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Abstract

Let A be any set of positive integers and n € N. A composition of n with parts in A is
an ordered collection of one or more elements in A whose sum is n. We derive generating
functions for the number of compositions of n with m parts in A that have r occurrences
of 3-letter patterns formed by two (adjacent) instances of levels, rises and drops. We also
derive asymptotics for the number of compositions of n that avoid a given pattern. Finally,
we obtain the generating function for the number of k-ary words of length m which contain
a prescribed number of occurrences of a given pattern as a special case of our results.

1. Introduction

A composition 0 = o105...0,, of n € N is an ordered collection of one or more positive
integers whose sum is n. The number of summands, namely m, is called the number of parts
of the composition. We will look at compositions of n with parts in A, i.e., compositions
whose parts are restricted to be from a set A C N. Our aim is to count the number of
compositions of n with parts in A which contain a 3-letter pattern 7 exactly r times. This
extends work on the statistics rises (a summand followed by a larger summand), levels (a
summand followed by itself), and drops or falls (a summand followed by a smaller summand)
in all compositions of n whose parts are in a given set A.

Several authors have studied compositions and the statistics rises, levels and falls from
different viewpoints. Alladi and Hoggatt [1] studied compositions with parts in the set A =
{1,2} in conjunction with the Fibonacci sequence. Chinn, Grimaldi and Heubach [12, 13,
14, 18, 19] have generalized to different sets A and have counted the number of compositions,
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rises, levels and drops, looking for connections to known sequences (which is only possible
when considering a specific set A).

Carlitz and several co-authors ([6],[8],[9],[10],[11]) studied rises, levels and falls in com-
positions on the set [n] = {1,2,...,n} as an extension of the study of these statistics or
patterns in permutations. (Unlike Alladi and Hoggatt, Carlitz et al. included an additional
rise at the beginning and an additional fall at the end of each composition, except in [10].)
These authors extended enumeration questions for permutations to compositions by also
considering the specification of a composition (a list of counts for the occurrences of each
integer) as well as the statistic levels. More recently, Rawlings [25] enumerated compositions
according to weak rises and falls (equality allowed) in connection with restricted words by
adjacencies. He also introduced the notion of ascent variation, (the sum of the increases
of the rises within a composition), which is motivated by a connection to the perimeter of
directed vertically convex polyominoes. Furthermore, Heubach and Mansour [21] developed
a general framework which gives the generating function for the number of rises, levels and
falls for any ordered subset A of N.

“Closest” to permutations are those compositions that do not have levels, which were
called waves by Carlitz and his co-authors. These compositions have also been referred to as
Smirnov sequences (see for example [17]) and Carlitz compositions [23]. One special case of
Carlitz compositions are up-down sequences, in which rises and falls alternate, which were
studied by Carlitz and Scoville [9] and Carlitz [6]. In addition, the problem of enumerating
Carlitz compositions according to rises and falls reduces to the Simon Newcomb problem ([5],
[15]) when the number of falls is disregarded. Another extension of questions first studied
for permutations are the generating functions for the number of compositions according to
specification, rises, falls and maxima by Carlitz and Vaughan [11], and enumeration of pairs of
sequences according to rises, levels and falls [10]. Recently, Gho, Hitczenko, Louchard and
Prodinger have studied distinctness and other characteristics of compositions and Carlitz
compositions using a probabilistic approach [16, 22, 24].

A widely studied topic for permutations is pattern avoidance (see [2] and references therein
for an overview). We follow the motivation of extending enumeration questions from per-
mutations to compositions by expressing rises, levels and drops as 2-letter patterns. For
example, the pattern 11 corresponds to any occurrence of a;a; with a; € A, and thus any
occurrence of the pattern 11 corresponds to the occurrence of a level. Likewise, the pattern
12 corresponds to a;a; with a; < a;, i.e., a rise, and the pattern 21 corresponds to a fall or
drop.

In this paper, we generalize to 3-letter patterns. For example, the pattern 111 corresponds
to any occurrence of a;a;a; with a; € A, and therefore corresponds to a level followed by
a level; we will refer to this statistic by the shorthand level+level. Likewise, we can define
patterns for all the combinations of rises, levels and drops. To illustrate this idea, we look
at the composition 1413364. In terms of rises, levels and drops, this composition is repre-
sented by rise-+drop+rise+level+rise4drop. It contains the patterns (from left to right) 121
(rise+drop), 312 (drop+rise), 122 (rise+level), 112 (level+rise) and 132 (rise4drop).
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Statistic | Pattern Statistic Pattern
level+level 111 rise+rise 123
level+rise 112 rise+drop=peak | 1214+132+231
level+drop | 221 drop-+rise=valley | 212+213+4312

TABLE 1. Statistics and their associated patterns

Due to symmetry, each rise is matched by a drop (for each composition that is not symmet-
ric, there is a composition whose parts are in reverse order, and for symmetric compositions,
the rises and drops are matched within the composition). Thus, the statistic rise+level, 122,
occurs as often as the statistic level4+-drop, 221. Table 1 lists the statistics to be considered,
and their corresponding patterns. Note that the statistic rise4drop is represented by three
different patterns, which take into account the relative size of the actual summands. For
example, the pattern 121 indicates the occurrence of ayasa; where a; < ap, whereas 132
indicates the occurrence of ajasasz, where a; < as < as.

In Section 2 we derive the generating functions for the number of compositions of n, with
m parts in A, which contain a given pattern 7 exactly r times, for each of the patterns listed
above. In Section 3 we use tools from complex analysis to derive the exact asymptotics for
the number of compositions of n that avoid a given pattern 7. Finally, in Section 4, we
apply our results to words, i.e., elements of [k]™, where [k] is a (totally ordered) alphabet on
k letters. We obtain previous results in [3, 4], and obtain new results for the patterns peak
and valley. This application shows that compositions form a larger class of combinatorial
objects, containing words as a subclass.

