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In this paper, we study the simplified models of the ATM (Asynchronous Transfer Mode) multiplexer network
with Bernoulli random traffic sources. Based on the model, the performance measures are analyzed by the
different output service schemes.
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1 INTRODUCTION

In the context of switching networks, a multiplexer is a switching device whose purpose is to
share an output link among a number of traffic sources. Multiplexers are characterized by
their storage capacity (buffer length) and their processing capacity (data units per time slot),
while traffic sources are characterized by arriving traffic models. Arriving traffic models are
usually stochastic, and include the Poisson process in the continuous-time domain, the
Bernoulli process in the discrete-time domain, the on/off traffic model with the on-periods
and the off-periods exponentially distributed in the continuous-time domain or geometrically
distributed in the discrete-time domain, etc.[1-3].

The particular multiplexer focused on in this paper is the ATM (Asynchronous Transfer
Mode) multiplexer. The ATM multiplexer serves sources which generate ATM cells, each cell
having a fixed length of 53 bytes. Although not covered in detail in this paper, the techniques
developed here can also be applied to the so-called ATM switching element, which is similar
to the ATM multiplexer except, instead of having one output link, sources are shared among
multiple output links [3, 4]. There are widely available models of the ATM multiplexer and
the ATM switching element in the literature. The following model, which appears in, for
example, [3,5-8], is used here: Each of the two systems under consideration serves K
sources. In the multiplexer case, there is one output buffer, and, in the switching element
case, there are M output buffers. For convenience, the time axis is slotted, with the slot
duration equal to the cycle time (i.e., the time necessary to transmit one ATM cell). It is
assumed that the sources are of a burst nature, which can be described mathematically by an
on/off-type of model: during any particular time slot, a source is “on” (an active state) if it
generates exactly one ATM cell, and the source is “off” (a passive state) if it does not
generate any ATM cells. The transitions between these on and off states are characterized by
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two numbers, 0 <o; <land 0<f; <1, i=1,...,K, where a; is the conditional prob-
ability that the ith sources is off during a time slot, given that it was on at the beginning of the
time slot, and f; is the conditional probability that the ith source is on during a time slot,
given that it was off at the beginning of the time slot. It is assumed that no more than one
ATM cell can be generated by each source in any time slot. For simplicity, each output buffer
is assumed to have an unlimited storage capacity for ATM cells.

Using the above multiplexer and switch models, the main problem considered in the lit-
erature is to compute the mean buffer occupancy (MBO) and the cell delay (CD) as functions
of o;, B;, and K. The mean buffer occupancy and cell delay are useful performance measures
because the former can be monitored to implement congestion control and flow control, and
the latter is an important index of quality of service (QoS). Several numerical, results and
bounds on these performance measures are already available in the literature (see, for
instance, [3,5-8]); however, closed-form expressions for the performance measures are
lacking. In addition, the cell loss rate (CLR), a key performance measure for ATM networks
[9-13], has been predicted by a heuristic approach, from the tail distribution of buffer
occupancies of a buffer with infinity, capacity has not been analyzed at all. This is a con-
sequence of the assumption that each output buffer has an unlimited storage capacity, i.e.,
since the buffer capacity is unlimited, the buffer cannot reach its maximum storing capacity
even if a large number of sources are in the active state, making it impossible to obtain exact
cell losses.

In this paper, we develop, using a simplified ATM multiplexer model, closed-form
expressions for the three performance measures mentioned above and another important
performance measure — throughput (7P). We consider both priority and non-priority rules for
serving by the ATM multiplexer. All sources considered in this paper are characterized by the
Bernoulli model, that is, in every time slot, the source will generate an ATM cell with
probability p;, i=1,...,K, and fail to do so with probability 1 — p, There are two
advantages of reducing the two-parameter source description (v;, ;) to the one-parameter
description (p;):

1 The model simplifies sufficiently that closed-form expressions can be developed.
2 In practice, information on p; is available, but information on (o, ;) often is not available.

Indeed, in many instances, measured communication node data is in the form of the source’s
utilization (i.e., the proportion of time that the sources is busy transmitting an ATM cell);
consequently, experimental data leads naturally to a p; model formulation, but is often
insufficient for the formulation of a (o;, ;) model.

Usage of the Bernoulli model is often criticized because the model does not account for
the burst phenomenon which is considered to be an important property of ATM networks.
However, for the ATM multiplexer model considered in this paper, when the number of
sources (K) is more than one, and when the probability p; becomes large, it is possible for
many ATM cells to arrive at the multiplexer at the same time slot. In this sense, the burst
phenomenon is partially captured by our model. It should be noted that a model analogous to
the p; model described here was introduced in [14]; however, only a numerical solution for its
analysis has been presented.

