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Abstract

In 1985 Simion and Schmidt showed that the number of permutations in S,, which avoid 132,
213, and 123 is equal to the Fibonacci number F}, ;. We use generating function and bijective
techniques to give other sets of pattern-avoiding permutations which can be enumerated in
terms of Fibonacci or k-generalized Fibonacci numbers.
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1. Introduction and Notation

Let S,, denote the set of permutations of {1, ..., n}, written in one-line notation, and suppose
e S, and o € S,. We say m avoids 0 whenever m contains no subsequence with all of the
same pairwise comparisons as o. For example, the permutation 214538769 avoids 312 and
2413, but it has 2586 as a subsequence so it does not avoid 1243. In this context o is called
a pattern or a forbidden subsequence and w is called a restricted permutation or a pattern-

avoiding permutation. For any permutations o1y,...,0, we write S,(o1,...,0%) to denote
the set of permutations in S,, which avoid oy, ..., and we write S(oy,...,0%) to denote
the set of permutations of any length which avoid oy, ..., 0. Pattern avoidance has proved

to be a useful language in a variety of seemingly unrelated problems, from stack sorting [3,
Ch. 2.2.1], to singularities of Schubert varieties [5], to Chebyshev polynomials of the second
kind [1, 4, 8], to rook polynomials for a rectangular board [7].
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In this paper we investigate connections pattern-avoiding permutations have with Fi-
bonacci numbers and k-generalized Fibonacci numbers. To define the k-generalized Fi-
bonacci numbers, first fix £ > 1. The sequence of k-generalized Fibonacci numbers is given
by Fy, =0 forn <0, Fy; =1, and Fj,, = Zle Fyn—i for n > 2. We observe that F;,, is
the ordinary Fibonacci number F;, for all n > 0. Moreover, the ordinary generating function
for the k-generalized Fibonacci numbers is given by

0
> Fiena” =
n=0

T

(k> 1). (1)

1l—ax—22— ... — 2k

We will also make use of the fact, which can be verified by induction on n, that the number
of tilings of a 1 x n rectangle with tiles of size 1 x 1, 1 x 2,...,1 x k is given by Fj, ;1 for
all k> 1 and all n > 0.

In this paper we give families of pattern-avoiding permutations which can be enumerated
in terms of Fibonacci numbers or k-generalized Fibonacci numbers. The earliest example of
such a result is Simion and Schmidt’s proof [9, Prop. 15] that

Somewhat later West used generating trees to show [10] that for many sets R consisting of
one pattern of length three and one of length four, |S,(R)| = Fb,—1. More recently Mansour
expressed [6, Thm. 8] the ordinary generating function for |S,,(132,213, 7)| as a determinant
for every 7 € Si(132,213). Using this result, Mansour showed that

19,(132,213,2341)| = Fppp — 1 (n > 1). (3)
One can also use [6, Thm. 8] to show that
15,(132,213,12. .. k)| = Fy_1n1 (k >2),

and that if a, b, and ¢ are nonnegative integers with b > 1 and a + ¢ > 1 then

at+c—1 . .
s (1 _ x)a-{—c + l’b ( Z (1 o x)zxa—l—c—z—I—l)
3 19,(132, 213, Bupe)|2” = =0 ,
2, 15 fasle Q—a)+e(l—x—...—av )

where 3, is the permutation in Sgyp4. given by
Bape=c+b+a,c+b+(a—1),....c+b+1,c+1,c+2,....b+ccc—1,...,21

Moreover, it is apparent from Mansour’s description of the elements of S, (132,213) in [6,
Thm. 8] that there is a constructive bijection between S,,(132,213) and the set of tilings of a
1 X n rectangle with tiles of size 1 x ¢, where ¢ > 1. One can show that the restriction of this
map to 5,(132,213,12... k) is a bijection between 5,,(132,213,12...k) and the set of tilings
of a 1 x n rectangle with tiles of size 1 x 1,1 x 2,...,1 X (k — 1). One can also show that
the restriction of this map to S, (132,213, B.4.) is a bijection between S, (132,213, B,4.) and
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the set of tilings of a 1 x n rectangle in which all but the leftmost a tiles and the rightmost
c tiles have length at most b — 1. It follows that for n > 1,

at+c—1 n — 1 n k o 1
15, (132,213, Bape)l = (k B 1) + > ( )Fb_l,n_kﬂ.

k=1 k=a+c a+c— 1

Mansour has also expressed [6, Thm. 3] the ordinary generating function for |5, (123,132, 7)|
as a determinant for certain 7 € S;(123,132). Using this result, Mansour showed that

15,(123,132,3241)| = Fp0 — 1 (n>1). (4)

One can also use Mansour’s description of the elements of S,(123,132) in [6, Thm. 3] to
give a bijective proof that

15,(123,132, (k — 1)(k — 2) ... 21k)| = Fy_1.nm1 (k> 2).