2. Compositions of n with parts in A

Let A = {ay,a9,as,...,aq} or A ={ay,as,as,...}, wherea; < ay < ....are positive integers.
We will refer to such a set as an ordered subset of N. In the theorems and proofs, we will
treat the two cases together if possible, and will note if the case |A| = oo requires additional
steps.

Let C.(n,r) (respectively C;(j;n,7)) denote the number of compositions of n with parts
in A (respectively with j parts in A) which contain the pattern 7 exactly r times. The
corresponding generating functions are given by

and

Colw,y,2) = Y Colfin,r)a™y’s = Crjiz,y)z

n,r,j>0 7>0
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More generally, let C,(o1...0¢|n,r) (respectively C,(oy...0¢|j;n,7)) be the number of
compositions of n with parts in A (respectively with j parts in A) which contain 7 exactly
r times and whose first ¢ parts are oy,...,0,. The corresponding generating functions are
given by

Crloy... o0z, y) = Z Cr(oyr...ofn,r)z"y"

n,r>0

and

Cr(oy...00z,y,2) = Z Co(oy...o0j;m, )™y 2 = ZCT(O'l o, y) A

n,r,j>0 >0

The initial conditions are C(j;z,y) = 0 for j <0, C-(0;z,y) = 1, and C.(o4,...0|j; x,y) =
0 for j <1 —1. In addition,

(1) Cr(z,y,2) = 1+ZCT(a]93,y, z).

acA

In this section we study the generating functions C,(x,y, z) for different patterns 7 =
T17273. To find an explicit expression for C.(z,vy, z), we derive recursive equations using a
variety of strategies for the different patterns. For patterns that contain levels, namely 111,
112, and 221, the recursion is in terms of C,(o1|j;x,y), Cr(o109|j;x,y), Cr(010203|7; 2, 9)
and C,(x,y, z), which is usually straightforward. However, solving the resulting system of
equations can be difficult, as for example in the case of the pattern 112. We will describe
the derivation of the recursive equations in detail for the pattern 111.

For the pattern 123, we break the composition of n into pieces, some of which have parts
in A, and others that contain only parts larger than the part under consideration. We then
define a second generating function which will play a major role in the recursive equation for
Cr(z,y, 2). In the case of peaks (valleys), we split the composition into parts according to
where the largest (smallest) part occurs, and derive a recursion that will lead to a continued
fraction expansion for the generating function C,(x,y, z).

2.1 The pattern 111 (the statistic level4level) In the following theorem we present the
generating function for the number of compositions of n with j parts in A that contain the
pattern 111 exactly r times.

Theorem 2.1. Let A be any ordered subset of N. Then

1

202(1+(1—y)z92)
1-— ZaGA 1+xaz(1+l‘“z)(1*y)

Clll('r? Y, Z) =

Proof. The pattern 111 occurs when a € A occurs three times in a row. Thus, for fixed
a€ Aand j>2

2) Cin(alg; z,y) = Cinlaalg; z,y) + ZbeA,b;ﬁa Chi(ablj; z,y)
= Cin(aalj;z,y) + 2°Cin(j — Lz, y) — 2°Cr(alj — L2, y).
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Note that the factor of ¢ reflects the fact that we are looking at compositions of n —a. We
now apply a similar argument to Ciy1(aalj; z,y) to obtain for j > 3

Cini(aalj; z,y) = Cinlaaalj; z, y) + 3 pe apzq Cr11(aably; z,y)
(3) = 2% yCu(aalj — L;2,y) + 2> 35 4 sy Cria (b7 — 252, y)
= 2%yCi(aalj — Liz,y) + 2*Ciii(j — 22, y) — 2% Cin(alj — 27, y).

Multiplying (2) and (3) by 27, summing over all j > 1, taking into account that the re-
currences hold for 7 > 2 and j7 > 3, and solving the resulting system of two equations for
Chii(alx,y, z), we get that

z2(1+ (1 —y)az)

Cin(alz,y, 2) = T zoe(l + 2o2) (1 = y)Cnl(aU, Y, 2).

Summing over all a € A and using Eq. (1) for 7 = 111, we get the desired result. O

Applying Theorem 2.1 to A = N with a; =i for ¢ > 1, we get that the generating function
for the number of compositions of n with parts in N which avoid the pattern 111 is given by
1

. zt(1+z?)
1 Zizl 1+t (1427)

0111(%07 1) =

and the values of the corresponding sequence are 1, 1, 2, 3, 7, 13, 24, 46, 89, 170, 324,
618, 1183, 2260, 4318, 8249, 15765, 30123, 57556, 109973, 210137, 401525, 767216, 1465963,
2801115, 5352275 for n = 0,1,...,25. Note that compositions that avoid the pattern 111
have only isolated levels.

Remark: We note that Carlitz compositions of n, introduced in [7], are those compositions
of n in which no adjacent parts are the same. Thus, Carlitz compositions are precisely those
compositions that avoid levels, or equivalently, avoid the (2-letter) pattern 11. One possible
generalization of Carlitz compositions is to define ¢-Carlitz compositions of n to be those
compositions of n that avoid ¢ consecutive levels, or in terms of pattern avoidance, avoid the
pattern 11...11 consisting of £ + 1 1’s.

2.2 The patterns 112 and 221 (the statistics level+rise and level4+-drop) In the
following theorem we present the generating functions for the number of compositions of n
with 7 parts in A which contain the patterns 112 and 221, respectively, exactly r times.

