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Abstract

A sequence of rational integers {A,} is said to be a divisibility sequence if A,, | A,
whenever m | n. If the divisibility sequence {A,,} also satisfies a linear recurrence
relation of order k, it is said to be a linear divisibility sequence. The best known
example of a linear divisibility sequence of order 2 is the Lucas sequence {u,}, one
particular instance of which is the famous Fibonacci sequence. In their extension
of the Lucas functions to order 4 linear recursions, Williams and Guy showed that
the order 4 analog {U,} of {u,} can have no more than two ranks of apparition
for a given prime p and frequently has two such ranks, unlike the situation for
{un}, which can only have one rank of apparition. In this paper we investigate the
problem of finding those sequences {U,,} which have only one rank of apparition for
any prime p.

— In memory of John Selfridge, a close friend and
collaborator for nearly half a century.

1. Introduction

Let p,q € R and «, 3 be the zeroes of 22 — pz + ¢ € R[z]. We define, for n € Z,
an _ Bn

a—p3"
When p, ¢ are coprime integers, both u,(p,q) and v,(p,q) are integers for all n >
0 and are called the Lucas functions. The Lucas functions possess a number of
properties (see Ribenboim [2, pp.53-83] or Williams [3, pp.69-95]) which make
them particularly useful for primality testing. In particular, if n | m, then u,(p, q) |
um(p, q); also, both u,(p, q) and v, (p, ¢) satisfy the second order linear recurrence

Un(pv (I) = Un(pv q) =a" + Bn

Xn+1 - an - an,1

In general a linear recurring sequence of order k over the integers is a sequence
{X,}, where we have

Xtk = A1 Xnqp1 + Ao Xy o+ AsXpqps + -+ A4 X,
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and Xo, X1,Xo,..., Xk 1,A1,A49, A3, ..., A are given fixed integers, with Ay #
0. Furthermore, if X,,, | X,, whenever m | n, then {X,} is said to be a kth order
divisibility sequence. Thus, we see that the Lucas sequence {u,(p,q)} is a second
order divisibility sequence. This sequence also has the property that (u,, um) = |ug|
where g = (m,n) and we use the notation (a,b) with a,b € Z to denote the greatest
common divisor of a and b.

If a divisibility sequence {4, } is such that (A,, A,,) = |44|, where g = (m,n),
we say that {A4,} is a strong divisibility sequence.

In his investigation of the problem of primality testing, Lehmer [1] introduced
the functions a,(r, q), 0, (r, ¢) where r, ¢ are coprime integers. These are defined by

_ | un(/r,9) when 2 {n
in(rq) = { un(\v/1,9)//r when 2 |n

Bu(r, q) = U (/T q) when 2 | n
MO (Vi g)/vr when 2fn
The sequences {u,(r,q)}, {Un(r,q)} are comprised of integers for all n > 0 and
satisfy the fourth order linear recurrence

Xn+4 - (T - QQ)Xn+2 - qQXn

Furthermore, {@,(r,q)} is a strong divisibility sequence. Further properties of the
Lehmer functions can be found in [1].

In their study of a fourth order analog of the Lucas functions, Williams & Guy
[4] defined U,, = U, (Py, P2,Q), Vi, = Vi (Py, P2, Q), where Py, Py, Q are integers,
(Pl,PQ,Q) = 1, and

of + 67 —ay — By

U, = Vi =af + 67 +af + 33
a; + B —ag — B2 1A 2+ 0

Here 161 = asf2 = Q, a1 + B1 = p1, as + B2 = po and py, po are the zeroes of
f(x) = 2? — Pix + P5. Note that ai, 81, as, 32 are the zeroes of

F(z) = 2% — Pia® 4+ (Py + 2Q)2* — QPyz + Q*
Thus, U,, and V,, satisfy the fourth order linear recurrence
Xpta=PiXpi3— (P2 +2Q) X010 + PIQX, 11 — Q°X,
Also, the discriminant D of F'(z) is given by
D = EA%Q?

where A = P2 —4P; and E = (P2 +4Q)? — 4Q P?. We will assume throughout this
work that D # 0 so that the zeroes of F(x) are distinct.
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We notice that U,1 = 1/@, Uo = 0, U1 = 1, U2 = Pl, U3 = P12 — P2 — 3Q If we
change the sign of P; and consider the sequence {U;:} where U*; = 1/Q, U = 0,
Ur=1,U;=—-P,

;-1-4 = (_Pl)U:;-i-?, - (PZ + 2Q)U;+2 + (_Pl)QU;-H - QQXn
it is easy to establish by induction that
Uy = Un(=P1, P2, Q) = (1) 'Un(P1, P2, Q)

Thus, by changing the sign of P, we only change the sign of Us,,.

It is possible to show that just about every important property of the Lucas
functions has an exact analog in the theory of the U, and V,, functions. However,
there is one result for U,, that does not have an analog in this theory: the {U,}
sequence is not in general a strong divisibility sequence. For example, take P; = 1,
P, = —7,Q = 1. In this case we have Ug = 95, Uyg = 217172736 and (U, Uzp) = 19,
whereas Ug 20y = Uz = 1. It turns out that the least positive integer n for which
19 | U, is n = 6, but even though 19 | Uy, we do not have 6 | 20. In the next
section we investigate this phenomenon more closely.