We begin our results with an extension of [6, Thm. 3] in which we give recurrence
relations for the generating function for |S, (123,132, 7)| which apply for all 7 € S(123,132).
Using these recurrence relations, we give an explicit enumeration of S, (123,132, 7) in terms
of k-generalized Fibonacci numbers for all 7 of the form

T=k+(-1,k+0-2),....k+1k+1kk—1,...,21.

We also give a bijective proof of this enumeration. We then turn our attention to generaliza-
tions of (3) and (4). To generalize (3) we give a recurrence relation for the generating function
for |.S,,(132, 2341, wy)|, where wy, is the permutation in Sy given by wy, =k, k—1,...,4,2,1,3.
Using this relation we give explicit enumerations of S, (132,2341,wy) in terms of Fibonacci
numbers and binomial coefficients for several small values of k. To generalize (4) we give
recurrence relations for the generating function for |5, (132, 3241, p,4)|, where fi, is the per-
mutation in S,y given by e = b+a,b+a—1,...,b+1,1,2,...,b. Using these relations we
give explicit enumerations of S, (132, 3241, 11, ) in terms of k-generalized Fibonacci numbers
for several small values of a and b.

2. Avoiding 123, 132, and Another Pattern

For any permutation m, let F,(x) denote the generating function given by
Fr(z) =) |5,(123,132, ) |z".
n=0

In this section we give recurrence relations for F,(x) for all 7 € 5,,(123,132). We begin by
setting some notation.
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Definition 2.1 For all k > 1, we write [k] to denote the permutation in Sy given by
(k] = k(k—1)...21.

For notational convenience we let [0] denote the empty permutation. For all k > 2, we write
(k) to denote the permutation in Sy given by

k) = (k — 1)(k —2)...21k.

For notational convenience we set (1) =1 and we let (0) denote the empty permutation.

Definition 2.2 For all my € S,, and all 75 € S,,, we write m ©my to denote the permutation
i Span which is given by

N fntm@) 1<i<m
(7T167T2>(Z>—{7T2(i_m) m+1<i1<m+n

We refer to m © mo as the skew sum of m; and 7.

Mansour has shown [6, Thm. 3] that 7 € S,,(123,132) if and only if 7 is a skew sum of
permutations of the forms [k], £ > 1, and (l), [ > 2. In the same theorem Mansour expresses
Fr(z) as a determinant when 7 is a skew sum of permutations of the form (l), | > 2. It is
clear from the form of this determinant that for these 7, the set S, (123, 132, 7) can always be
enumerated in terms of k-generalized Fibonacci numbers. Here we give recurrence relations
which enable one to compute F,(z) for any permutation m. We then find simple formulas
for |5, (123,132, 7)| in terms of k-generalized Fibonacci numbers for a variety of = which are
not handled by [6, Thm. 3]. We begin by examining Fp(z).

Theorem 2.3 For all k > 1 we have

k+1

f[k}(l’) =1+ aFp_q (x) + Z xz’]:[k_“_” (x). (5)
=2

Proof.  First observe that S(123,132, [k]) may be partitioned into the sets Ay, A, ..., Ay,
where Ag is the set containing only the empty permutation, and for 1 < ¢ < k the set
A; consists of those permutations 7 € S(123,132, [k]) such that (i) is 7's largest entry.
Now observe that the set A; consists of those permutations of the form 1 & 7, where 7 €
S(123,132, [k — 1]). Similarly, for 2 < i < k the set A; consists of those permutations of the
form (i) © 7, where 7 € S(123,132,[k — i + 1]). The generating function for Ay is 1, the
generating function for A; is xFp_1)(z), and the generating function for A;, 2 < i < k, is
' Fie—it1)(z). Add these generating functions to obtain (5). O