Theorem 2.2. Let A be any ordered subset of N. Then
1

-y, (xz [I-'a-0- y)xzaiz2)>

0112(515,972) =

and
1

=30 (w2 T 0 (0= (1= pla2ee?))

0221($,yaz) =
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Proof. To derive the generating function C19(z,y, 2) we use arguments similar to those in
the proof of Theorem 2.1 to obtain for every a€ A

2a .2
x*z
Ciz(alz,y, 2) = 1— x2“22 xzaZQ Z Criz(blz, y, )
beAb<a

22172 Ty x%z

(4) 1 1_ 7202 Z Chz(blz,y, z) + 0112(95 Y, 2).
beAb>a
Let’s now assume that A is finite, i.e. A = {ay,...,aq}. Setting zo = Ci12(z,y, 2), x; =
Chio(as|z,y, 2), a; = 1“32;522, and [3; = lf;iaiz, the above equation is of the form
Z; —ainj —aiyZacj — Bixg=qa; for 1=1,...,d.
j<i j>i

Together with Eq. (1) for 7 = 112 this results in the following system of equations:

—p1 1 -y -y o —a1y —Quy 0 aq
— [ - 1 —y - —y  —0Yy x1 as
—p3 —a3 —a3 1 e —agy —a3y T2 a3
By —as —oy —0y o a4y —ouy x3 ay
—Ba-1 —Qg-1 —0g-1 —Qg_1 - 1 —ag1y Tq—2 Qg1
—B4 -y -  —Qaq o —Qg 1 Td—1 ag
e | 4 1

Let My be the (d+1) x (d+ 1) matrix of the system of equations and let Ny be the matrix
that results from replacing the first column of M, with the right-hand side of the system of
equations. Then Ciya(z,y, 2) = gstt N‘i . We start by computing det(My). If we subtract o
times the last row from row j for j = 1 2,...,d, (the elementary operation is R; —a;Rqy1 —
R;), and then subtract the jth column from the (j + 1)st column (Cj41 — C; — Cj4q) for
Jj=2,3,...,d, and denote the resulting matrix by M/, then we get that det(M;) = det(M)).
Let A4 be the matrix M) without the first column and the last row, and let B, be the matrix
M, without the second column and the last row. Thus, det(My) = (—1)4(det(Ay)+det(By)).
It is easy to see that det(Ay) = H;l:l(l + «;), and (by expanding along the last row of By)
that det(By) = (1 + ay) det(Ba—1) — (va + Ba) H?:(l + a;y). Using induction on d with
det(B;) = —(aq + (1) we get that

d d i1 d d j-1
det(Bg) = Za]vLﬁg H(1+Oéz‘)H(1+Oéiy):—H(lﬂ'%)Z%Hlﬂ—oﬁ-
7j=1 i=j+1 =1 i=1 7=1 i=1

Hence,

d d a-+6-j_11+a-y
det(My) = (=D (1 +a;) [ 1= J 2.

et(Ma) = ( )E( +O‘)< ;1+ajg1+ai
Now, we consider the matrix N;. If we add the first column to all other columns, then
it is easy to see that det(Ny) = (=1)?T[,(1 + ;). Therefore, with a; = -2 2

5 and
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B =1 _”i(;ﬂjz, we get (after algebraic simplification) that
det(Ng) 1

det(My) 1 — ijl (xajz Hz;ll(l —(1- y)mmz?)) .

The case |A| = oo follows by taking the limit as d — oo. The proof for Cyy; (2, y, 2) follows
with slight modifications. O

Setting y = 0 and z = 1 in Theorem 2.2, we get that the generating function for the
number of compositions of n with parts in N that avoid the pattern 112 is given by

1
1= T2 (1 —a%)
and the values of the corresponding sequence are 1, 1, 2, 4, 7, 13, 24, 43, 78, 142, 256, 463,
838, 1513, 2735, 4944, 8931, 16139, 29164, 52693, 95213 for n = 0, 1,...,20. The generating

function for the number of compositions of n with parts in N that avoid the pattern 221 is
given by

0112(%07 1) =

1
1-— Zizl (371 HjZiJrl(l - xzj)) ,

and the values of the corresponding sequence are 1, 1, 2, 4, 8, 15, 30, 58, 113, 220, 429, 835,
1627, 3169, 6172, 12023, 23419, 45616, 88853, 173073, 337118 for n = 0, 1,...,20. Note that
there are a lot less compositions of n that avoid 112 than compositions that avoid 221. This
notion can be made more precise using the formulas for the asymptotic behavior given in
Theorem 3.1.

C'221(917, 0, 1) =

2.3 The pattern 123 (the statistic rise+rise) In the following theorem we will present
the generating function for the number of compositions of n with j parts in A that contain
the pattern 123 exactly r times.

Theorem 2.3. Let A be any ordered subset of N, with |A| = d. Then

1
0123(1‘7 Y, 2) = p—3 )
L= t1(A) = X 3 (7 )t (A)(y — 1)p=2
p=3j=0
where tP(A) = El§i1<i2<~--<ip§d 2P H?:l .
Proof. Let o be any composition of n with m parts in A = {ay,..., a4} that contains the

pattern 123 exactly r times. To derive recursions for the generating function, we will break
the composition into pieces, some of which have parts in the set A, and others that have
parts from the set Ay = {axi1,agro,...,aq} = A\{a1,...,a;} (the index of A indicates the
largest element excluded). To make this distinction for the generating functions, we will
indicate the specific set from which the parts are selected as a superscript. Furthermore,
since we want to split off the parts aq,as, ... successively to create recursive equations, we
define DA% (z,y, ) to be the generating function for the number of compositions o of n with
m parts in Ay such that for a &€ Ay, ac contains the pattern 123 exactly r times.
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For any composition ¢ with parts in A, there are two possibilities: either o does not
contain a1, in which case the generating function is given by C’f}?) (x,y, z), or the composition
contains at least one occurrence of ay, i.e., 0 = da10%41 . .. 0, Where & is a composition with
parts from A;, with generating function 0123(95 y, 2)Cia(ar|r,y, 2). Altogether, we have