2. Laws of Apparition

We begin this section with a definition.

Definition. Let w; (if it exists) be the least positive integer such that p | U,,,. We
define the increasing sequence wi,ws,...,w; € Zby p | Uy, and w; tw; (1 <i < j).
Each w; in this sequence is called a rank of apparition of p.

In [4] it is shown that there can be at most two ranks of apparition of a prime
p in {U,}. Indeed, if p { AQ; K denotes the splitting field of F(z) in Flz]; aq,
01, aa, B2 are the zeroes of F(x) in K; and p has two ranks of apparition, w; and
wo in {U,}, then w; is the least integer for which of* = a5' in K and ws is the
least integer for which (aja2)¥2 = @*2 in K. It is this possibility, that a prime p
can have two ranks of apparition in {U,} that prevents {U,} from being a strong
divisibility sequence.

Proposition 2.1. If p is any prime that has two ranks of apparition in {U, }, then

{U,} cannot be a strong divisibility sequence.

Proof. Let p have two ranks of apparition, wy and we in {U,}, where w; < ws
and wy { we. Clearly p | (U, Usy). If g = (w1,w2), we see that 0 < g < wy. If
(Uw,,Uw,) = |Ug, then p | Uy, contrary to the definition of w;. O

Definition. The divisibility sequence {U,} is said to be monoapparitic if there
is only one rank of apparition for each prime which divides a term of the sequence.
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We have seen in Proposition 2.1 that a necessary condition that {U,} be a strong
divisibility sequence is that {U,} be monoapparitic. However, this condition is not
sufficient. As we shall see below, the sequence given by P, = —5, P, = —14, Q = 16
is monoapparitic, but 112 | Ujs and 112 | Uy. Now 4 = (12,44) and Uy = 55 so
that |Uy| # (Uia,Uss). In this paper we will attempt to determine monoapparitic
{Un}. To assist us in this investigation we list a number of results from [4].

1. If p = 2, then p has two ranks of apparition if and only if 2 | P, and 2 { P2Q.
2. If p is odd and p | @, then p has only one rank of apparition in {U,}.
3. If pisodd and p1 @, p | A and p 1 E, then p has two ranks of apparition in

{Un}-
4. Ifpisodd, p1 @, p| A and p | E, then p has only one rank of apparition in
{Un}-
5 If pisodd, pt @, pt A and p | E, then p can have two ranks of apparition in
{Un}.

We next consider the case where p 1 2QAE.

6. If (%) = —1, then p has only one rank of apparition in {U, }.

7. If (%) =1, and (%) = —1, then p has two ranks of apparition in {U,} when
prl

In this case we see that if p 4 P, we must have (%) =1 in order for p to have
a single rank of apparition in {U,}. Indeed, as there must exist an infinitude of
primes p such that p  P; and (%) =1, we see that (%) = 1 for all of these primes

if {U,} is to be monoapparitic. In the next section we will show that if {U,} is
monoapparitic and £ = GU?, A = SV?2, where G, S are squarefree, then we must
have G =S or S=1.

3. Types of Monoapparitic {U,}
In order to establish the main result of this section we require several preliminary
results.

Lemma 3.1. Let K (> 1) be a squarefree integer and let the values of 1, A be
preselected from the set {1, —1}. There exists an integer r such that » = A (mod 4)

and such that if p is any prime satisfying p = r (mod 4K), then (%) =.

Proof. We consider two cases.
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Case 1. 21t K. Let ¢ be any prime divisor of K. There exists an integer s such
that

We may now use the Chinese remainder theorem (CRT) to find a value of r such
that
r=s (modgq), r=1 (mod K/q), and r=X (mod 4)

because ¢, K/q and 4 are coprime in pairs.
Now if p is prime,

(5) =07 (7)== (5) ()

If p=r (mod 4K), then p =\ (mod 4), p=s (mod ¢), p=1 (mod K/q). Hence

(5)- ()

Case 2. 2| K. In this case K = 2M and M is odd. If p is a prime,

G)=C) ()

IfM=1putr=3ifn=A=—-1putr=7ifn=1,A=—-1;putr=5ifn=—1,
A=1;and put r =1if p=A=1. Thus, if p=7r (mod 8) (8 = 4K), we get

(5)=() =

If M > 1, then by the first case of the lemma there exists some k = A (mod 4) such
that if a prime p = k (mod 4M), then (%) =n. Put t = 27152 (mod M) and
r=A+8t If p=r (mod 8M) (8M = 4K), then

p=A (modS);»(%)_1

But r = A+ 8 (27152) =k (mod 8M); thus, (%) = (M> =7 m|

p

Corollary 3.1.1. Let K be a squarefree integer with |K| > 1 and let the values of
n and A be preselected from the set {1,—1}. There exists an integer r with r = A

(mod 4) such that if p is any prime satisfying p = r (mod 4|K]), then (%) =1.

(5)5(2) o

Proof. We have
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By the lemma, there exists some r = A (mod 4K) such that if p = r (mod 4K),

LI R K\ _

then(p)_)\n:(p>_77. O
Lemma 3.2. Given k positive integers Ay, As, ..., Ai which are coprime in pairs
and integers 71, ro, ..., 7 such that r; = r; (mod 4) (1 <14,j < k), there exists an

integer r such that r = r; (mod 44;) (i =1,2,...,k).