In summary, this paper considers an ATM multiplexer with random traffic sources based
on the Bernoulli model and develops an analytical theory for performance analysis, including
the analysis of TF, CLR, MBO, and CD.

The remainder of the paper is structured as follows. In Section 2, a detailed model of the
ATM multiplexer is introduced and the problems are formulated. The performance analyses
with priority and non-priority schemes are presented in Sections 3 and 4, respectively.
Finally, conclusions are given in Section 5.
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2 MODELING AND PROBLEM FORMULATION

2.1 Assumptions

Consider an ATM multiplexer defined by the following assumptions.

The Multiplexer:
(I) The ATM multiplexer as shown in Figure 1, consisting of one output buffer and one
output serve, which serve K input random traffic sources.

(II) Synchronous transmission with a cycle time 7 is used on both the input sources and the
output server of the multiplexer, i.e., the time axis is slotted with the slot duration 7, and
sources and the output server begin transmitting ATM cells at the beginning of each
time slot.

(II) The output buffer is characterized by its capacity N < oo.
(IV) The output server with perfect reliability transmits one ATM cell during each time slot.

The Input Traffic:

(V) Each traffic sources, S;, i =¢,...,K, generates one ATM cell during a time slot (i.e., in
the active state) with probability p;, i = 1,...,K, and is idle during a time slot (i.e., in
the passive state) with probability 1 —p;, i=1,...,K.

The Output Buffer Service Schemes:

(VI) (a) (Priority service assumption) All sources have different priorities. Source 1 has the
highest priority, source 2 has the second highest and so on, Let d(¢) denote the number
of sources which are active at time slot ¢. Let x(# — 1) denote the number of ATM cells
waiting to be transmitted in the output buffer at time slot # — 1, Then N — x(¢ — 1) + 1,
where “1” indicates that one ATM cell will transmit at time slot # so that one unit of
capacity is available for the input sources, is the available capacity of the output buffer
at the beginning of time slot ¢. All of the ATM cells generated by the d(¢) sources are
accepted by the output buffer for transmitting at the same time slot if
d(t) <N —x(t—1)+1. Only the N —x(t—1)+1 ATM cells generated by the
sources with higher priorities are accepted by the output buffer, and
d(t) — [N —x(t—1)+1] ATM cells from lower priority sources are lost if
d(t) >N —x(t—1)+ 1.

(b) (Non-priority service assumption) All sources have equal priorities. The total
number of active sources d(¢) and the occupancy of the buffer x(# — 1) are defined as in
assumption

output buffer output server

-0

FIGURE 1 ATM multiplexer.
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(VD) (@) Ifd(f) <N —x(t— 1) + 1, then all of the ATM cells generated by the d(¢) sources
are accepted by the output buffer at the same time slot. If d(#) > N —x(t — 1) + 1,
then each ATM cell generated by the d(¢) sources is accepted by the output buffer
with probability (N —x(t—1)+1)/d(t), and is lost with probability
1= (N=x(t—1)+1)/d().

2.2 Performance Measures

The definitions of the four major performance measures considered in this paper are as
follows:

1 The throughput (7P) of the ATM multiplexer is the average steady state number of ATM
cells transmitted by the output server in a time slot. It is the probability that the output
server is not starved in a time slot.

2 The cell loss rate (CLR) of a source is the average steady state number of ATM cells
generated by the sources and discarded by the output buffer per time slot. The total cell
loss rate is the summation of the cell loss rates of all sources. Let CLR;, i =1,...,K,
denote the probabilities of the cell loss rate of sources S;, and CLR denote the total cell loss
rates of all sources.

3 The mean buffer occupancy (MBO) is the average steady state number of ATM cells found
in the output buffer.

4 The cell delay (CD) is defined as the number of time slots between the beginning of the
arrival time slot and the beginning of the time slot during which the cell is transmitted and
thus leaves the output buffer.

2.3 Problems

The goal of this paper is to derive closed-form solutions for the performance measures
mentioned above in the ATM multiplexer networks (I)(VI)(a) or (D—(VI)(b). Since we do
not find a solution for the network with arbitrary number of sources, only the solutions of the
networks with K = 2 are derived. The problems, then, addressed in this paper are:

Problem 1 Given model (I)-(VI)(a), derive explicit expressions for the solutions of TR CLR,
MBO, and CD.

Problem 2 Given model ()—(VI)(b), derive explicit expressions for the solutions of TR CLR,
MBO, and CD.

