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Abstract

It is known that if N is finitely colored, then some color class is piecewise syndetic. (See Defi-
nition 1.1 below for a definition of piecewise syndetic.) We generalize this result by considering
finite colorings of the set of all finite subsets of N . The monochromatic objects obtained are
“d-copies” of arbitrary finite forests and arbitrary infinite forests of finite height. Van der Waer-
den’s theorem on arithmetic progressions is generalized in a similar way. Ramsey’s theorem
and van der Waerden’s theorem are used in some of the proofs.

1. Introduction

N denotes the set of positive integers, and [1, n] denotes the set {1, 2, · · · , n}. Pf (N) denotes
the set of all finite subsets of N , and P ([1, n]) denotes the set of all subsets of [1, n].

We first give several basic definitions and facts.

Definition 1.1 A subset X of N is piecewise syndetic if for some fixed d there are arbitrarily
large (finite) sets A ⊂ X such that gs(A) ≤ d, where gs(A), the gap size of A = {a1 < a2 <

· · · < an}, is defined by gs(A) = max{aj+1−aj : 1 ≤ j ≤ n−1}. (If |A| = 1, we set gs(A) = 1.)

Definition 1.2 A subset X of N has property AP if there are arbitrarily large (finite) sets
A ⊂ X such that A is an arithmetic progression.

Fact 1 IfN = X1∪X2∪· · ·∪Xnthen someXi is piecewise syndetic (and hence also has property
AP, by van der Waerden’s theorem on arithmetic progressions). (The first proofs of Fact
1 appear in [2], [3], [7].) However, Fact 1 neither implies, nor is implied by, van der
Waerden’s theorem.

Fact 2 If X ⊆ N and X has positive upper density, then has property AP (by Szemerédi’s
theorem) but need not be piecewise syndetic. (For an example, see [1].)

The finite version of Fact 1 is:
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Theorem 1.1 For all r ≥ 1 and f ∈ NN , there exists (a smallest) n = n(f, r) such that when-
ever [1, n] is r-colored, there is a monochromatic set A such that |A| > f(gs(A)). Furthermore,
n(f, 1) = f(1) + 1 and n(f, r + 1) ≤ (r + 1)f(n(f, r)) + 1.

Proof. We use induction on r. For r = 1, it’s clear that n(f, 1) = f(1) + 1, for then A =
[1, f(1) + 1] is monochromatic, and |A| > f(1) = f(gs(A)).

Suppose that n(f, r) exists, and assume without loss of generality that f is non-decreasing.
Let an (r + 1)-coloring of [1, n] be given, such that for every monochromatic set A ⊆ [1, n],
|A| ≤ f(gs(A)). We’ll show that under these conditions n ≤ (r + 1)f(n(f, r)), from which it
follows that n(f, r + 1) ≤ (r + 1)f(n(f, r)) + 1.

Now if B = [a, b] ⊆ [1, n] misses the color j, then by the induction hypothesis (applied to the
interval [a, b] instead of the interval [1, b− a+ 1])and our assumption about the given coloring,
|B| = b− a+ 1 ≤ n(f, r)− 1.

Hence if A(j) = {x ∈ [1, n] : x has color j}, then gs(A(j)) ≤ (b+1)−(a−1) ≤ n(f, r). There-
fore (again by our assumption about the given coloring) |A(j)| ≤ f(gs(A(j))) ≤ f(n(f, r)).

Finally, n =
∑
|A(j)| ≤ (r + 1)f(n(f, r)). 2

There are applications of this result to the theory of locally finite semigroups, and in par-
ticular to Burnside’s problem for semigroups of matrices (see [10]).

In [8] it is shown that there is a 2-coloring χ of N and a function f ∈ NN such that if
A = {a, a+d, a+2d, · · ·} is any χ-monochromatic arithmetic progression, then |A| < f(d). Hence
one cannot require the monochromatic set A in Theorem 1.1 to be an arithmetic progression.

In this note we generalize Theorem 1.1 by considering finite colorings of P ([1, n]) and of
Pf (N). We also generalize van der Waerden’s theorem on arithmetic progressions. (We use van
der Waerden’s theorem in the proof, as well as Ramsey’s theorem.) We conclude with several
open questions.

2. d-copies Of Finite Rooted Forests

Theorem 2.1 below is a generalization of Theorem 1.1. To state Theorem 2.1, we need some
additional terminology.