Next we consider the case in which 7 has the form [k] © 7, where 7 is not the empty
permutation. Observe that in this case we may assume m = ([) © my for I > 2, since
[r] ©[s] = [r + s] and (1) = [1].
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Theorem 2.4 For any permutation w, any k > 1, and any | > 2 we have

k k+1
; x
Frgewen(®) = 1+ 2Fpjopen(®) + X ¢ Fip-irjopen(®) + 1= —Fuen(z).  (6)
i=2
Proof. This is similar to the proof of (5). O
Next we consider the case in which 7 has the form (k) © 7.
Theorem 2.5 For any permutation m and any k > 2 we have
1 —z+ 2" Fp(x)
Frovor(z) = . 7
(o () 1— 20+ ok (7)
Proof. This is similar to the proof of (5). O

To illustrate our recurrence relations for F,(z), we now use them to find |5,,(123, 132, 7)|
for various 7. In each case, |5,(123,132, )| is given by a simple formula involving Fibonacci
numbers or k-generalized Fibonacci numbers. We begin with 7 = (3) © [2] = 43521.

Proposition 2.6 For alln > 3,
5,(123,132, (3) © [2])| = Fopa + Fr — 3. (8)

Moreover,
%+ 4x — 2

F =3 S L
<3>@[2](x) +r+x +1—25L’+$3

(9)

Proof. To obtain (9), set k = 3 and 7 = [2] in (7) and use the fact that Fjy(z) = 1+ z + 2
to simplify the result. To obtain (8), observe that

332—1-495—2_ -3 n 20+ 1
1—22+23 1—2 1—x2—2a2

Now (8) is immediate in view of (1). O

We now use (5), (6), and (7) to obtain explicit enumerations of 5,,(123,132, (I) & [2]) for
[ >4

Proposition 2.7 Fixl > 4. Then for all n > 3,

15, (123,132, (1) & [2]) = (L)@Emﬂw—mﬂl,nlm g(z—i—mﬂlwﬂ_g) |
(

[=2 i=3
10)
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Alternatively, for alln > 3,

n—1 n—2
19,(123,132, () © 2))| = Y Frun +2 Fiax (11)
k=1 k=1
Moreover,
i\s (123,132, (1) © [2])|z" = 1+x+:c2+M (12)
ni2a 195 - 1—2z 42t

n=0

Proof. To obtain (12), set k =l and 7 = [2] in (7) and use the fact that Fg(z) = 14+ 2z +22.
To obtain (10), observe that if [ > 4 then

-2 .
5 3+(U=3)+3x(—i—1)a
=3

x? + 223 _< 1 > =3
1—2z+20 \I—-2 1—x 1l—2x—...— g1

Now (10) is immediate in view of (1). To obtain (11), observe that
x? + 223 < 00 ( oo
- - Z z" Z (ﬂ—l,n—l + 2E—1,n—2) z"
I-z)1-z—... —al) 2 2
1

0
00 n— n—2
= ) ( Far+2) Fll,k) z".

n=0 \k=0 k=0

Now (11) is immediate in view of (1). O

We also give a bijective proof of (8) and (11).

Theorem 2.8 Letl > 3. For alln > 1, let B, denote the set of tilings of a 1 X n rectangle
wn which there is at most one tile with length greater than | — 1, and this tile has at most one

tile, of length 1 or 2, to its right. Then there exists a constructive bijection between B, and
S,(123,132, (1) © [2]).

Proof. Suppose we are given such a tiling. We construct its corresponding permutation
as follows. Let m denote the length of the rightmost tile. Fill this tile with the numbers
1,2,...,m from left to right in the order m —1,m —2,...,1, m. Fill the tile immediately to
the left of the rightmost tile in the same way, using the smallest available numbers. Repeat
this process until every tile is filled. It is routine to verify that this map is invertible, and
that the permutation constructed avoids 123, 132, and (I) & [2]. O

Lines (5), (6) and (7) yield many additional enumerations involving k-generalized Fi-
bonacci numbers. We summarize some of these in the following table.
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(k|1 ]m] 15,(123,132, [k] © (1) © [m])] | valid for |
1121 2 Foos+F,.1—3n+2 n>3
2212 5F,1 — 9n+ 21 n>5
312 2 3F, 2+ 3F, —24n 4+ 91 n>"7
1(3]2 2 (Fyni2+2Fs,+ Fs 1 —3n+5) n>3
213 2 % (4F3,n+1 + F3,n — 3F3,n—1 —9n + 30) n Z 5)
3132 |50BF,+10Fs,1—3F, »—24n+115) | n>7

Table 1

3. Avoiding 132 and Two Longer Permutations

In this section we generalize Mansour’s results (3) and (4) by lengthening some of the for-
bidden subsequences. We begin with (3).

