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Abstract

If N is an odd perfect number with & distinct prime factors then we show that N < 2t If
some of the small prime factors of N are known then this bound can be further improved.

1. Introduction

Let N be a positive integer. For n,d € Z,, we say that N is an n/d-perfect number
if o(N)/N = n/d, where o is the sum the divisors function. In the special case when
n/d = 2, N is called a perfect number. Currently there are 39 known perfect numbers.
They are all of the form 2P~!(2F — 1) with 27 — 1 prime (p must also be prime). It is
conjectured that all perfect numbers are of this form. Euler proved that this is indeed
true if we restrict ourselves to the case when N is even. The problem is still open when
N is odd, and this is probably the oldest unsolved problem in mathematics.

There are a number of results that restrict the size and arithmetic properties of
possible odd perfect numbers. To give some examples, suppose that N is an odd perfect
number with & distinct prime factors. Euler proved that one can write N = a?(4b+1)%c*t!
with a,b,c € Z. E.Z. Chein in his doctoral thesis [2] and Hagis [5] independently proved
that & > 8. Jenkins [9] showed that the largest prime factor of N must exceed 107;
Tannuci [7], [8] proved that the second largest exceeds 10* and the third largest exceeds
10%. An extensive computer search by Brent, Cohen, and te Riele [1] demonstrated that
N > 1030,

In 1913, Dickson [4] proved that there are only finitely many odd perfect numbers
with k distinct prime factors. In 1977, Pomerance [10] gave an explicit upper bound in
terms of k. Heath-Brown [6] later improved the bound to N < 4*", and Cook [3] reduced
this further to N < D* with D = (195)"/7.

The methods of this paper slightly improve and generalize Cook’s bound. Throughout
this paper we assume that n,d € Z,. Further, if we say that N is an n/d-perfect number
we do not assume that n/d is written in lowest terms, unless explicitly stated.
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2. A Lemma and Some Notation

Lemma 1. Let r,a,b € Z, and let zq,... ,x, be integers such that 1 < x; < ... < x,.
If

then

Proof. This is just a summary of some results from [3]. For completeness we include the
proof, which is by induction on r. The case r = 1 is easy, so assume that » > 2 and that
the result holds (for any a and b) for each integer less than 7.

Fix a > 1. Suppose that 1 < z; < ... < z, are integers satisfying (*) (for some b)
with ) - - - 2, maximal. Set n; = (a +1)*" + 1 for i <r and put n, = (a +1)*" . Tt is
easy to see that 1 <n; < ... <mn, and

ﬁ(l—%):ail<:ﬁ<1—%>.

i=1

Therefore [[;_, z; > [}, ni-

If axy < any = (a+1)? — 1 then multiplying (x) through by - yields

x1—1

r r—1
H(1—l><$< (1—i).
=2 Z; b($1 —*1) pairs Z;

Our induction hypothesis then implies (az1)zs - -2, < (az; 4+ 1) < (a +1)%. So we
may as well assume that xy > ny.

T1T1

If axywy < anyng = (a + 1)* — 1 then multiplying () through by G Yields

H<1‘i) < W= D <H(1‘xi>

i=3 =3

—2

Our induction hypothesis implies (ax1z2)z3- -2, < (ax122 + 1)~ < (a +1)*". So we

may as well assume that x1x9 > nins.

Continuing in this manner, we may as well assume [ | x; > [[;_, n; for each u < r.
We already saw that this inequality also holds for v = r. But then Lemma 2 of [3]
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contradicts () (for any b we might choose). Hence, in all cases, a [[/_; z; < (a+1)*". O

Notation. Let S = {x1,...,z,.} be a set of r distinct integers, each greater than
1, ordered under the usual ordering. We use the notation II(S) = []/_, ;, with the
convention that IT(Q) = 1. If a is a positive integer and r > 0 then we put

B(r,a) = ((a+1)/a)*/@ 1.
By convention, we set B(0,a) = 1.
Let r,a,b > 0 and suppose we have the following inequalities:
r 1 . o 1
[(-2)<i<I0-2)

Lemma 1 implies a [[;_, #; < (a+1)*. A quick calculation shows that this is equivalent
to I1(S) < (B(r,a)a)? L.