(5) Cﬁ3(x7yvz) = Cég(ac,y, )+C’123(x Y, < )0123(a1|x Y, < )

Now let us consider the compositions o of n with m parts in A starting with a; which contain
the pattern 123 exactly r times. Again, there are two cases: either o contains exactly one
occurrence of aq, or the part a; occurs at least twice in o. In the first case, the generating
function is given by 2%z D41 (x,y,2). If o contains a; at least twice, then we split the
composition into pieces according to the second occurrence of aq, i.e., 0 = a10a10441 - . . Oy,
where & is a (possibly empty) composition with parts from A;. Splitting off the initial part
a; results in the generating function 2%z D41 (z,y, 2) Ciys(as|x,y, z). Thus,

C$3<a1|$,y, Z) = $a1ZDA1 ($>yv ) + xalzDAl(x Y,z )0123(a1‘x Y,z )
Solving for C35(a1 |z, y, z) and substituting into (5) gives

0123(x Y, 2)
1 —xmzDA(z,y,2)

(6) Cé3($7y>z) =

We now derive an expression for D41(x,y, 2) by considering compositions o with parts in
A;q such that a,0 contains the pattern 123 exactly r times. If o does not contain the
part ay, the generating function for o is given by D#2(x,y,2). Otherwise, we write o =
olayc?as6? . .. ayo™? with ¢ > 0, where ¢/ is a (possibly empty) composition with parts
in Ay for j = 1,..., 4+ 2. There are four subcases, depending on whether ' and 52 are
empty compositions or not. If &' and 52 are both empty compositions, then a;0 = ajas or
10 = a102a25° . .. ay6""2, ¢ > 1. In either case we can split off the initial part as of o which
results in one less part, but no reduction in the occurrences of the pattern 123. Thus, the

generating function for o is given by

a:‘”zz 2D (2,y,2))" = .

>0

"z
— 292z DA (x,y, 2)

If 5! is the empty composition and &2 is not the empty composition, then a,0 = a;a>52 or

10 = a1a90%a95° . . . a2, £ > 1, and the generating function for ¢ is given by

2z y(DA2(x,y,2) — 1)

mGQZy(DA2($7y72) - 1) Z(I@ZDAQ(ZL‘,Z/, Z))K = 1— Qja2ZDA2(l' Y Z)

>0

If 6! is not the empty composition and 2 is the empty composition, then ¢ = &'ay or
0 = dlasas5° ... a6"™2, £ > 1, and the generating function for ¢ is given by
122(DA2(z,y,2) — 1)
“2(DA2(x,y,2) — 1 222D (x,y,2))" = = )

(D™ (2,9, 2) );( (2,9, 2)) = 222D% (. 5, 7)
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Finally, if both ! and 62 are nonempty compositions, then the generating function for o is
given by
x%22(DA2(2,y,2) — 1)?
1 —a922D4(z,y,2)

Adding all four cases, using the shorthand D4 for D“(z,y, z), and solving for D4t we get

(1 —2%22(1 — y))DA2 + 2922(1 — y)‘

DA =
(7) 1 — ze2zD42

We give an explicit expression for D4 in the following lemma.

Lemma 2.4. Let A = {ay,...,aq} and t?(A;) = Zk+1§i1<i2<~--<ip§d 2P H§:1 2% for all p
and k=0,1,...,d. Then

L+ X0, X0 (5 (A)y - 1
L= (A4) = T, T () (A)(y — 1)

(8) D4 =

Proof. Before we start proving (8), we will give an interpretation of t?(A) as the generating
function for the number of partitions with p distinct parts from the set A;, where A, has
d — k elements, with Ay = A and 0 < k < d — 1. These partitions either contain the part
ap+1 or not. In the first case, the generating function is given by x®+1zt?~1(A; ), and in
the second case, by t?(Ag;1). Thus,

(9) tp(Ak) = tp(A/H_l) + x“k“ztp_l(AkH).

We now prove (8) by induction on d, the number of elements in A. For d =0 and d = 1
we have D? = 1 and Din} = D onso M2 =1/(1 — 2%2), respectively, and thus, (8) holds.
Now assume that (8) holds for d — 1. Using (7) and the induction hypothesis for the set A,
gives

DA (=2%12(1-y)) DAL a1 5(1—y)
1—z%1zDA1

(l—xalz(l—y))(1+dip2§ p_-2 tp+j(A1)(y—1)p1)
N 1—t1(Ay) dipii P8) i (A \y 1)p— Qxalz(lJr zipi; p—2 tz>/+J(A1)(y 1)P— )
P J
291 z(1—y) (1—t1 (A1) —; ; (P72 (A (y—1)P—2 ) 1

+ =

d—1p—3

AN T 7
1—t1(A1)— Z Z; P 3 tp+J(A1)(y 1)p— 2—37‘”7:(1—}-2 Z; P 2 tP+J (A1) (y—1)r— ) 52

We first rewrite the denominator and obtain

59 =1—1t1 (A ZZHW Dy —1)P2
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Combining the two double sums by reindexing the second one, adding the terms for p = d
to the first one (which by definition are all zero, as t477(A;) = 0 for j > 0) and applying (9)

gives d p-3
sy =1— tl(A) _ ZZ (pj3>tp+J(A)(y — 1) 2
p=3 j=0
Next we rewrite the numerator:
d—1 p—2
s1=14+az2(y — t'(A)) + (P (A (y — 1)
p=2 j=0
d—1 p—2 d—1 p-3
4 opty (P;Q)tp+j<Al)(y _ 1 + xmzzz P -3 tp+] A1>( 1)10—1
p=2 j=0 p=3 j=0

We now look at the coefficient of (y—1)™ and collect terms according to the respective power.
For m = 0, the coefficient is 1. If m = 1, then the coefficient is given by % z t'(A;)+t*(A4;) =
t2(A) (using (9)). If m=2,3,...,d — 1, then the coefficient of (y — 1)™ is equal to

3
o

m— m—
Z m 1 tm+1+j +:L,(MZZ m 2 tm-‘r] )+I‘a12 (m 2)tm+1+J(A1)

o

J=0

k}
.