Solutions of Problems 1 and 2 with K = 2 are given in Sections 3 and 4, respectively. An
extension to the cases of K > 2 case is a subject of the future work.

3 PERFORMANCE ANALYSIS WITH PRIORITY

Let Xx(j, s) denote the probability that the output buffer contains j parts at time s in the ATM
multiplexer network ()-(VI)(a) with K sources. The dynamic, of buffer occupancy can be
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described by an irreducible, ergodic Markov chain with states 0, 1, ..., N. Since the Markov
chain is irreducible and ergodic, it converges to a unique equilibrium distribution. Let

Xk() = lim Xk(j,s), 0<j<N. (3.1)
§—> 00

It is useful to observe the resulting transition diagram of the Markov chain (see Fig. 2). The
values Gy, G;, G, in Figure 2 represent the total probability of no sources being active (i.e.,
Go = (1 — p1)(1 — py)), one source being active (i.e., G; = p1(1 —p2) +p2(1 —p1)), and
both of sources being active (i.e., G, = p1p»), respectively. Then, this equilibrium distribu-
tion must satisfy the following equilibrium equations of the Markov transition equation:

X>(0) = (1 — p)(1 = p2)X2(0) + (1 = p1)(1 — p2)Xa(1),
X)) =[(1 = p)p2 + (1 — p2)p11X2(0)
+[(1 = po)p2 + (1 — p2)p11X2(1)
+ (1 = p1)(1 — p2)X2(2),
X2(2) = p1p2X2(0) + p1p2Xa(1)
+[p1(1 = p2) + p2(1 — pIX2(2)
+ (1 = p1)(1 — p2)X2(3),
X0) =pip2Xa( — 1) + [p1(1 = p2) + p2(1 = p1)IXa()
+(1-p)1=—p)Xa(j+1), 3<j<N-1,
X(N) = pip2Xo(N — 1) +[1 = (1 — p1)(1 = p2)lXo(N).

(3.2)

FIGURE 2 State transition diagram for Markov chain with two sources and buffer size N.
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Solving Eq. (3.2), we get

— (1 —=p1)(1 —p2)
(1 =p)(1 —p2)
(1 -p)y(1 —pay

X(1) = 1

X>(0),
(3.3)

X0 X0, 2<j=<N.

Thus, we have the steady-state probabilities X,(j) =0, ..., N. Using the normalizing con-
dition

1 =X00) + X2(1) + X2(2) + - - - + Xo(N), 34

we have

1 =X0)]1+ [———1——— 1} +§:—ﬂ'—_1ﬂ2_—]—— . (3.5)
(1 —=p)(A —=p2) S A =pYUA-pyY

Let o = pip2/[(1 — p1)(1 — p2)]. Then

1 o
1 =X500 +
O T TP

o2 oV-1
o |, 3.6
(1 =p)d -p2) (1-pyQ —Pz)] -6

Consequently, the expression for X,(0) is obtained as follows:

(1—21)0:(;2)(1—(1), a#1,
%(0) = {gl—glNz(l ipn) a=1. 37

Based on the definitions of CLR;, i =1,...,K and CLR given in Section 2, they can be
evaluated below. According to the priority service scheme, the ATM cell generated by source
S1 is never discarded by the output buffer. Therefore, we have

CLR; = 0. (3.8)

If source S; has an ATM cell to transmit, and the output buffer is full at the beginning of a
time slot, the ATM cell generated by source S, is not accepted by the output buffer at the
beginning of this time slot. That is, source .S, is blocked, and the cell from S; is lost. Since the
probability of S, being blocked is equal to p1 X>(N), we obtain

CLR; = p2[p1 X(N)].
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Using equation (3.3) and (3.7), we have

pipa(1 — ooV ~! a1

— 1 - N 9’ 9
CLR, Pip2 o . (3.9

N’ o

Based on (3.3), (3.7), (3.9), the TP, CLR, MBO, CD of the network are obtained as follows:
For the output device can transmit an ATM cell during a time slot, it must be not starved.
Therefore, the throughput (7P), can be calculated as follows:

TP =1 — X;(0). (3.10)
Using equation (3.7), we obtain

(1 —o")— (1 =p)(l —p2)(1 — )

a#1,
TP = 1 —oN 3.11
N = (=p)(=ps) o G-I
N ’ ’
The total cell loss rate, CLR, can be calculated by using (3.8) and (3.9). Since
2
CLR = CLR;,
i=1
we have
1— N
CLR plpzl(— o;)a a7l 3.12
= | o et G122
N’ ’

According to the definition of MBO in Section 2, it can be expressed in terms of the steady
state probabilities of buffer occupancy as follows:

N
MBO =" i-Xy(i).
i=0

From Egs. (3.3) and (3.7), we have

1 — (1 +N—aN)a" — (1 —p))(1 = p2)(1 — @)

, a#E]
- 1—o)(l—oV
MO =} NV +2) =20 = p Xt =) G4y

2N

o=1.