Let F be any finite rooted forest, by which we mean a union of pairwise disjoint rooted
trees. We regard F as a partially ordered set in the natural way. This means that the roots of
the trees in F are the minimal elements of F , and for vertices x, y of F , x ≤ y means that in
some tree T in F , x is an ancestor of y, that is, the unique path from the root of T to y contains
x. For vertices x, y of F , we write x ∧ y for the greatest lower bound of x, y, if it exists. (Thus
x ∧ y exists if and only if x, y are vertices of some tree T in F , and then x ∧ y is the common
ancestor of x and y which has greatest height, that is, is furthest from the root of F .)
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Definition 2.1 Let F be a rooted forest, and let d ≥ 1. (This definition applies to both finite
and infinite rooted forests F .) A d-copy of F in P ([1, n]) (resp Pf (N)) is a subset S of P ([1, n])
(resp Pf (N)) for which there exists a bijection φ from the vertex set of F to S such that for all
vertices x, y of F ,

• 1. x ≤ y ⇔ φ(x) ⊆ φ(y)

• 2. If x ∧ y exists, then φ(x ∧ y) = φ(x) ∩ φ(y)

• 3. If x, y belong to different trees of F, then φ(x) ∩ φ(y) = ∅.

• 4. If y covers x then |φ(y)| − |φ(x)| ≤ d. (We say that y covers x iff x < y and there does
not exist z with x < z < y.

Theorem 2.1 For all r ≥ 1 and f ∈ NN , there exists (a smallest) n∗ = n∗(f, r) such that
whenever P ([1, n∗]) is r-colored, there exist d ≥ 1 and monochromatic d-copies (all in the same
color) of all rooted forests having f(d) vertices. Furthermore, n∗(1) = f(1) and n∗(f, r + 1) ≤
n∗(f, r) · f(n∗(f, r)).

Proof. We use induction on r. For r = 1, we can take d = 1, and then easily construct a 1-copy
of any rooted forest with f(1) vertices, using subsets of [1, f(1)]. (For a forest with more than
one component, we need to use all the elements of [1, f(1)].) Therefore n∗(f, 1) = f(1).

Now let r ≥ 1, and assume that n∗(f, r) = m exists. We show that n∗(f, r + 1) ≤ mf(m).

Let an (r + 1)-coloring χ of P ([1,mf(m)]) be given. We show that either (Case 1) there is
a d ≥ 1, a fixed color i, 1 ≤ i ≤ r, and a fixed t, 1 ≤ t ≤ f(m), such that every rooted forest
with f(d) vertices has a χ-monochromatic d-copy in the color i, contained in P ([1, tm]), or else
(Case 2) every rooted forest F with f(m) vertices has a χ-monochromatic m-copy in the color
r + 1, contained in P ([1,mf(m)]).

Case 1. For some s, 0 ≤ s ≤ f(m) − 1, there is A ⊆ [1, sm] (for P ([sm + 1, (s + 1)m])
defined by χ′(B) = χ(A ∪ B), B ⊆ [sm + 1, (s + 1)m], does not use the color r + 1, and
hence is an r-coloring. By the induction hypothesis and the definition of m (using the interval
[sm+ 1, (s+ 1)m] instead of the interval [1,m]), there is a d ≥ 1 and a fixed color i, 1 ≤ i ≤ r,
such that every rooted forest with f(d) vertices has a χ′-monochromatic d-copy in the color i,
contained in [sm + 1, (s + 1)m]. By adjoining the set A to each set in this d-copy, we get a
χ-monochromatic d-copy in the color i, contained in [1, (s+ 1)m]. This finishes Case 1.

Case 2. Now we assume that Case 1 does not occur, and that F is an arbitrary rooted forest
with f(m) vertices. We show how to construct an m-copy of F in P ([1,mf(m)]), which is
χ-monochromatic in the color r + 1.

First, by assumption the color r + 1 occurs when χ is restricted to P ([1,m]). Assume
χ(B1) = r + 1, where B1 ⊆ [1,m]. We set φ(x1) = B1, where x1 is a root of F .
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If F has another root, x2, we set φ(x2) = B2, where B2 ⊆ [m + 1, 2m] and χ(B2) = r + 1.
Similarly, if x1, x2, · · ·xt are all the roots of F , we define φ(xi) = Bi, where Bi ⊆ [(i−1)m+1, im]
and χ(Bi) = r + 1, 1 ≤ i ≤ t.

The construction continues as follows. Suppose y1 covers x1 in F . Since φ(x1) = B1 ⊆
[1, tm], we make up the coloring χ′ on P ([tm + 1, (t + 1)m]) by setting χ′(B) = χ(B1 ∪ B),
B ⊆ [tm + 1, (t + 1)m]. Since Case 1 does not occur, χ′ takes on the value r + 1, say r + 1 =
χ′(C1) = χ(B1 ∪C1), where C1 ⊆ [tm+ 1, (t+ 1)m]. Then we set φ(y1) = B1 ∪C1 , and clearly
|φ(y1)| − |φ(x1)| = |C1| ≤ m .