Definition 3.9 For all k > 3 we write wy to denote the permutation in Sy given by wy =
[k — 3] ©213. We write G(z) to denote the generating function

Gr(m) = > 18,(132,2341, wy)| 2"

n=0

In [6, Thm. 8] Mansour uses generating function techniques to find Gs(z), from which
he proves (3). We give a bijective proof of (3).

Proposition 3.10 For all n > 1, there exists a constructive bijection between the set
Sn(132,213,2341) and the set of tilings of a 1 x (n + 1) rectangle with tiles of size 1 x 1
and 1 X 2 using at least one 1 X 2 tile.

Proof. Suppose we are given such a tiling. We construct its corresponding permutation as
follows. Replace the rightmost 1 x 2 tile with a 1 and fill the (necessarily 1 x 1) tiles to
the right of the 1 with 2,3, ... from left to right. Now fill the rightmost empty tile with the
smallest numbers available, placing them in the tile from left to right in increasing order.
Repeat this process until every tile is filled. It is routine to verify that this map is invertible
and that the permutation constructed avoids 132, 213, and 2341, as desired. O

We now give a recurrence relation for Gi(x).

Proposition 3.11 We have
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Moreover, for all k > 3,

6us) = (1) (1400610 = )+ 0 Gucrnlo) = )+ (Ga) - 1)) (10

Proof. Line (13) is immediate from (3), since wy = 213. The proof of (14) is similar to the
proof of (5). O

The table below gives |S,,(132,2341,wy)| for several small values of k. Observe that in
each case |S,,(132,2341,wy)| is given by a simple formula involving Fibonacci numbers and
binomial coefficients.

| k| 15,(132, 2341, wy,)| | valid for |
1
4 Fos— (T ot T 2y n>1
2 1
1 1 1

5 shs— 2T (M) (T e n>2
3 2 1
1 1 1 1

6 5Fn+6+Fn+4—4<nZ )—7(":; >—5<”; )—27(”1“ >—8 n> 2

Table 2
We now turn our attention to a generalization of (4).

Definition 3.12 For all k > 1, let [k]" denote the permutation 12...k. For notational
convenience, let [0]" denote the empty permutation. For all k > 0 and all | > 0 we write
Hyi(x) to denote the generating function

Hu(a) = 3 S0 (132, 3241, [K] © [I])]a™

n=0

In [6, Thm. 3] Mansour uses generating function techniques to find Hg3(x), from which
he proves (4). We give a bijective proof of (4).

Proposition 3.13 For alln > 1 there ezists a constructive bijection between S, (132, 3241, [3]")
and the set of tilings of a 1 x (n+ 1) rectangle with tiles of size 1 X 1 and 1 X 2 using at least
one 1 x 2 tile.

Proof. Suppose we are given such a tiling. To construct the corresponding permutation, we
consider two cases: the rightmost tile is 1 x 2 or the rightmost tile is 1 x 1.
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If the rightmost tile is 1 x 2, then first place a 1 in the rightmost tile. Now fill the
rightmost empty tile with the smallest available numbers, placing them in the tile from left
to right in increasing order. Repeat this process until every tile is filled.

If the rightmost tile is 1 x 1, then let m denote the number of 1 x 1 tiles to the right of
the rightmost 1 x 2 tile. Place an m in the rightmost 1 x 2 tile. Fill the (necessarily 1 x 1)
tiles to the right of the rightmost 1 x 2 with the numbers m —1,m —2,...,1,m + 1, in this
order. Now fill the rightmost empty tile with the smallest available numbers, placing them
in the tile from left to right in increasing order. Repeat this process until every tile is filled.

It is routine to verify that this map is invertible, and that the permutation constructed
avoids 132, 3241, and p 3. O

We now give recurrence relations for Ho,(x) and Hy ().

Proposition 3.14 Let k and | denote positive integers. Then Ho:(x) =1,

.Z'Ho’l,l(l')
Hoy(z) =1+ I — (1>2), (15)
an 1 — 20+ o Hy 14 (x)
—2r+xHp_1(x
Hiy(z) = (e (k>1). (16)
Proof. This is similar to the proof of (5). O

Specializing k and [ in (16) yields many explicit enumerations. We summarize some of
these in the table below. The enumerations in this table are valid for n > 1.