Proof. Since r1 =1y =--- =1 (mod 4), we may assume that 7, = A (mod 4) for

some fixed A (0 < A < 4). By the CRT we can find some s such that
s=(ri—A)/4 (mod 4;) (i=1,2,...,k)

Putting » = A + 4s we get the desired result. m]

We are now able to prove the following theorem. We use [a, b] to denote the least
common multiple of the integers a and b.

Theorem 3.3. Let K, L be squarefree integers such that |K| # |L| and |K],
|L| > 1. Let the values of 11, n2 and A be preselected from the set {1,—1}. There
exists an integer r such that 7 = A (mod 4) and if p is any prime such that

p=r (mod [4|K],4|L[})

then (%) =1, <%) = 2.

Proof. Put D = (K, L); we have (K/D,D) = (L/D,D) = (K/D,L/D) = 1. We
may assume with no loss of generality that |K| > |L|. As in the proof of Lemma
3.1, we distinguish two cases.

Case 1. |L|/D > 1. By Corollary 3.1.1 we know that there exist integers r1 and 79
such that 71 =7y = A (mod 4) and if p is any prime satisfying
p=ry (mod 4|K|/D), p=re (mod4|L|/D)

then (%) =1, (L/TD) = n9. Also, there exists an integer r3 such that r3 = A

(mod 4) and if p is any prime satisfying p = r3 (mod 4D), then (%) =1.

By Lemma 3.2 there must exist some r such that

r = A (mod4)

r = r; (mod 4|K|/D)
r = ry (mod4|L|/D)
r = r3 (mod 4D)

If p=r (mod [4|K|,4|L]]), then

DG -
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Case 2. |L|/D = 1. In this case, by Lemma 3.1, there exists an integer 1 such
that 7y = A (mod 4) and if p is any prime satisfying p = r; (mod 4|K|/D), then

(52) -

Also, since D > 1, there exists an integer r3 = A (mod 4) such that if p = r3
(mod 4), then (%) = m2A. By Lemma 3.2, we can find » = A (mod 4) such that

r = r (mod 4|K|/D)
r = r3 (mod4D)

If p is any prime satisfying p = r (mod [4|K]|,4|L|]) then

p=r (mod 4|K]), P

r1  (mod 4|K|/D), p=rs (mod4D).

Hence

(5)- ) E) o ()

We are now able to prove the result mentioned at the end of §2.

Theorem 3.4. Let A = SV2 and E = GU?, where S, G, U, V are integers and S
and G are squarefree. If {U,} is monoapparitic, then S = G or S = 1.

Proof. Put A =1, m = -1, 10 =1, K =S5, L = G. We first suppose that
|G| > 1. If |S| # |G| and |S| # 1, then by Theorem 3.3 there exists an integer
r = A (mod 4) such that if p is an prime satisfying p = A (mod [4]5],4|G]]), then

(%) =n = —1, (%) = 19 = 1. Then, by Dirichlet’s theorem, we know that

there exists an infinitude of primes p such that (%) =1, (%) = —1. But by

Remark 7 in §2, we know that p must have two ranks in {U,}. Thus, for {U,} to
be monoapparitic, we must have |S| = |G| or |S| = 1.

We now consider the case S = —G. By Lemma 3.1 we know that there exists an
infinitude of primes p = —1 (mod 4) such that

§)- 1= (9= ()-(5)

As this is not possible for a monoapparitic {U,, }, we must have S = G.
We next consider the case |S| # |G| and |S| = 1. If we put A = -1, K = G,
7 = 1 in Lemma 3.1, we see that there must exist an infinitude of primes p such

that p = —1 (mod 4) and (%) =1. If S = —1, then (%) = (%) = —1, which is

not possible if {U,,} is monoapparitic. Hence S = 1.
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Next, if G = 1, then (%) =1 for all primes p, which means that S = 1 implies
S=aG.

Finally, if G = =1, weput A =1, K = S5, n = —1. If |[K| > 1 we know from
Corollary 3.1.1 that there exists an infinitude of primes p such that (%) = (ﬁ) =

P
—1. Since (%) = (%) = (_71) =1, {U,} cannot be monoapparitic.

Thus, |S| = 1. If S = —1, then S = G; otherwise S = 1. ]
It follows that if {U,} is to be monoapparitic we must have three possible cases.
1. E is a square and A is a square.

2. F is a not square and A is a square.

3. F and A are not squares, but EFA is a square.

In the sections that follow we will deal with each of these cases.

4. The Case of E a Square

In this section we will investigate whether there exist any monoapparitic {U,, } when
FE is a perfect square. We will need the following result.