,_.
N
3
—

=0
Z m 1 tm+1+] A)—i—l’alZ(

j=0

3

(M (A + Y (T (A )

J
1

Il
™

<.
<.
Il

which, using the identity (bfl) + (‘Z) = (anrl) and the fact that ( ) ( =0,
m—1 m—1
_ (m;l)tm—&-l—l—j(Al) 4oy Z (m;l)tm-i-j(Al)
j=0 Jj=0
m—1 m—1
_ (m] 1) (tm+1+J(A1> +xalztm+J Z m 1 tm+]+1 A),
=0 =0

where the last equality follows once more from using (9). Thus,

d—1 m—1
s =1+ (A — 1)+ (") Ay — 1)
m=2 j=0
d—1 m—1
=1+ (" Ay — 1™
m=1 j5=0

Reindexing the sum and combining this result with the result for s, completes the proof of
the lemma. O

We now can obtain an exact formula for C{y;(z,y, 2) as follows. Using (6) and Lemma 2.4
results in

A _
C’123(93,y,z) = 143 02) SRR (P2 )t (Ar) (y—1)p—1

i
1=t (A1) =353 Y025 (77) i (An) (y—1)p~
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Using the same arguments as in the proof of the above lemma we get that

L—t"(Ay) = 32505 20 (7)) (A (y — 1)
L —t1(A) = 3255 20 (V) (A)(y — -2

0123(1‘7 Y, Z) - Cg%(l’, Y, Z)

Iterating this equation and using that C{%(z, vy, 2) = C%s(x,y, 2) = 1 results in:

A =t (Agga) — Z Zp ) (*; )t (Ap) (y — 1)
Clas(,y,2) = 3 —
R TR Y S G TN T

Simplifying and using that *(Ay) = t?(0) = 0 gives the desired result. O

To apply Theorem 2.3 to A = N, we first show that t*(N) = x(pgl)zp/(x;x)p, where we
use the customary notation (a;q), = H}:Ol(l —aq’). Clearly, the formula for t?(N) holds
for p=10. For p > 1, we get from the definition of t”(N) with a; =i for ¢ > 1 that

tp(N) = P E l.z1+zg+...+zp — P § : xl1+22+...+zp_1 Z "
1<y <o <+ <dp—1<ip 1<) <ig<--<ip_1 i>ip_1
ip—1+1

=P Z it tip—1 r
(1—x)

1< <ia < <ip 1

" E: pirFizttipa Z L2
(1—=z)

1<y <o < <ip—2 1>0p_2

— =2 [J =) = 2022 (1),

j=1

Setting y = 0 and z = 1 in Theorem 2.3 we obtain the generating function for the number
of compositions with parts in N that avoid 123 as

1
- -5 )

p>3 j=

C$23(‘r7 07 1)

(P+1+J> ’

(12

and the sequence for the number of 123 pattern-avoiding compositions with parts in N for
n=0ton=20is given by 1, 1, 2, 4, 8, 16, 31, 61, 119, 232, 453, 883, 1721, 3354, 6536,
12735, 24813, 48344, 94189, 183506, 357518. Note that the first time the pattern 123 can

occur is for n = 6, as the composition 123.

2.4 The patterns {121,132,231} and {212,213,312} (the statistics peak = rise +
drop and walley = drop+rise) We will now look at the set of patterns {121, 132,231}
together, as they constitute the statistic peak, and likewise for the set {212,213,312}. For
ease of use, we will refer to these sets of patterns collectively as the patterns peak and valley,
respectively, and define C}L , (z,y, z) and Cyyy., (9, z) accordingly. Before we can state the

peak
result for the respective generating functions, we need a few definitions. For any set B C A
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and for s > 1, we define
PS(B> = {(’il, e ,z's)|az-j € B,] = 1,. .8, and dgp_1 < igp < ’i2@+1 for1 </< LS/2J},

QS(B) = {(Z.lv"'?is)'aij € Bv] = 17"'787 and lop—1 < g < Z.24-1-1 for 1 < 14 < |_S/2J}

and

MY (B)= > szbij and N°'(B)= > 2]]b

(i1,-is)EPS(B) (i1,-1s)€Q%(B)  j=1

On route to the explicit expressions given in Theorem 2.5 we will express the generating
functions for the patterns peak and valley as continued fractions, for which we will use the

1
notation |[cg,c1,Co,. .., Cno1,Cn] = o+ 1
c1 + 1
Co + . 1
* Cp—1 + ]-/Cn
Theorem 2.5. Let A = {ay,...,aq}, P*(A), Q°(A), M*(A), and N*(A) be defined as above.
Then

CA (x,y,2) = L4300 MY (A1 —y)
peak\:Y: 2) = 7 T ZjZI M2i(A)(1 — y)i — ijo M2+ A)(1 —y)i’

and

A _ L+ 220 MY (A)(1 —y)
valley\+*» I 1+ 2]21 M2 (A)(l _ y)] — Z]ZO N2J+1(A)(1 — y)]