3. The Main Result

Before we prove the theorem we give an independent, but interesting, result:

Proposition 1. Let N be an odd perfect number with & distinct prime factors, and let

P:Hp.

pIN

Then

N < p¥-1,

Proof. Let N = Hle p;' be the prime factorization of N. Then P = Hle p;, and we set

P =TI (i — 1).kSince N is an odd perfect number we find [[f_, (pS ! —1)/(p;i — 1) =
o(N)=2N =2][;_, p;". Rewriting this, we obtain

ﬁ(l 1) 2P
— =)= 5 <L
i—1 D; P

Thus, the hypotheses of Lemma 1 hold with a = 2P, b= P, and z; = p{*"' (reordering
the p; if necessary). So Lemma 1 gives the second inequality below:

k
PN <2P'PN =2P' [[pi* < 2P + 1) < P

i=1
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This implies N < p2-1, U

We now proceed with the proof of:

Theorem 1. If N is an odd n/d-perfect number with & distinct prime factors then

N < (d+1)"
Proof. Much of our notation is taken from Heath-Brown [6]. Most of this proof is a
direct strengthening of the algorithm given there.

If N =1 then everything holds, so assume N > 1. Let N = prpe(p) be the prime
factorization of N. Let S be any set (possibly empty) of distinct primes dividing N.
Since N is odd and d/n = N/o(N) # 1, it follows that d/n has an odd numerator when

written in lowest terms. Hence
d
()
P n’

peS

where, by convention, the product equals 1 if S = 0.

Case 1: H (1—%) > %

Set d' = d[],egp=dll(S) and " =n]] g(p—1). Since [[,c5(1 —(1/p)) > d/n we
have d'/n’ < 1. We also calculate

I(-0) <L Tl = =

pIN Pe( pIN  p-1

So we have
1 d
II (1-=)<=<1
n
p|N,p¢S p

These last two inequalities imply that we can pick a non-empty, ordered set of distinct
prime divisors of N, say S" = {p1,... ,pw}, such that S'N S = () and such that the
following inequalities hold:

() <5<T00-5)

(2

Fix such a set S’. Then, letting B = B(w,d’) where w = |S’|, Lemma 1 implies

(") < (Bd)*" !
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and hence

w

M(SUS) < (Bd)* ™ (TI(S))™ . (1)
Also, from the definition of S" we have
1
11 (1 — —) <2 (2)
peSUS’ p "

Notice, as remarked above, that equality can’t hold in (2).

1 d
Case 2: H (1——) < —.
P n

We define n’ and d' as in Case 1. Let S" = () and w = 0, and set B = B(w,d’) = 1.
Then both inequalities (1) and (2) hold in this case also. (In fact, equality holds in (1),
but we don’t need this fact.)

We have shown in the two cases above that for any choice of S we can pick another
set of prime divisors of N disjoint from S, namely S’, such that inequalities (1) and (2)
hold. We now continue with the proof in the general case.

Let d”" = dII(SUS’) and n” = n[[,cq s (p —1). Inequality (2) says n”/d" < 1. Now,

pe(p)+1 -1

H 1_pe(p%_ H p—1 <O'(N)_E
-1 p®» T N d
peESUS’ P peESUS’
so that
1 n//
I 1- T 1. (3)
peESUS’

Then, just as above, we can pick a non-empty subset S” C S U S’ for which Lemma 1
implies:

H p B/ //)2“ 1 (4)

peS”
with v = |9”|, B' = B(v,n").

As in Heath Brown’s paper we let V =[] _g/ p pe® U=N/V,and T = (SUS") - 5".
However we differ in our definition of § by setting (5 = deeS"( €@+ _ 1) /(p — 1).
Finally, we let v = do(U)/U.
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We now deduce a long chain of inequalities. First, we calculate

§+1 5+1 pp>+1—1 ,
——0TI(T) H (s u s

peS!

pe@+ (1 — 1
(5 + 1d H ( pe@F ) (S U S

e (p—1)p

o+ 1n" pe(p)+1 . .
< —— 5 d”d IE_S[” = 1)pH(S us by inequality (3).