Theorem 4.1. If E = U?, then there must exist integers 71, 72, q1, 2 satisfying
r1 >0, 79 > 0, 11719 a perfect square, (r1,q1) = (r2,¢2) = 1 such that

P =riry, Po=qra+ @ri — 412, Q= qiqe

Proof. Putting W = P, +4Q, T = Py, we get W2 — U? = 4QT?. Put d = (U, T),
d' = (W,T). We have d? | W2, and hence d | W so that d | d’. Also, d’? | U? implies
d' | U, and therefore d’ | d. Hence d = d’' or (U,T) = (W, T). Put

U'=U/d, T =T/d, W =W/d

WU (WU
(o) ()=

Put G = (WIQU', W/;U’) Since G | W/ and G | U’ we must have (G,T") = 1;

Hence G? | Q. Tt follows that

W' — U’ W'+ U’ B Q -
(Feo) (Fa5) = (&)

We get
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. W -U’ W+U"\ _
Since ( TR ) = 1 we must have

w’'-U’

W'+ U’
a5~ Qlle» (T) = Q/zRi

2G
where (Q] Ra, Q5R1) = 1, Q1Q% = Q/G? and T" = RiRy. If we put ¢ = GQ1,
g2 = GQY, r9 = dR3, 11 = dR}, we get P} =T? =179, Q = qug2, W = 72 +qar1,
Py = qiro + qor1 — 4q1qo. Also, since d > 0, we must have r1, 79 > 0. If p is
any prime which divides (r1,q1) or (ra,q2), then p | P1, p | Q, p | P2, which is not
possible. Thus (r1,¢1) = (r2,q2) = 1. O

Corollary 4.1.1. If E is a perfect square, then |U,| = |un(\/71, ¢1)un(y/72,¢2)|
where r1, q1, T2, g2 are as in Theorem 4.1.

Proof. Define uy, v1, po, vs, by
1+ v =11, wiv1s = qi, Ho + Vo = /T2, HalV2 = q2
If we put a1 = pipe, 01 =1, ag =i, (B2 = uive, we have
a1 = azfe = q1q2 = Q.

Also, if p1 = a1 + B1, p2 = az + B2, then

p1+p2 = pape +vive +vipe + pave = (1 + v1) (e + o) = /rirs = P
pipz = (pape +vive)(vipe + pava)
= a(u3 +v3) + @(ui +7)
= qrotqri—4ae = P

Thus, if p; + p2 = P1, then py, py are the zeroes of f(z) and
oot fE o - (u?—u?) (ué‘—%‘)

a1+ —az—PF  \p—un Ho — V2

= un(V71,q1)un(v/72, q2)-
If p1 + po = — P4, then, since we have seen that
Un(=P1, P2, Q) = (=1)""'Un(P1, P, Q),

we get our result. O

Now suppose we define ps = pf, v = v§, where py +1v1 = /1, v = q,

(r,q) = 1. In this case we get w—
Un= === (4.1)

Us
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where wu,, = Up(v/7,q). Here we have a; = pit', B = uf“, Qg = quffl,

Bo = qui™", p1 = vsi1, p2 = qus—1, Q = ¢*tt, where v, = v (/7. q). Note
that we can verify from the formulas for u,, and v,, in terms of u; and vy that

T2 — AqUmi1Vm_1 = (r —4¢)*u?, and 02, — (r —4q)uZ, = 4¢™.

We find that
P =rvs, Py=qus_1vs41, A= (r—4dq)*u?

and  E = (p} —4Q)(p3 —4Q) = ¢*(r — 49)*ul_jul,,

Now E here is always a perfect integer square.

In the case where s is odd, we always have A an integer square, but if s is even,
then us = \/riis where @ is an integer, hence for A to be a square we need r to be
a perfect square. Under these conditions we have u,, € Z (n > 0) and the following
result.

Theorem 4.2. If p is a prime and p { 2QA, then p has only one rank of apparition
in {U,}, where U, is given by (4.1).

Proof. The proof of the result is similar to, but easier than, the proof of Theorem
5.1 below. Thus we refer the reader to Theorem 5.1. O

We know that if p | @, then p has only one rank of apparition in the sequence
{U,} as defined by (4.1). Suppose pt Q. If p is odd and p | A, then p t us,
implying p | E and hence p has only one rank of apparition in {U,}. However, if
5=l we see that p 1t us_1usy1 when pfq.
Thus, if p | us, then in order for p to have only one rank of apparition in {U,},

p | us, then since u? — us_jusr; = q

we must have p | r — 4q. Tt follows that if all the distinct primes which divide
us also divide r — 4q, then {U,}, where U, is given by (4.1), is monoapparitic.
Unfortunately, this is difficult to ensure on selecting an 7, ¢ pair. However, we can
produce the following result.

Theorem 4.3. Suppose p is a prime, p | s and |ug| = |us| = p* (K > 0). If w is
the least positive integer n such that p | U,, where U, is given by (4.1), then if
P | U, we must have w | m.

Proof. Let A be the rank of apparition of {@,} modulo p. We must have p | s and
p | s; also,
Als = ay|as = A=p" (k <Ek).

However, by the Law of Apparition for Lehmer functions [1, Theorem 1.7], we must
have A|p or A|p=£1. Since (p,px1) =1, we can only have A\ = p. Also, since
p | Ux, we must have w < A. If p| @y, then A\ |w implies w=A=p. If p|tp,
then X |m implies w | m. Suppose p |, and p{Uy,,. In this case, since p | Uy,
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we have p | Ugm/Us. It is a simple matter, using the methods of, say, [3, p.86] to
establish that ~
—, Us m.
Us

Since p | 4s, we must have p | m so that w | m. If p{a,, then p | Ugw/Us.
Therefore p | w and hence A | w so that w = A which implies p | @, a
contradiction. 0O

Now suppose that us is given as in Theorem 4.3. Then the sequence {U,} as
given in (4.1) is monoapparitic if 2 has at most one rank of apparition in {U,}.