Proof. We prove the result for the pattern peak. To derive first a recursion, and then an
explicit formula for C4 , (x,y,2), we concentrate on occurrences of a4, the largest part in

peak
the set A = {ay,aq,...,aq}. If ag is surrounded by smaller parts on both sides, then a peak
occurs. Let o be any composition with parts in A, and define Ay = {ay,...,ax} (the index

for the set indicates the largest element included). Note that A = A,.
We now look at the different possibilities for occurrences of aq4. If o does not contain a4, then

the generating function is given by C;‘flj; (x,y,z). If there is at least one occurrence, then

we need to look at three cases for the first occurrence of a4. If the first occurrence is at the
beginning of the composition, i.e., o = aq40’, where o’ is a (possibly empty) composition with
parts in A, then no peak occurs, and the generating function is given by z%z C’;:‘eak(x, Y, 2).
If the first (and only) occurrence of aq is at the end of the composition, i.e., 0 = day,
where 0 is a non-empty composition with parts in Aq_1, then the generating function is
given by z%z( ;eiﬁcl (xz,y,z) — 1). Finally, if the first occurrence of a, is in the interior of
the composition, then ¢ = dago’, where ¢’ is a non-empty composition with parts in A.
If o’ starts with aq, then 0 = dagaq0’, and both a4’s can be split off without decreasing

the number of occurrences of peaks; the generating function is given by (C]ii?(x,y, z) —

1):162%2’20;‘6%(3:,3;, z). If ¢’ does not start with a4, then a peak occurs and the generating
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function is given by

(Crea (2., 2) = Va2 y(Cprap(,y, 2) = 1 =242 Cpropl,y, 2)).

& non-empty o’ non-empty does not start with agq

Now, let C* = C}L (2, y, z). Combining the three cases above, we get

CA = CAa-1 4 goay CA 4 gody (CA‘H -1+ :1:2%220‘4(0‘%*1 -1)
+ 2% 2y(CA — 1 — g% 204 (CAr — 1),

or, equivalently,

(1+a%2(1 — y)) Ot — aiz(1 —y)

OA — —
1 —a0az(l —z%z)(1 —y) — xtaz(xz(l —y) 4+ y)CAa
1
(10) = Ch 1
1— a2tz — -
(1+a%z(l —y))CAa-r — zaz(1 — y)
B 1
= 1 .
— r%dy — =
[z04z(1 —y),1 — 1/CAd1]
Hence, by induction on d and using the fact that C41 = ﬁ, we can express the generating

function Cly.i(,, 2) as a continued fraction.

Lemma 2.6. For A= {ay,...,aq}, b; = 2%z, and C* = C2 , (v,y, 2),

p

cA = !

1

1—-b; —
O a0l = y),ba1, a1 (1= ), - ba, (1 — ), 1]

Now we derive an explicit formula for C}l,,.(z,y,z) based on recursions for M*(Ag) =
M*(A) for odd and even s; if s is odd, both the last and second-to-last elements can equal d,
whereas in the case s even, the second-to-last element can be at most d — 1. By separating
the elements of P*(A) according to whether the last element equals d or is less than d, we
get the following two recursions:

(11) M*TH(A) = by M*(A) + M*T1 (A1) and
M2 (A) = by M* 7 (Ag_y) + M*(Aq_y).

Define G4 = D= 1(11 D i.e., Gy consists of the portion of C4 in the

continued fraction expansion which has a repeatmg pattern. We now derive an expression
for G4 in terms of the M*(A).

ijo MPH(A) (1 —y) o G_}l
1+ 2321 M?(A)(1 —y)! a Gg.

Lemma 2.7. Foralld > 2, G4 =
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Proof. We prove the statement by induction on d. For d = 2, G = b; (only the term j =0

contributes), G5 = 1+ by by (1 — y) (only the term j = 1 contributes) and therefore, the
Gy
oL,
By the definition of G4 it is easy to see that G4 = bd(l—y)+1/(1bd_1+Gd_1)‘ Substituting the
induction hypothesis for d — 1 into the expression for G4 and simplifying yields

bd—lG?lA + Gcllfl

TR b1 =) (b GE G

lemma holds. Now let d > 3 and assume that the lemma holds for d — 1, i.e., G4_1 =

Gy

Using the definitions of G}_; and GZ_, and (11) yields by_1G% | +G} | = G}, and this result
together with the definitions of G} | and G% | and (11) yields GZ_; + ba(1 — y)(ba_1GZ_, +
Gl ) = G%, which completes the proof of Lemma 2.7. O

Now we use Lemma 2.7 and C4 = Tlde to get (after simplification) that C equals

T+ MY (A)(1—y)
1—bg— MY(A) + 3,0 MP(A)(1 = y)l = 301 (baMP (A) + MEHL(A))(1 — )7

Using (11) we get that

- 1"’2,’21 M2j(A)(1 _y)j

1= MUA) + Y ME(A) L = ) = 30, MPH(A) (1~ y)i

. L+ Zj21 sz(A>(1 —y)’

14+ 2321 M?Z#(A)(1—-y) — ijo MH(A)(1 —y)?