Using the expression for MBO, the CD can be calculated by applying Little’s Theorem. The
average number of customers in the system in Little’s Theorem is corresponding to MBO in
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the multiplexer, the customer arrival rate is corresponding to 7P, and the average customer
waiting in queue is corresponding to CD. Therefore, the CD is calculated as follows:

MBO
CD =—ZT})—’
[1— (1 +N —aN) — (1= p)(1 = pa)(1 — )1 — o)
T asaam i - -pd - —ay > *Fh G
NN +2)—2(1 —p))(1 —p) S

2IN-(1—p)(1=p2)] °

To show the relations between the performance measures and the ATM multiplexer para-
meters (p;, i=1,...,K, and N), three cases are considered. For the first case, the total
arrival rate p; + p» is equal to 1, and the buffer size is changed from 10 to 50. It follows from
Eq. (3.7), that the steady state probability of X,(0) is monotonically decreasing in N.
Therefore, the throughput 7P in (3.11) is monotonically increasing in N. This result is
illustrated in Figure 3(a). In Figure 3(b), we plot the relation between the total cell loss rate
CLR in (3.12) and the buffer size N. It is clear that the curve is monotonically decreasing
with respect to buffer size N. When the buffer sizes goes to infinity, the CLR will go to zero.
The mean buffer occupancy MBO in (3.13) and the cell delay CD in (3.14) versus the buffer
size N are plotted in Figure 3(c) and 3(d), respectively. These figures show that MBO and CD
are increasing in N.

For the second case, the input traffic probability of source S; is varied from 0 to 1, and the
buffer size is fixed. The TP and CLR are increasing with respect to the input traffic prob-
ability of S; (i.e., p1 as shown in Figs. 4(a) and 4(b). Similar conclusions can be obtained for
the MBO and CD, and their relations with respect to p; are shown in Figures 4(c) and 4(d),
respectively.

Finally, consider the third case p; + p; is greater than 1 and N is changed from 1 to 200.
Given, p; = p, = 0.7, the relations between the throughput 7P and the output buffer size N,
the cell loss rate CLR and N, the mean buffer occupancy MBO and N, and the cell delay CD
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FIGURE 3 (a) Throughput TP versus buffer size N; (b) Total cell loss rate CLR versus buffer size N; (c) Mean
buffer occupancy MBO versus buffer size N; (d) Cell delay CD versus buffer size N; for K =2, p; = 0.4, and
P2 = 0.6.
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FIGURE 4 (a) Throughput 7P versus input traffic probability of source S; (i.e., p1); (b) Total cell loss rate CLR
versus input traffic of source S;; (c) Mean buffer occupancy MBO versus input traffic probability of source S;; (d)

Cell delay CD versus input traffic probability of source S;; for K =2, N = 10, and p, = 0.6.

and N are shown in Figures 5(a), 5(b), 5(c), and 5(d), respectively. Most of the relations are in
agreement with out intuition expect the relation between CLR and N. From Figure 5(b), as N
becomes large, the CLR is approaching to 0.4. By out intuition, if the size of the output buffer
is very large, the output buffer can accept as many ATM cells as it can. Hence, the CLR
should be zero. This, however, is not true, as shown in Figure 5(b). The reason is that if the
total cell arrival rate is always greater than the service rate of the output device, a large buffer
is still possible to be full in the long term so that there is cell loss. Therefore, based on the
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FIGURE 5 (a) Throughput TP versus buffer size N; (b) Total cell loss rate CLR versus buffer size N; (c) Mean
buffer occupancy MBO versus buffer size N; (d) Cell delay CD versus buffer size N; for K =2, p; = 0.7,and

P2 = 0.7.
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finding, we can learn the lesson that a large output buffer cannot eliminate the problem of cell
loss. Also, as shown in Figure 5(d), a large buffer can create a long cell delay. This con-
clusion is useful for the design of the ATM multiplexer.