We note that, since /7 = a+ 3, we have r | vog_1v2x+1 and by induction voy, = 7
(mod 2). If 2 | g, then 2 | @ and therefore 2 has at most one rank of apparition in
{Un}. If 2| r, then 2 | P, = U, implies that 2 has at most one rank of apparition in
{U,}. We now suppose that 2 { r. Since, when 2 | s, v = 1 (mod 2), we see that
2t Py; hence 2 can have at most one rank of apparition in {U,}. If s is odd, then
|us| = p*, where p | s, means that 2 { U,. Since v2 = ru? (mod 4), we have 2 { v,
so that 21t P;. It follows that {U,}, given by (4.1), is always monoapparitic when
|us| = p¥, where p is some prime divisor of s.

Example 1. Consider the case s = 2. Here r must be a perfect square, say r = t.
We have U, = u2(t,q)va(t,q)/t. Now us = ug = t. Thus, if t = 42 with k > 0,
then {U,} is monoapparitic. Here P; = t(t? — 2q), P, = qt*(t> — 3q), Q = ¢>.

Example 2. We next consider the case s = 3. Here us = ug =r — q and

U, = un(\/;7 Q)UBn(\/Fy q)/u3(\/F> q)'

If r — q = £3% with & > 0, then {U,} is monoapparitic. Here P; = r(r — 3q),
Py =13q—6r2¢> +10r¢® — 4¢* = q(r —2q)(r® —4rq+2¢?), Q = ¢*. If we put r = 4,
g=1,weget P, =4, P, =4, Q =1 and U,, = n? which is clearly monoapparitic
and strong.

Indeed, we have shown that if E is a perfect square, there exist infinitely many
{U,} which are monoapparitic.

5. Another Monoapparitic {U,} When E Is a Square

In this section we will produce another set of sequences {U,, } that are monoapparitic
when F is a perfect square. As before we define 1 and vy by p1+11 = /1, g1 = q,
where 7, q are coprime integers. We now put us = ius3, ve = —iv§, where i2+1 = 0.

_ o+ 07 —ay -Gy
" a4 B —az— B

Here
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where a; = i/ﬁ“, b1 = —iuf“, Qg = iq,u‘qul7 Bo = —iquffl. We denote by u,, and
vy, the functions u, (v/7,q) and v, (y/7, q) respectively. We get

p1 = pape+rvive =i(pitt = Uit =i(u — v1)usp
p2 = Vip + pave = qi(p — V1) us—1
Pr = pi+p2 =il — v1)(use1 + que—1) = i(ur — v1)V/rug
Py, = pipp= —Q(Hl - V1)2us+1u571 = Q(4q —T)Us1Us—1
Q = af=¢""
We find that
p1—4Q = —(r—dqul,, —4¢"T =02,
Py —4Q = —¢*(r—dqui_, 4"t = —¢*
Thus E = (3 — 4Q)(3 - 4Q) = 22y,
Also A =P 4P, = —(u1 —v1)?ru? — 49(4qg — r)usp1us_1

= (dg — r)(rui — Aqusy1us—1)
It is easy to verify from the formulas for u, and v, in terms of u; and v, that
7‘“% —4qup1Uun—1 = U721
Hence A = (4q — r)v2.
Since F is a perfect square, in order for {U,,} to be monoapparitic, A must also
be a perfect square; therefore we put t> = 4¢ —r and find that P, = —t\/ru,. Since

P, must be a rational integer, we see that if 24 s we must have r a perfect square.
We assume that this condition is satisfied in what follows. We can now represent

{Un} by

-1 "/Qtu,u v when 2 | n

U, = (L) iinten | (5.1)
(=1)(=D/24, v, /vs when 2{n

With no loss of generality we may write py = (/7 +1it)/2, v1 = (\/r—it)/2. Let p
be any odd prime such that p t AQ and let K be the splitting field of F'(z) in Fp[z].
By results in [4] we know that since both E and A are perfect squares, K = F,, when
n= (_71) =1, and K = F 2 otherwise. If we put g(z) = 2* — (r —2¢)2* 4 ¢* and let
L be the splitting field of g(z) € Fp[x], we have p1, v1 € L such that u; +v1 = /r
and pvy = q. Now if (11)) =1 and (_71) =1, then L. = F,,. Otherwise L. = IF}>.
Note that L* = (\) and if i = A5 when p =1 (mod 4) or i = A whenp = —1
(mod 4), then 2 +1=01in L. Thus i € L and L = K.
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Theorem 5.1. If p 1 2AQ, then p has a single rank of apparition in {U,} where
U, is given by (5.1).