The construction is continued in the same way. If y covers x in F , and φ(x) has already
been defined but φ(y) has not, we set φ(y) = φ(x) ∪ C, where C is some subset of the next
unused interval of length m, for which χ(φ(x) ∪ B) = r + 1. Since F has f(m) vertices, there
are enough intervals of length m to finish the construction. 2

It is straightforward to show that Theorem 1.1 implies Fact 1. In the same way, it is
straightforward to show that Theorem 2.1 implies the following result.

Theorem 2.2 Let Pf (N) be finitely colored. Then there exists a fixed d ≥ 1 such that for every
finite forest F , there is a monochromatic d-copy of F .

3. d-copies Of ω-forests

In this section, we show that a result considerably stronger than Theorem 2.2 can be proved
by using Ramsey’s theorem together with Fact 1.

Theorem 3.1 Let Pf (N) be finitely colored. Then for some fixed d ≥ 1 there exist arbitrarily
large (finite) sets A = {a0 < a1 < · · · < an} ⊂ N with aj+1−aj ≤ d, 0 ≤ j ≤ n−1, and infinite
sets Y j N (Y depends on A) such that [Y ]a0 ∪ [Y ]a1 ∪ · · · ∪ [Y ]an is monochromatic, where
[Y ]ai denotes the set of all ai-element subsets of Y .

Proof. Let g be a given finite coloring of Pf (N). Using Ramsey’s theorem, let N = X0 k
X1 k · · · k Xm k · · · be a sequence of infinite sets such that for each m ≥ 1, g is constant
on the set [Xm]m of all m-element subsets of Xm. Define the finite coloring h of N by setting
h(m) = g(A), where A is any m-element subset of Xm.

By Fact 1 above, there is some i such that h−1(i) is a piecewise syndetic set. This means
that there is a fixed d ≥ 1 such that for arbitrarily large n, there are h-monochromatic sets
{a0 < a1 < · · · < an} with aj+1 − aj ≤ d, 0 ≤ j ≤ n− 1.

Let {a0 < a1 < · · · < an} be such an h-monochromatic set. By the definition of h, g is
constant on [Xa0 ]

a0 ∪ [Xa1 ]
a1 ∪ [Xa2 ]

a2 ∪ · · · ∪ [Xan ]an . Since Xa0 k Xa1 k Xa2 k · · · k Xan , we
have that g is constant on [Y ]a0 ∪ [Y ]a1 ∪ [Y ]a2 ∪ · · · ∪ [Y ]an , where Y = Xan . 2

Definition 3.1 An ω-tree of height n is a rooted tree in which every maximal chain has n+ 1
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vertices, and every non-maximal vertex has infinitely many immediate successors. An ω-forest
of height n is a union of infinitely many pairwise disjoint ω-trees of height n.

Corollary 3.2 Let Pf (N) be finitely colored. Then there exists a fixed d ≥ 1 such that for every
n ≥ 1, there is a monochromatic d-copy of an ω-forest of height n.

Proof. Let d be as in the conclusion of Theorem 3.1, and let n be given. From Theorem 3.1,
let A = {a0 < a1 < · · · < an} ⊂ N satisfy aj+1− aj ≤ d, 0 ≤ j ≤ n− 1, and let Y be an infinite
set such that [Y ]a0 ∪ [Y ]a1 ∪ · · · ∪ [Y ]an is monochromatic.

Now it is just a matter of constructing an ω-forest F of height n in which all the roots
belong to [Y ]a0 , and for each j, 1 ≤ j ≤ n, all the vertices at height j belong to [Y ]aj . For
then, if vertex y covers vertex x in the forest F , then for some j, 0 ≤ j ≤ n − 1, x ∈ [Y ]aj ,
y ∈ [Y ]aj+1 ,and x ⊂ y, so that |y| − |x| = aj+1 − aj ≤ d.

One construction of F is the following. Assume without loss of generality that Y = N ,
and let p1, p2, · · · , pk, · · · be the sequence of primes. Let the roots of F be the sets Si, 1 ≤ i,
where Si = {pi, p2

i , p
3
i , · · · , pa0

i }. For each 1 ≤ i, let the vertices which cover the vertex Si
be the sets Si ∪ Sij , i < j, where Sij = {pipj , pip2

j , pip
3
j , · · · , pipa1−a0

j }. For each 1 ≤ i < j,
let the vertices which cover the vertex Si ∪ Sij be the sets Si ∪ Sij ∪ Sijk, j < k, where
Sijk = {pipjpk, pipjp2

k, pipjp
3
k, · · · , pipjp

a2−a1
k }. Continue in this way until an ω -forest of height

n is obtained. 2

4. Arithmetic Copies Of ω-forests

In this section, we use Ramsey’s theorem together with van der Waerden’s theorem on arith-
metic progressions to obtain a result similar to Theorem 3.1, except that now the set A will be
an arithmetic progression.

