,kg,k?, and Ey, E,, E, are respectively the frequency factors
and activation energies of the three types of reactions.

In order to account for the gel effect, we assume that the frequency
factor for the termination reaction, k?, depends on the degree of
conversion of the monomer. Specifically,

K, M>M,,
KO = { T, (2.6)
t2° — 8>

where M, is the prescribed amount of monomer remaining when the
gel point is reached, k¥, is the frequency factor for the termination
reaction prior to, and kY the frequency factor after, the gel effect has
begun (where k% > k%, because termination will be less likely once
the gel effect has begun).

Equation (2.1) describes the consumption of the initiator occurring
in the decomposition reaction. Here f is an efficiency factor which is
necessary to account for the fact that not all of the radicals produced
survive to initiate polymer chains. Equation (2.2) describes both the
production (the 2fk4I term) and consumption (the k,RM and kRP
terms) of the free radicals. These radicals are produced in the
initiator decomposition reaction and consumed in the propagation
and termination reactions. In a similar way, the remaining Egs.
(2.3)—(2.5) describe the change in the concentration of the monomer,
polymer radicals and inactive polymer, respectively. Once the gel
effect has occurred, it is clear from Eq. (2.4) why the rate of
polymerization would be increased.
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These kinetic equations must be supplemented by the energy
balance in the system, which accounts for thermal diffusion and heat
release in the polymerization process. Since the heat release occurs
mainly in the propagation step [16], the energy balance takes the
form

kT" —uT' + gk,(RM + MP) = 0, (2.7)

where k is the thermal diffusivity of the mixture (assumed to be
constant), and ¢ is the increase in temperature associated with
converting 1 mol/L of monomer into polymer.

We will study a simplified kinetic system by using a steady state
assumption regarding the total concentration of the radicals [8]. It has
been documented, initially by Norrish and Brookman [18], that in the
bulk polymerization of methyl methacrylate, the steady state assump-
tion does not hold true with the onset of the gel effect. In a later work
by Hayden and Melville [13], however, it was shown that the steady
state assumption is indeed valid for high enough temperatures, which
are achieved in the frontal regime. Under this assumption, the rate of
change of the concentration of the radicals, R and P, is much smaller
than the rates of their production and consumption, so that there is a
simple algebraic balance between the amounts of radical and initiator.
Under this assumption, Egs. (2.2)—(2.4) can be reduced to a single
equation:

uM' — kegVIM = 0, (2.8)

where the effective rate constant, kg, preexponential factor, kgff, and
activation energy, E, are given by

ket = ko exp(—Eerr/RgT), Kkl = k3(2fk2/k?)'/2,
Eer = Ep + (Ed - E[)/2.

Thus, our model consists of the mass and energy balances (2.1),
(2.7), and (2.8), and the boundary conditions at the left (x=—00)
and right (x=o00) ends of the tube. For calculational simplicity,
we make a change of variables for the initiator, [/ =J? and for
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convenience write the modified equations as

wl’ + Jki(T) =0, (2.9)
uM’ + IMky(T) = 0, (2.10)
KT" — uT’ + qJMky(T) =0, (2.11)

and the boundary conditions at the cold (x = —o0) and hot (x = +00)
boundaries

x=—-00: M=M, T=T, J=J; x=4o00: T'=0.
(2.12)

Here Ty is the initial temperature, J, and M, are the amounts of
(modified) initiator and monomer present in the initial mixture, and

k\(T) = kq(T)/2 = ko1 exp(~E1/R;T), ko1 = k3/2, Ei = Eq,
ka(T) = kegr(T) = ko exp(—Ez/RgT), koz = k¥, Ep = Eefr.

With the reaction rates in the form of Arrhenius exponentials, this
problem is quite difficult to study analytically. In previous works
[10,11] the authors of this paper have circumvented this complexity by
replacing the Arrhenius dependence of the reaction rates on tempera-
ture, k,(T) (n=1,2), by step functions with heights equal to the
maximum of the Arrhenius function, and integral values over the range
Ty to Ty, being approximately equal. This approach has proven to pro-
vide results that are not only correct qualitatively, but also quantita-
tively. Applying this approach to the problem at hand requires a slight
modification to account for the gel effect:

~ N 0, T<T,
ki(T) = {A](Tb), T>T,. (2.13)
and
) 0, T< T,
k(T) = Ar(Ty), T < T< Ty, (2.14)

Azg(Tb), T> Tg,
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T, =Tpy(1 —€1), € =RyTv/E,, Au(Tv) = kn(Tp) (n=1,2),
Ax(Tv) = kg Ar(T), (2.15)

where kg = (k% /k%)"/? is a parameter describing the relative strength
of the gel effect. Here, T, (n=1,2) are the temperatures at which the
reactions begin, Ty is the temperature at which the gel point is reached
(i.e. where M = M), €, are small dimensionless parameters, 4, 45, A2,
are the heights of the step functions, and k1(Ty) and ky(Ty) are the
reaction rates evaluated at the maximum temperature, T,

It is important to notice that k,(T) is affected by the gel effect,
while I€|(T) is not. The reason for this, as was mentioned above, is
that the only reaction that is appreciably affected by the gel effect
in this system is the termination reaction, of which k(T) is
independent.