Proof. We may write

_ g5+l _ g5+l _io,,5—1 g5 1
ay =ipy, Br=—wlT, g =idquy o, Bo= —iquyiT T,

where 111, v1, 7 € K and %2 + 1 = 0. Now suppose that w; and w, are defined to be
the least positive integers such that in K

oyt =a5t and  (apan)*? = QY2

respectively. We know that if p has two ranks of apparition in {U,}, then either
w1 fwy or we twy. Now

of" = 05" = (ipi™)" = (g™ = i = ¢

Also,
s—1

(01a2)*” = Q¥? = (Pqui ' pi™)*? = ¢tV = 172 = (—1)2¢*>

We next suppose that we > wq and let we = twy +u with v # 0 and —w1/2 <u <
w1/2. We have

M?S(twﬁ*u) — (_1)tw1+uqs(tw1+u) /jlls(tw1+u) _ q23(tw1+u)
Méllsuuzllstwl — qQStwl qQSu

M§S(2U) _ (_1)2uqs(2u)

<a1a2>2u — Q2u

(a1a2)2lu\ _ Q2|u\

Ll

Now —w; < 2u < w;y implies |2u| < wy < we which contradicts the definition of ws.
Suppose now that wy < wy and let wy = twy +u with v # 0 and —w9/2 < u < wq/2.
Here we have

2(twetu) _ twotu
H1 =q"?

_— (_1)tw2'u%su — qsu
2s5(2u s(2u

= = (o

= (mag)® = Q™

= (apap)?"l = Q!

It follows that |2u| > we, but since 2|u| < wy, we must have wes = 2|u| so that
2 | we. However, in this case we get u* = ¢** and (aja2)* = Q% implies that

|u| > wy = 2|ul, a contradiction. O
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We next consider the case of p | 2QA. If p | Q, p can only have one rank of
apparition in {U,}. If pt @, then if p is odd, p | A implies p |t or p|v2. If pf o2,
then p | t. [Recall that A = (4g —r)v? = t?v2.] If p | E, then p | vs_1vs11 and since

2 2 s—1
Vg — Us—1Us+1 = 17°¢

we get p | v2, a contradiction. Thus, if p | A and p | E, then p | v2 and p | vs_1v541;
therefore p | t2¢°~! which implies p | t. Now since

v? 4 12l = 4q°

we get p | 4¢ so that p = 2, a contradiction. We have shown that if p is odd and
p| A, then p{ E, which implies that p has two ranks of apparition in {U,}. Thus,
{U,}, where U, is given by (5.1), can be monoapparitic only when |A| = 22

We have seen that if U, is given by (5.1), then all primes, except possibly 2, can
have only one rank of apparition in {U,} when |A| = 22*. We next show that if
|A| = 2% then 2 can have only one rank of apparition in {U,}. Since |A| = 22F
we have [tvs| = 2F. If 2 | ¢, then 2 | P, and 2 | P,. If 2{ ¢, then [t| = 1 and if 2 | s,
we get 24U, sothat 21 Py. If 21 s, then r is a perfect square, say = m?, and
24 m. Now v; = £m and vy | vs implies m | vs which implies |m| =1 (m is
odd). Thus, r = m? = 1 and since 4q — r = t2, we have a contradiction.

Consider the special case of s = 2. Here we have

A=1t312¢—1*)?, FE=q¢{t*—49)*t* —q)? P =t(t*>—-4q),
Py =—t%(t* = 3¢), Q=¢
For this {U,} sequence to be monoapparitic, we require
t(2q — t%) = +2F

Hence t = €2%, 2q — t? = 12", where |¢| = |n| = 1. If u = 0, then 2¢g = 1 + 2V
implies v =0and g = H%’ If n = —1, then ¢ = 0 implies that E = 0, contradicting
D #0. If p =1, then ¢ = 1 and ¢ = 1 implies that E = 0, a contradiction. Then
u > 0 implies ¢ = 22471 4+ 2%~ 1 t = €2%, In the case of s = u =€ =1 = 1, we get
t=2,q=3and P, =16, P, =60, Q = 27. We know that the associated sequence
is monoapparitic.

6. The Case When E Is Not a Square

We initiated a computer search to discover likely monoapparitic sequences {U, }.
Several were discovered and we found that most of these satisfied the condition
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that as/f2 = (x, where (i is a k-th root of unity with & = 3 or 4. For each of the
discovered sequences, E is not a perfect square. For such sequences we have

p2 = as+ fo=Pa(1+(r)
P = Bo(1+G)+m
Py = pifBa(14 (k)
Hence
Pt eVA

p2 = P2(14 () = 5 ,  where e = +1, and

1 1+ (P —eV/A)

B2 2P

Since ay = Q/ B2 we get
ay QUL+ G)A(PL—eVA)  4(1+G)%Q

“T T PP +eVD) (P +e/AP
It follows that 2
2
<M>/Q_M—2+i+@ (6.1)
2 Ck <k:

Suppose that as/fBs = (i for any k. We must have %k + ¢k € Q(VA). Since
Cr + %k must be a zero of an irreducible polynomial in Z[x] of degree ¢(k)/2, we
must have ¢(k)/2 < 2 or k € {1,2,3,4,5,6,8,10,12}. Since as # (2 (D # 0),
we cannot have k = 1. Also, if A is not an integer square, then k € {5,8,10, 12}.
It is an easy matter to eliminate the values 10 and 8 for k because PZ/Ps ¢ Q
in these cases. When k = 12 we find that from (6.1) we get (P1, P2, Q) # 1, and
when k = 5, we find that either P2 = —P,, Q = P, or P2 = 5P, Q = P». In
the second case we get 5 | (P1, P2, @) and in the first case we can take P, = 1,
Pob=-1,Q=10or P =-1, P, = -1, Q = 1. However, neither of these cases
is very interesting because the resulting {U,} sequences are purely periodic with
period 10 with Uygr = 0 and |Ux| = 1 (10 1 k). This sequence is, however, trivially
monoapparitic. Thus, the possibilities for k narrow down to the set {2,3,4,6}.