This completes the proof for the pattern peak since the formula also holds for the case
d = 0o. The result for the pattern valley follows with minor modifications, focusing on the

smallest rather than the largest part, replacing Ay with Ay = {a11, ario, ..., aq}, and using
the recursions

CA

M*(Ag) = by N*7H(Apsr) + M3 (Agpa) and N*(Ay) = bt MP7H(AR) + N*(Agi),

which are obtained by separating the elements of P*(Ay) according to whether the first
element equals k + 1 or is greater than £ + 1. O

We now apply Theorem 2.5 to A = N. Similar to the derivation of #*(N), but with extra
care since there are both < and < constraints (resulting in only odd powers of x in the
numerator), we get for all s > 1,

M?*(N) = E gihiae 28 — gs(s02),29 (e ),
1< <ig<ig--igs—2<i2s—1<i2s
i1 deedq 2
MZs—i—l(N) _ E le—‘r —HQSZZS — JTS +38+1228+1/(x; x)2s+1’ and
1<01 <2513 41251 <125 <1254 1
i1 dedq 2
N25+1(N) _ E Iﬂ,l—‘r +125+1Z25+1 _ x(s—f—l) Z2S+1/(ZL’;ZE)QS+1.

1< <io<iz-rigs—1 <i2s<i2s4+1
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Substituting these expressions into Theorem 2.5 gives the generating functions for the number
of compositions of n with parts in N without peaks and valleys, respectively, as

1+ Z m3(7+2)

i21 (z;z 2]
peak(gj 0 1) 14+ Z 23(+2) J+2) Z 232+35+1
J21 (x;2)25 720 (x52)2541

and

1+ Z 2i(+2)

j>1 :B 1)2]

C alley(x 0, 1) 1+ Z xJ(J+2) Z 2G+D2
J21 (z5x)2; 720 (@;2)2541

v

Rewriting the generating function as a geometric series allows us to compute the sequence
for the number of peak-avoiding compositions with parts in N. The terms for n = 0 to
n = 20 are given by 1, 1, 2, 4, 7, 13, 22, 38, 64, 107, 177, 293, 481, 789, 1291, 2110, 3445,
5621, 9167, 14947, 24366. The corresponding sequence for valley-avoiding compositions is
given by 1, 1, 2, 4, 8, 15, 28, 52, 96, 177, 326, 600, 1104, 2032, 3740, 6884, 12672, 23327,
42942, 79052, 145528. Note that the first time a peak can occur is for n = 4 (121), and the
first time a valley can occur is for n =5 (212).

Remark: Even though the statistics peak and valley are in some sense symmetric, one can-
not obtain the number of valley-avoiding compositions from the number of peak-avoiding
compositions. However, there is a connection, namely the number of valleys in the com-
positions of n with m parts are equal to the number of peaks in the compositions of
m(n + 1) — n with m parts. This can easily be seen as follows: In each composition of
n with m parts, replace each part o; by (n + 1) — 0;, which results in a composition of
m(n+1) —>" 0, =m(n+ 1) —n. This connection will be important in Section ??, when
we apply the results derived for the various patterns to words on k letters.

3. Asymptotics for the number of compositions avoiding 7

We will now use methods from Complex Analysis to compute the asymptotics for the number
of compositions with parts in N which avoid a given pattern 7. We think of the generating
function as a complex function, and indicate this fact by using the variable z instead of the
variable . Thus, we look at the function C;(2) = C(2,0,1) = > ., C-(n,0)2". Since C;(2)
is meromorphic, the asymptotic behavior of Cy(n,0) is determined by the dominant pole of
the function C;(z) = 1/f(z), i.e., the smallest positive root of f(z) (see for example [26]).
Using Theorem 5.2.1 [26] and the discussions preceding it, we obtain the following result.
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Theorem 3.1. The asymptotic behavior for T-avoiding compositions with parts in N is given

by
Ci11(n,0) = 0.499301 - 1.91076™ + O((10/7)"™)
Ci12(n,0) = 0.692005 - 1.80688™ + O((10/7)™)
Co1(n,0) = 0.545362 - 1.94785" + O((10/7)")
Cia3(n,0) = 0.576096 - 1.94823™ + O((10/7)"™)
Chear(n,0) 1.394560 - 1.62975™ + O((10/7)")
Coattey(n,0) = 0.728207 - 1.84092" + O((10/7)™).

Proof. Let p be the smallest positive root of f(z). If p is a simple pole, then the residue is
given by 1/f'(p). Since C,(n,0) < 2"~ the number of unrestricted compositions with parts
in N, we know that the radius of convergence of C,(z) > 0.5, and therefore, p > 0.5 for all
patterns 7. Using Mathematica and Maple, we compute both p and 1/f'(p) for all patterns.
To verify that we are dealing with simple poles in each case, we use the “Principle of the
Argument” (see Theorem 4.10a, [20]), which states that the number of zeros of a function
f(2) is equal to the winding number of the transformed curve f(I") around the origin, where
I is a simple closed curve. We use as I' the circle r = |z| = 0.7. Figure 1 shows the six
graphs.

Figure 1. The image of the circle |z| = 0.7 under the respective generating functions.

Clearly, the winding number is 1 in each case, confirming that p is a simple pole. Thus, we
obtain from Theorem 5.2.1 [26] that C;(n,0) = K - v 4+ O((1/r)"), where K = —1/(pf'(p))
and v = 1/p, which completes the proof. O

Note that Theorem 3.1 for 7 = 111 gives the asymptotics for the number of 2-Carlitz
compositions. Asymptotics for the Carlitz compositions were given in [23].
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4. Counting occurrences of subword patterns

Several authors (for example, see [3, 4] and references therein) have studied the occurrence
of subword patterns in words on k letters. We will apply the results derived in the previous
sections to words on k letters, and thus obtain previous results as special cases.

Let [k] = {1,2,...,k} be a (totally ordered) alphabet on k letters. We call the elements
of [k]™ words. A word o contains a pattern 7 if o contains a subsequence isomorphic to 7.
Otherwise, we say that o avoids 7. The reversal of 7, denoted by r(7), is the pattern 7
read from right to left, and the complement of T, denoted by ¢(7), is the pattern obtained
by replacing 7; by k+ 1 — 7. The set {7, 7(7), c(7),c(r(7))} is called the symmetry class of
7. It is easy to see that patterns from the same symmetry class occur an equal number of
times in all the words of length m.