Since the typical situation is that the activation energy for the
decomposition reaction, Ej, is greater than that for the polymeri-
zation reaction, E,, formally it is possible for the polymerization
reaction to occur prior to the decomposition reaction, which is not
consistent with the nature of this model. In order to make up for
this inaccuracy of the steady state approximation, we introduce the
Heaviside function, x(Jo—J), in the polymerization reaction, rewrit-
ing Eqgs. (2.10) and (2.11) as

uM' + IMx(Jo — Dk (T) = 0, (2.16)
KT" —uT' + qIMx(Jo — )ka(T) = 0. (2.17)

Thus, both reactions will begin simultaneously as a result of the
Heaviside function, x. Since the set of equations is invariant under
spatial translation, we let the point in space where both reactions
begin be x =0. Because we have replaced the Arrhenius-type reaction
rates with step functions, the spatial region from x = —o0 to x = 400
can be divided into three regions: one where neither reaction has
begun (x <0, ki(T)=ko(T)=0), one in which both reactions have
occurred but the gel point has not yet been reached (0<x < x,,
k\(T)ko(T) #0), and one after the gel point (x > x,, k{(T)kx(T) # 0).
Thus Egs. (2.9), (2.16), and (2.17) can be stated for each of the three
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regions as

w/'=0, uM' =0, kT"—-ulT' =0, for x < 0; (2.18)
W'+ J(x)A4, =0, uM'+J(x)M(x)42 =0,

KT" —uT' + qJ(x)M(x) A, = 0, for 0 < x < xg; (2.19)
ul'+J(x)41 =0, uM'+ J(x)M(x)Az =0,
KT" —uT' + qJ(x)M(x) Az = 0, for x > x,. (2.20)

The boundary conditions are given in (2.12). In addition, there are
the following matching conditions at x =0 and x = x, that constitute
continuity of the mass, temperature and temperature gradient dis-
tributions in the polymerization wave:

J(07) = J(07), M(07) = M(0%),
T(O_) = T(0+) =T, T’(O—) — T,(O+), (221)
J(xg) = J(x)), M(x;) = M(x}) = M,, o)

T(xg) =T(x)) =Ty T'(x7)=T(x5)

3. SOLUTION

Solution of the Eqgs. (2.18) in the x<O0 region, satisfying the
boundary conditions (2.12), as well as the third condition in (2.21)
can be readily found as

J(x) = Jo, (3.1)
M(x) = Mo, 32)
T(x) = To + (Ty — To)e™/=)*. (3.3)

Solution of the Egs. (2.19) in the xgz>x>0 region satisfying the
matching conditions (2.21) are given by

J(x) = Joe~ U/ (3.4)
M(x) = My exp[(A2/41)(J(x) — Jo)], (3.5)
T(x) = To + (T1 — To)e™ ™" + g(Mo — M(x))

— (qAa2/u)e" /) /0 S I M dr (3.6)
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Solution of the Egs. (2.20) in the x>Xx, region satisfying the
matching conditions (2.22) are given by

J(x) = Joe~Ai/wx, (3.7)
M(x) = My exp[(A2/A41)[(J(xg) — Jo) — kg(J(xg) — J(x))]l,  (3.8)

T(x) = To + (T} — To)e™“"* 4 q(My — M(x))
— (qAa2/u)JoMoe~/*=2([,(0) — koGl (x)), (3.9)

where
L) = / " exp |ae™ /97 — (41 fu)r = (u/ )] dr,
¢

L) = /< exp [kgae‘(A'/“)T — (A /u)T — (u//-c)T] dr,

8

a=AyJy/A; and G =exp [ae‘(’“/“)"g(l_kg)].

These equations involve an unknown propagation velocity u, the
gel point x,, and the maximum temperature Ty,. Taking the limit as
x — oo in (3.8), (3.9) we find that

My, = MyGe™@, (3.10)
Ty, = To + q(Mo — My), (3.11)
Tb(l — 61) =Ty + (qu/u)JoMoe""(Il(O) + kgGlz(OO)). (312)

Equation (3.12) was derived from Eq. (3.9), using the condition that
the gradient of the temperature must be zero at x = oo.