We now consider the posibility that £ = 6. We have (s + (g '=1and

2
P1+€\/Z
(25

It follows that VA € Z and we put A = 52 for some S € Z. We then get Q = 3R>
with R € Z and P; + 5 = 6R. Since Pf — 4P, = S? we find that P, = 9R? — 3RS.
Hence,

Uy=P, =6R—-S, Us =P} —P,—3Q = (6R—S)(3R—19)
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Thus, if p is a prime and p | (6R — S), then p | Uy and p | Us and {U,} cannot
be monoapparitic. Thus, P, = 6R — S = £1. In this case we have S = 6R F 1,
A= (6RF1)% P,+4Q =3R*+ 3R and E = 3R?>(3R?> £ 6R — 1). If p is a prime
and p | A, then if p | E, we get p | 3R which implies p {1 A, a contradiction.
Thus, if p | A, p must have two ranks of apparition in {U,}. It follows that
A = (6R 4 1)? = 1, which implies R = 0, and hence FE = 0, which is impossible.
Thus, if as/fB2 = ( and {U,} is monoapparitic, it is necessary that k € {2,3,4}.
These cases are covered in the following theorem.

Theorem 6.1. Suppose as/f2 = (i, where k € {2,3,4}. Let p be any prime such
that p t 2AQ and let w be the least positive integer such that p | U,,. If p | Uy, for
any positive integer m, then w | m.

Proof. As usual, let K denote the splitting field of F(z) € F,z]. In K we have
a1+ B # az+ B (ptA) and

of +0¢ =ag + 85 and  a¥f = agy

By renaming oy and 31, we may assume with no loss of generality that of = af
and B¢ = 85. Now let m = qw + r, where 0 <r < w. If r =0, then w | m and we
are done. Suppose that r # 0. Since

m mo__ m m maam __ m o Qm
of' + 67" =o' + 0" and  of"f1" = a3'5;
we have either af" = af" or of" = 5" If of* = o4, then
T qw T 9w

ajaf” = asag = aoj=ay, = ({=p = U,=0e€K

Since p | U, and r < w, we have a contradiction. Thus we must have

o' =65 = o=
= af’al = 5
= o] = (f2/on)? By = (B2/a2)™ By
= =0 "8
= B =
— =
= oy = par
— U =0€K

Thus, since p | Uy, we must have w < kr.
If k | w, then (¢ =1 and we can prove that U, = 0 € K, which is a contradiction.
Hence we may assume that 0 < w < kr and k { w.
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Let kr = tw+ s, where 0 < s < w. Since tw = —s (mod k), we get (i = ¢, °. If
s > 0, then

=t = Bl = as(ee/B)™
= Bi=osG” = a3t = 6

Hence of = of and p | Us. As this contradicts the definition of w, we can only
have s = 0 and kr = tw. Since w > r, we have 0 < t < k. If k = 2 or 3, then, since
(t,k) =1, we have k | w, which is not possible. If k = 4, then k { w, so that w = 2r
and 21 r. In this case we get m = r(2¢ + 1) and

0" =af = al=—af = af' = —alf
However, we know that af* = 85" and this means that

- =6 = (/)" =-1 = (4=-1

Since 2 1 m, this is impossible. It follows that we can only have r = 0 and w | n. O
If we consider the case of k = 2, we have (;, = —1 and we must have

(2o

Hence A = Pf and P, = 0. We get po =0, p1 = P1, and

CYQZ\/——, ﬁ2:_\/$a ag—i_ﬁg:{ 9

In this case we find that

0 when 2 {n
(=1)"/2Q™?  when 2| n

Usnt1 = vont1(P1,Q)/ Py
U4n+2 = U%n—&-l(Plv Q)/Pl (62)
U4n = (P12 - 4Q)u%n(P17 Q)/Pl

and E = 16Q? — 4QP? need not be a perfect square. Now if p | A, we must have
p | E in order that {U,,} should be monoapparitic. It follows that |A| = 22" with
h > 0. Thus, if {U,} is given by (6.2), it will be monoapparitic when

P =41, P,=0, Qe€Z or P =+2" P,=0 Q€Z, 21Q

(255

hence, A = S? and Q = R? with S,R € Z. We get P, =2R— S, P, = R> — RS.
Since (P, P2, Q) = 1 we must have (R,S) = 1. Also, E = 3R?(3R — S)(R + S)

If k = 3, then
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need not be a perfect square. Furthermore, we must have |S| = 3" with h > 0 and
31 R when 3| S. In this case, it is a simple matter to show that E can only be a
perfect square when h > 1 and R = +3%"=2 + 1 — §/3.

If K = 4, then
2

and Q = 2R?, A = 5%, where R,S € Z. We get P, = 4R — S, P, = 4R? — 2RS
and (2R, S) = 1. Also E = 2R?(4R? 4+ 4RS — S?) is not a perfect square. Here, in
order to ensure that {U,} is monoapparitic we must have |S| = 1.