The connection between compositions and words is as follows: If CA(z, v, 2) is the generat-
ing function for the number of compositions of n with m parts in the set A and r occurrences
of the pattern or statistic 7, then C“(1,y, z) is the generating function for the number of
words of length m on the alphabet A with r occurrences of the subword or statistic 7. We
are now ready to apply our results from the previous sections to words on £ letters.

Theorem 2.1 gives

1 1+ 2(142)(1 —vy)

k2(1r(1-y)2) 1 — (F — — (1 _ — N2
1— i 1-(k—1+y)z— (k- 1)(1-y)2

i.e., we obtain the results of Example 2.2 [4] and Theorem 3.1 [3].

k
C(1[1]1(]-a Y, Z) -

Theorem 2.2 gives (after simplification)
1—vy)z
(L y, 2) = Chi(1,y,2) = (
112( 7y72) 221( ,y,Z) (1_y)2_1+(1_(1_y>22)k7
i.e., we obtain Theorem 3.2 [3]. In addition, for y = 0 we obtain the generating function for
the words of length m that avoid the pattern 112, given in Theorem 3.10 [4]:

2
z—14(1—22)k

k k
0{1]2(17072) = %2]1(170%) =

Note that necessarily C’g;]l(l, Y, z2) = C’ﬁg(l, Y, 2), as 112 and 221 = ¢(112) are in the same
symmetry class, which explains why the respective generating functions for compositions are
similar in structure.

Theorem 2.3 for x = 1 yields & ([k]) = (2) 2P and thus,

1
C{’;g(]ﬂy’Z) = k -3 _ . .
L—kz—=3 0 5300 ("°) ()2t (y — 1)p?

This generating function for the number of words of length m that contain the pattern 123
exactly r times was given in a different form in Theorem 3.3 of [3]:
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Theorem 3.3 (Burnstein and Mansour, [3]) For k > 2,

1
Flos(z,y; k) = 1 for— 2?23(_2)3'(’;)(1 — y)U/ZJUj—IS(Z/)’

where Uy(y) = Ur(y) = 1,Uzu(y) = (1 = 9)Uza-1(y) — Uzn—2(y), and Uzny1(y) = Uan(y) —
Usn—1(y). Furthermore, the generating function for U, (y) is given by

14 2+ 22
U, "= .
Z (v)z 1+ (1+y)z2+ 24

n>0

We can prove the equivalence of the two generating functions by substituting x = 1 into
equations (6) and (7) which yields the expressions given in [3] for F.(z,y; k) and D.(z,y; k).
Comparison of the initial conditions then shows that 0{213(1, y,z) = Flos(z,y; k).

Substituting y = 0 and x = 1 in Theorem 2.3 we get the generating function for the
number of words of length m avoiding the subword 123:

1
=k (P S, s () ()=

k
01[2]3<1’ 0, Z) -

This can be shown to give the result of Theorem 3.13 [4], namely

1
(12) F123(Z,O; ]{?) = =F
ijo aj (j)zj
where ag; = 1, agr; = —1 and agepo = 0. We use the form of Theorem 3.3 [3] for y = 0,
which gives
1

Faaalz,00) = 7 S (172 ()T, (0)

Note that for y = 0 and m > 0, U,,(0) = Up,—1(0) — Up,—2(0), and thus, U,,(0) = 1 form =0
or 1(mod 6), U,,(0) = —1 for m = 3 or 4(mod 6), and U,,(0) = 0 otherwise. For j > 3 and
Jj=3m,U;_3(0)=1and (—1)"™ = 1. If j > 3 and j = 3m + 1, then U;_3(0) and (—1)"**
will have opposite signs, resulting in a coefficient of —1. Finally, if j > 3 and j = 3m + 2,
then U;_3(0) = 0. Note that formula (12) also holds for j = 0, 1,2, and therefore we have

shown the equivalence of the two results.

Now we apply our results to the statistics peak and valley, which will give new results.
Using Theorem 2.5 for A = [k] and = = 1, we need to determine the products M*([k]) =
D (ivsininers () Lj=1 bi; = 2°|P*([k])]. To determine |P*([k])| for s = 2¢ + 1 and s = 2,
we rewrite the sequence of alternating < and < signs in the definition of P*([k]) as strict

inequalities and obtain (with j, =i, + [(n — 1)/2])

o . . _ . k40
‘P%Jrl([k])’ — ‘{(31732,...,]25+1)‘1 S <2< <Joup1 < k+€}| = (2€+ 1)'
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Using the same argument, we obtain |P2([k])| = (*,*). Substituting M*([k]) = z%(*7,")
and M?**1([k]) = 22”1(“8) into Theorem 2.5 gives

20+1
Zj>0 ZQj(l - ?J)j (k_zljﬂ)
2z 2 (L =y} (k 1+]) — 2 jmo A1 - y)j(zlﬁl)

Since c¢(peak) = walley, we have Cva”ey(l,y,z) Cpeak(l,y,z), and, setting y = 0, the

generating function for the number of words of length m on the alphabet [k] without peaks
(valleys) is given by

cM 1,y 2) =

peak

ijo 2% (k_21j+j)

ijo 2% (k_21j+j) - ijo Z2H (2131]1) '

¢ (1,0,2)=c® (1,0,2) =

peak valley

Note that once again the symmetry structure of words explains the fact that the generating
functions for the number of compositions that avoid valleys and peaks, respectively, have
similar structure.
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