Since S” # () and § € Z, it is clear that ‘5+1 IT
previous inequality, we find

d+1n” peP+1 , ,
I
— d,,dH( T (Sus’ < d [[ @ | 0(SUS)

pes” =Tip 1) < 1. Therefore, continuing the

peS” peS!
n// . ) )
< Wd(B/ n")* IS U S by inequality (4)
= d”d( +1)FII(S U S by definition of B'.

We again appeal to Lemma 1, in the form of inequality (1), to obtain

dlud( "+ 1D)FISUS) < %(n" + 1) (Bd)*" ~H1(5)* by inequality (1)
" 2v
= L ) (Ban(s)
1 n” + 1 z 11\ 2¥ —1 2w
= LI @yt san(s)

As remarked above, inequality (2) is equivalent to n”/d” < 1. Therefore, we know that
(n” +1)/d" < 1. So our chain of inequalities continues as follows:

L (AN s gan(s) < L pans)
B\ & S B
E(dH(S US> HBdIL(S))*" from the definition of d”
< %(d(Bd)Qw I(S)*")* ~H(BdII(S))* by inequality (1).
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This last quantity is just (B2°~1)%"(dI1(S))*""". A short calculation, using the definition
of B, yields

(B 12 (dI1(S9))*""" < ((d/; 1) dH(S))QW .

Equality holds above, except in the case w = 0. Now, since d’ > d, we also have

() mo)” < (57 )ms)

Putting the last two pages of inequalities together, we arrive at

2w+v

%mm < ((%) dH(S)) | (5)

In essence, we have re-proven Lemma 2 from Heath-Brown [6], but with our inequality
(5) replacing his inequality (iv). One can easily check that all of the necessary conditions
of his lemma hold under our construction. To finish the proof we follow the inductive
process described on page 196 of [6], with the only change being that we put inequality
(5) in place of Heath-Brown’s inequality (iv), everywhere it occurs. This yields

N < <(%> d)4k = (d+1)*.

4. Explicit Calculations and Examples

Corollary 1. If N is an odd perfect number (OPN) then

N < 2%

Corollary 2. If N is an OPN and 5|| NV then

N <5.-4%7"

Proof. Let N’ = N/5. Then N’ is an odd 5/3-perfect number. Applying the theorem
to N’ gives the result. O

Corollary 3. If N is an OPN with 5||N and 3%||N then

N < 45. 14477
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Our first corollary is only a slight improvement on the bounds given by Cook in [3].
However, our last two corollaries demonstrate a method that further decreases the upper
bound on OPN’s when one knows which small prime factors divide N. These methods,
in conjunction with [1], [9], [7], and [8] (and some brute force), are sufficient to produce
a new proof that odd perfect numbers must have at least seven factors. Unfortunately,
these bounds are still not strong enough to give better results.

One might be able to lower these bounds further if the inequality given in Lemma 1
could be improved. There are two clear (but difficult) ways this might be done. First,
the proof of Lemma 1 doesn’t take full advantage of the integer b. Rather, it just uses
the fact that b > a, and reduces to the case b = a + 1 to prove the needed inequalities.
One might be able to generalize the methods of [3] to take advantage of this.

Second, if one looks carefully at the proof of the theorem given above, we only invoke
Lemma 1 when the integers in question are relatively prime and are prime powers. This
assumes much more stringent requirements on the z; than given in the statement of
Lemma 1.

To demonstrate both the strength and weakness of the bound above, we have the
following;:

Example. Let N = 327%211%213222021. Clearly 22021 = 19?61 is not prime. We want
to pretend that 22021 is prime by redefining o. Let o'(z) = o(z) for all x such that
ged(x,22021) = 1, and set 0/(22021") = (22021 — 1) /(22021 — 1) (parodying the rule
a(p”) = (p"™ —1)/(p — 1) for any prime p). As pointed out by Descartes, o/(N) = 2N,
so that N is a spoof perfect number!

If we restricts ourselves to numbers that can be expressed as a power of 22021 and
other factors relatively prime to 19 and 61, and if we replace o by ¢’, then the proof of
the above theorem still goes through. So it should be true that for N = 327211%213222021
we have N < 2%, In fact 2" /N = 4.407 x 10?'7. This demonstrates one of the difficulties
in proving the non-existence of OPN’s.
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