Thus, we have established that there exists an infinitude of monoapparitic se-
quences {U,} for which A is a square and E is not.

7. The Case When Neither A Nor FE Is a Perfect Square

There remains the case in which neither A nor FE is a perfect square. However, in
this case we must have AE a perfect square, which means that A = GU?, E = GV?
with G,U,V € Z; G is squarefree and G # 1.

Theorem 7.1. If G is defined as above, then G must be the sum of two integer
squares.

Proof. Let H = (U,V). Put S=U/H, T = V/H. From the definition of F and A
it is a simple matter to produce the identity (P, — 4Q)? — 4QA = E. Hence

(P, —4Q)? — 4QGH?*S? = GH*T?
It follows that GH | P, —4Q. On putting W = (P, — 4Q)/GH we get
GW? —4QS* =T?
Thus, Q = (GW? — T?)/45%, P, = GHW + (GW? — T?)/5? and
P} = A+4P, = GH?*S? + 4(GHW + (GW? — T?)/5?)

Hence

S2P? —4GHWS? — 4GW? 4+ 4T% — GH?S* =0
or

S2P2 4 4T? = GUAW?+4HWS? + H%S%)
= G(HS?*+2W)?

If we put Y = SP;, X = HS? + 2W, we get Y2 +4T% = GX2. If D = (Y, 27),
then D? | GX?, which implies D | X. Now if Y/ =Y/D, Z' =2T/D, X' = X/D,
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we get Y2 + 7' = GX'?, where (Y’, Z') = 1. Thus, if p is any prime divisor of G,
we have that p = 2 or (‘71) =1 which implies p =1 (mod 4). Since G > 0, we
see that G must be the sum of two squares. o

Theorem 7.2. Under the conditions of the theorem we must have
P, =Y/S, P, = ((Y/S)? — GH?S?) /4
Q= ((Y/S)> —2GHX + GH*S?) /16

Here S = U/H, where H = (U,V). Also, Y2 +4T? = GX?, S |Y, T = V/H,
Y/S=HS (mod 2) and X = HS? + 2T (mod 4).

Proof. We have already seen in the proof of the theorem that S | Y and P, =Y/S.
Also, since 4P, = P — A, we get

4Py, = (Y/S)? — GH?S? and (Y/S)*=GH?S* (mod 4)

If 2| HS, then 2 | Y/S and Y/S = HS (mod 2). If 2 HS, then (Y/S5)? = G
(mod 4). Since G is squarefree, we must have G = 1 (mod 4) and

(Y/S)? = H*S? (mod 4)
It follows that Y/S = HS (mod 2). Finally, we know that
4Q = (GW? —T?%)/S?
where W = (X — HS?)/2. Substituting for W in the above expression, we get
4Q = (GX?—4T? -2GHXS?* + GH?S")/45?
= (Y?-2GHS*X + GH?S5*)/45>
Thus, Q = ((Y/S)?—2GHX +GH?S5%)/16. Also, since 4 | GW?—T2, we find that
T =W (mod 2) when G is odd, and 2 | T when G is even. Since G is squarefree,

we get 2 | W when 2 | T; thus, T = W (mod 2) and X = HS? +2W = HS? + 2T
(mod 4). O

With some additional work it is possible to prove the following result, which, for
brevity, we only state here.

Theorem 7.3. If A = GH?S5% E = GH?T?, where G is squarefree and (S,T) = 1,
it is necessary and sufficient that P;, P, and @ be given by
P =Y/S, Py=((Y/S)>-GH?S*)/4, Q= ((Y/S)> -2GHX +GH?S*)/16

where X, Y, G, H,S, T €Z;Y?>+4T? =GX?% S|Y; G=1 (mod 4) unless 21 S
and 4 | H; Y/S = HS (mod 2); X = HS? + 2T (mod 4); and one of the following
conditions holds.
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i) 21HS

i) 21S,4|H,4|Y/S

i) 2¢5,2||H,2|Y/S, H=X (mod 4)

v) 2¢1S,2|H,4|Y/S, X = H/2 (mod 4)

)

)

)

)

[
PO

V) 2|S,4|Y/S, 4| H
vi) 2|S,41Y/S, H=X/2 (mod 4)
418,4|Y/S, 4| H
418,41Y/S, H=X/2 (mod 4)

Consider the example H = S =Y = 1. In this case we have A = G, E = GT?,
G =1 (mod 4), X =3 (mod 4), and

vii
viii

Pi=Y, P,=(Y?’-G)/4, Q= (Y?’-2GX+G)/16

where 472 ~-GX?%2 = —1. If weput G =5,T =1, X = -1, weget P, =1, P, = —1,
@ =1, a case considered in §6.

If we put T =19, X = —17, then P, =1, P, = —1, @ = 11. However, for these
values of P, P, and @ we find that the prime 61 has two ranks of apparition, 12
and 30, in {U,}. Thus, {U,} is not monoapparitic.

8. Open Questions

1) Have we found all examples of monoapparitic sequences {U,} for which F is a
perfect square?

2) Have we found all examples of monoapparitic {U,} for which FE is not a perfect
square and A is.

3) Do there exist any nontrivial monoapparitic {U,,} such that neither A nor E is
a perfect square?
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