4 PERFORMANCE ANALYSIS WITHOUT PRIORITY

For the multiplexer with K = 2, the equilibrium equations are derived as follows:

X(0) = (1 — p1)(1 = p2)X2(0) + (1 — p1)(1 — p2)Xa(1),
(1) =[(1 = pp2 + (1 = p2)p11X2(0)

+[(1 = po)p2 + (1 = p2)p11Xa(1)

+ (1 = p)(1 — p2)Xa(2),

1 1 1 1
X(2) = <§P1P2 + EPZPI)XZ(O) + (51’11?2 + EPZPI)XZ(D

+[1(1 = p2) + p2(1 — p)IXa(2) (4.1
+ (1 = p)(1 = p2)X(3),

X)) = (%Plpz +%P2P1)Xz(i =D +[p1(1 = p2) + p2(1 — p)IXa()
+(A =p)A =p)Xo(+1), 3<j<N-1,

X(N) = (%Plpz +%P2P1)X2(N - 1D +[1 -1 -p)A = p)IXa(N).

Comparing (4.1) with (3.2), we find that they are identical. Therefore, the equivalence
property is formulated in the following: The equilibrium equations with non-priority are
exactly equal to the equilibrium equations with priority. That is, the steady state probabilities
Xk (j) based on the priority and non-priority assumptions, j =0,...,N, K =2, are the
same.

The above statement can be rationalized as follows: Since the output buffer only cares
whether an ATM cell is coming or not, it does not care where the cell is coming from.
Consequently, no matter whether the output buffer is using the priority serving scheme or the
non-priority serving scheme, the output buffer accepts the cell, and the state of the network is
changed from x(¢), defined in Section 2, to x(f) + 1. Continue the same process for other
states. Therefore, the equilibrium equations between the priority and the non-priority ATM
multiplexers are the same.

It follows from the above that the TPs, MBOs, and CDs of two kinds of multiplexers
should be the same. The only different result between these two multiplexers are on the
evaluation of CLR;, i =1,..., K. The next paragraph is devoted to derive the cell loss rate
of each source with non-priority.

According to the non-priority service scheme, when an ATM cell generated by S, is
accepted by the output buffer at the beginning of a time slot and the buffer is full at the
beginning of the time slot and ATM cell generated by S is lost. That is, S; is blocked, and the
probability of S} being blocked is (1/2)p,X2(N). We obtain

1
CLR, = p; I:EPZXZ(N )] .
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Then, we have
1p1pa(1 — o) ~!

, aFl,
CLRy=1{2 1-a 4.2)
1pips w1
2N’

If the situation is reversed, the source S, is blocked, and the cell from S, is lost. The
probability of S, being blocked is (1/2)p; X2(N). We obtain

1
CLR; =p» [§P1X2(N )]~ (4.3)
Then,
1 1— N—1
pipa “A),a . a# L
CLR, = {2 l—w 4.4)
lP_le o=1
2 N’

For the total cell loss rate CLR of the multiplexer, it can be calculated by using (4.2) and (4.4)
as follows:

CLR

i=1

1 — o)oN-1 4.5
puvz(l :2« Casl, 4.5)
M, o=1.

N

The expression of CLR in the above equation is identical to that in Eq. (3.12). Moreover,
from Egs. (4.2) and (4.4), we have CLR; = CLR.

Then, based on the results on CLR;,i =1, ..., K, the four measures in the ATM multi-
plexer (I)~(VI)(b) can be formulated as follows: For the ATM multiplexer (I)~(VI)(b) with
K = 2, the throughput TP, the total cell loss rate CLR, the mean buffer occupancy MBO and
the cell delay CD are the same as those in the ATM multiplexer (I)«(VI)(a) with K = 2.

The reason for the result on CLR can be explained as follows: According to the con-
servation, the input flow of the output buffer should be equal to the output flow of the buffer
in both of the two multiplexers (i.e., priority and non-priority). Hence, the multiplexer with
the non-priority serving scheme suffers the same amount of cell loss as that with the priority
serving scheme. Therefore, the two multiplexers have the same total CLRs.

5 CONCLUSIONS

A performance analysis of a communication network is considered by many as a necessary
condition to implement a better QoS improvement project or to implement congestion control
and flow control for existing networks or to achieve a cost-effect design for new networks.
The theory developed in this paper provides an analysis of a basic element (i.e., an ATM
multiplexer) in communication networks. This result can be used as a building block to
analyze complicated communication networks. This paper has derived closed-form expres-
sions of the following performance measures — the throughput, the cell loss rate, the mean
buffer occupancy, and the cell delay — for the ATM multiplexers, where the serving schemes
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of the output buffer are based on the priority assumption or the non-priority assumption.
These expressions can be used to evaluate the performance of the ATM multiplexer under
consideration, and used as a tool to construct an ATM multiplexers in the design stage.

Although the performance analysis is quite complete for the multiplexer with number of
sources being 2, additional research is needed to analyze the network with arbitrary number
of sources. It is the subject of the future work.
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