51 15, (132, 3241, K] & 1))
1
014 5 (2F37n+3 + o+ F3, — 2F, 44 + 1)
1
0]5 G (14Fy pqa + 8Fypys +4Fypyo +2Fy;, — 6F3 506 — 3F3 45 — 3F3 43 + 6605 — 1)
n—+1 n-+1
1 F,.s— -2 -2
3 o 2 1
n+1 n—+1 n+1 n—+1
2 Foog— - —4 . 11
1 1/n+1 3fn—+1
114 §<F3,n+5+2F3,n+4)_Fn+7+§< 5 >+§< 1 >+5
Table 3

Observe that for n > 1 we have |S,(132,3241,[1] © [3]")| = |5.(132,2341, w,)|. This is
no surprise, however, since S, (132,2341,wy) is precisely the set of group-theoretic inverses
of the elements of 5,,(132,3241, [1] © [3]").
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4. Extended Restrictions

Let R denote a set of permutations. In this section we describe a method of building sets
of forbidden subsequences from R for which the associated sets of restricted permutations
can be easily enumerated in terms of |S,(R)|. We then use this method to produce some
specific enumerations, several of which involve Fibonacci numbers or k-generalized Fibonacci
numbers. We begin by describing our technique for building on R.

Definition 4.15 Suppose oo € S,,—1 and B € S,,. We say [ is an extension of a whenever
a 1s the permutation obtained by removing n from (3. We observe that every permutation in
Sp has exactly n + 1 extensions.

Definition 4.16 Let R denote a set of permutations. We write E(R) to denote the set of
permutations ™ such that m is an extension of an element of R, and we refer to E(R) as the
extension of R. More generally, we write E°(R) = R and for any k > 2 we define E*(R)
inductively, so that E*(R) = E(E*Y(R)).

Our results in this section are based on the following observation.

Theorem 4.17 Let R denote a set of permutations. Then for alln > 1,

SulB(R)) = E(Su1(R)). (17)
Moreover, for all k > 0,
% n!
|1Sn(E"(R))| = mlSn_k(R)l (n > k) (18)
and
1S (E*(R))| = n! (0<n<k). (19)

Proof. To obtain (17), suppose " € S,,_1, 7 is an extension of 7/, and ¢’ is a permutation.
Observe that 7’ contains a subsequence of type ¢’ if and only if there exists an extension o
of ¢’ such that 7 contains a subsequence of type . Now (17) is immediate.

To obtain (18), we argue by induction on k. Since E°(R) = R, the result is immediate
for £ = 0. Now observe that every permutation in .S,, has exactly n+ 1 extensions, and every
permutation in S, is the extension of exactly one permutation in S,,. Therefore, using (17)
and induction we find

1S.(E*(R))] = |E(Sp—1(E*(R)))]
— IS (B (R))

n!
= ——~|Swx(R)|,

(n—k)!
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as desired.

To obtain (19), observe that every permutation in E¥(R) has length at least k, so
S,(E*(R)) = S,, when n < k. O

We now give several applications of this theorem.

Proposition 4.18 For all k > 0 and alln > k,

n!

|9, (E(123,132,213))] = T
In particular, for alln > 1,

|5, (1234, 1243, 1423,4123, 1324, 1342, 1432, 4132, 2134, 2143, 2413, 4213)| = nkF,,.
Proof. Set R ={123,132,213} in (18) and use (2) to simplify the result. O

Proposition 4.19 Let R denote one of the following sets of permutations.

{123,1432}: {123,2143}; {123,2413}; {132,1234}; {132,2134};
{132,2314}; {132,2341}; {132,3241}; {132,3412}

For all k> 0 and alln > k,
n!
S (E*(R))| = m&(nw)q- (20)

Proof. In [10] West shows that for each of the sets listed, S,(R) = Fy,_;. Combine this
with (18) to obtain (20). O

Proposition 4.20 (see also [2]) Fiz 7 € S3. For all k >0 and all n > k,

n! 2n — 2k>

SO = =i et

1 (2
Proof. 1t is well known that for all 7 € S3 we have S,,(1) = C,,, where C,, = ( n) is
the nth Catalan number. Combine this with (18) to obtain (21). O
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