Theorem 4.1 Let Pf (N) be finitely colored. Then for every n ≥ 1 there exist an arithmetic
progression {a, a + d, a + 2d, · · · a + (n − 1)d} and an infinite set Y such that [Y ]a ∪ [Y ]a+d ∪
[Y ]a+2d ∪ · · · ∪ [Y ]a+(n−1)d is monochromatic.

Proof. The proof is essentially the same as the proof of Theorem 3.1. Let g be a given finite
coloring of Pf (N). Using Ramsey’s theorem, let N = X0 k X1 k · · · k Xm k · · · be a sequence
of infinite sets such that for each m ≥ 1, g is constant on the set [Xm]m of all m-element subsets
of Xm. Define the finite coloring h of N by setting h(m) = g(A), where A is any m -element
subset of Xm.

By van der Waerden’s theorem on arithmetic progressions, for every n ≥ 1 there is an h-
monochromatic set {a, a+ d, a+ 2d, · · · a+ (n− 1)d}. Hence, as in the proof of Theorem 3.1, g
is constant on [Y ]a ∪ [Y ]a+d ∪ [Y ]a+2d ∪ · · · ∪ [Y ]a+(n−1)d, where Y = Xa+(n−1)d. 2

Definition 4.1 Let F be a rooted forest. An arithmetic copy of F in P ([1, n]) (resp Pf (N)) is
a subset S of P ([1, n]) (resp Pf (N)) for which there exist positive integers a, d and a bijection
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φ from the vertex set of F to S such that for all vertices x, y of F ,

• 1. x ≤ y ⇔ φ(x) ⊆ φ(y)

• 2. If x ∧ y exists, then φ(x ∧ y) = φ(x) ∩ φ(y)

• 3. If x, y belong to different trees of F, then φ(x) ∩ φ(y) = ∅.

• 4. If x is any root of F , then |φ(x)| = a.

• 5. If y covers x then |φ(y)| − |φ(x)| = d.

Corollary 4.2 Let Pf (N) be finitely colored. Then for every n ≥ 1 there exists a monochromatic
arithmetic copy of an ω-forest of height n.

Proof. Using Theorem 4.1,the monochromatic arithmetic copy of an ω-forest of height n can
be constructed just as in the proof of Corollary 3.2. 2

Corollary 4.3 For all r ≥ 1 and k ≥ 1 , there exists (a smallest) w∗ = w∗(k, r) such that
whenever P ([1, w∗] is r-colored, there exist a ≥ 1 and d ≥ 1 and monochromatic arithmetic
copies (all in the same color) of all rooted forests having k vertices. These monochromatic
copies have the property that every vertex at height j = 0, 1, · · · has size a+ jd.

Proof. This follows from Corollary 4.2 by a compactness argument. (It could also be proved
directly, using the finite forms of Ramsey’s theorem and van der Waerden’s theorem.) 2

5. Remarks And Open Questions

Piecewise syndetic sets are discussed at length in [5] and [6].

Howard Straubing [10] has used Theorem 1.1 to give new proofs (which are almost entirely
combinatorial) of all of the key theorems dealing with the local finiteness of semigroups of
matrices over an arbitrary field, and with the local finiteness of subsemigroups of rings satisfying
a polynomial identity. Since trees give a natural way to describe n-ary operations, perhaps
Theorem 2.1 may have some applications to algebra.

The proof of Theorem 4.1, although found independently from [9], combines van der Waer-
den’s theorem and Ramsey’s theorem in the same way these were combined in the proof of
Theorem 2 in [9]. Some related results, and additional references, can be found in [11] and [12].

It was observed by J. Walker, as reported in [13], that if k ≥ 1 and ε > 0 are given, then for
sufficiently large n, if S ⊆ P ([1, n]) and |S| > ε|P ([1, n])|, S must contain an arithmetic copy of
a path of length k. Is it true that S must also contain arithmetic copies of all k-vertex rooted
forests?
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It would also be of interest to find ”canonical” versions of the results above, where the
number of colors is arbitrary. (For the canonical version of van der Waerden’s theorem, see [4],
p. 17.)
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