Finally, taking Eq. (3.8) at the gel point gives us an equation
for xg:

M, = My exp [a(e“("‘/“)"g - 1)] (3.13)

Thus, we have derived four equations (3.10)—(3.13), for the four
unknown quantities u, Ty, My, and Xy To study these equations it is
convenient to define the following non-dimensional parameters:

E=(u/r)xy, v= KAQJ()/MZ, m = My/M,, and mg = My/M,,
(3.14)
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where £ is a non-dimensional spatial parameter, v is related to the
propagation velocity, m is the ratio of remaining monomer to initial
monomer, and m, is the ratio of monomer remaining at the gel point
to initial monomer. We can now rewrite Egs. (3.10)—(3.13) as

m=1—(Ty, — To)/qMo, (3.15)
m= Ge™®, (3.16)
To(1 —€1) = To + gMove™*(u/k) (11 (0) + kyGL(0)),  (3.17)
mg = exp [a(e‘(v/a)f - 1)] (3.18)

Eliminating m from (3.15) and (3.16) we derive an equation for T},
Ge ™ =1—(Tp, — To)/qMo. (3.19)

In order to derive an expression for u, the propagation velocity,
we must examine Eq. (3.17). The expression involving integrals in
Eq. (3.17), (u/c)(11(0) + kyGI5(c0)), can be rewritten as

—(v/a)€

1 e~ (v/a)
(afv) e y" dy + kG eheryelvdy | (3.20)
e & 0

These integrals can be further simplified. First, portions of the
arguments of the integrals can be approximated by realizing that
certain quantities are small relative to others. Similarly to previous
work [11], we will assume that

v = kdyJo/u? = O(1/e) > 1,
which, along with the fact that
o= AyJo/ A1 = O(1),
allows us to make the approximation
Y~ 1+ (afv)Iny.
Next, from Eq. (3.18),

e (/9% = 1 +In(my)/a.
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Substituting these results as well as the definitions of v and €; given
in Egs. (2.15) and (3.14) into Eq. (3.17) and simplifying gives us an
expression for the (dimensional) propagation velocity

u = (Tv/@)[(kA2ReJo) / (E1gMo0)] ', (3.21)
where
1 I+In(myg) /o
—o=¢" / e Inydy + Gkg/ e Inydy |.
1+In(mg)/a 0
4. RESULTS

Examining Egs. (3.15), (3.19), and (3.21) numerically, we were able
to observe how variation of the ratio of the rate constants for the
termination reactions before and after the gel effect (ky) affected the
maximum temperature in the front (7}), the final degree of conver-
sion of the monomer (My), and the propagation velocity (u).

The following parameter values were used [1]:

K =4-10"/s, ky =5-10°L/(smol), k% =3-10” L/(smol),
Eq = 27kcal/mol,  E, = 4.7kcal/mol, E; = 0.7 kcal/mol,
g =33.24L-K/mol, x =0.0014cm?/s.

4.1)

In addition, we fixed the initial temperature (7}) at 300 K, the initial
amount of monomer present (M) at 6 mol/L, and the gel point (M)
at $M,.

Increases in kg (achieved by decreasing k) caused marked
increases in polymerization (Fig. 1). In fact, when k; was increased to
10 (i.e., kpp = Tlﬁkt]), conversion was nearly complete. This is quite
different from previous theoretical results [10] where the maximum
conversion achieved was never more than ninety percent. This
increase in conversion is, as was mentioned above, due to the lower
termination rate coupled with a negligible change in the rates of
initiation and propagation. These results can also be predicted by
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FIGURE 1 Effect of changes in k, on the degree of conversion.

examining Eq. (3.10)
My, = MyGe™.

As kg increases linearly, G will decrease exponentially, with M,
following suit.

With increases in kg, the propagation velocity of the system was
higher (Fig. 2). This result can be explained by the fact that with
termination being less likely, the propensity will be for more
propagation reactions to occur. Because the propagation reactions
are highly exothermic, the more of them that take place, the greater
the amount of heat that will be produced, which will in turn cause
increases in the front velocity. Another way to understand this result
is by examining the equation for o. The quantity preceding the
second integral, Gk,, will become very small for large values of k.
The result of this will be a decrease in the value of o, and (see
Eq. (3.21)) a corresponding increase in the front velocity.
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FIGURE 2 Effect of changes in k, on the propagation velocity.
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FIGURE 3 Effect of changes in k, on the maximum temperature of the system.
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The maximum temperature of the system tended to increase with
increases in kg (see Fig. 3). The reason for this higher temperature
can be seen by examining Eq. (3.11)

Ty =Ty + q(Mo - Mb).

As the gel effect becomes more pronounced, conversion increases,
decreasing the value of My, thereby increasing the maximum
temperature.
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