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Abstract

A composition of n € N is an ordered collection of one or more positive integers whose
sum is n. The number of summands is called the number of parts of the composition. A
palindromic composition of n is a composition of n in which the summands are the same in
the given or in reverse order. In this paper we study the generating function for the number
of compositions (respectively, palindromic compositions) of n with m parts in a given set
A C N with respect to the number of rises, levels, and drops, and obtain previously known
results as well as new results. We also generalize results for Carlitz compositions and for
partitions.

AMS Classification Number: 05A05, 05A15
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1. Introduction

A composition o = 0109...0, of n € N is an ordered collection of one or more positive
integers whose sum is n. The number of summands, namely m, is called the number of
parts of the composition. A palindromic composition of n € N is a composition for which
0109 ...0m = OpmOm—1...01. A Carlitz composition is a composition of n € N in which no
two consecutive parts are the same. We will derive the generating functions for the number
of compositions, number of parts, and number of rises (a summand followed by a larger
summand), levels (a summand followed by itself), and drops (a summand followed by a
smaller summand) in all compositions of n whose parts are in a given set A. This unified
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framework generalizes earlier work by several authors.

Alladi and Hoggatt [1] considered A = {1,2}, and derived generating functions for the
number of compositions, number of parts, and number of rises, levels and drops in composi-
tions and palindromic compositions of n, exhibiting connections to the Fibonacci sequence.
Chinn and Heubach [7] generalized to A = {1, k} and derived all the respective generating
functions. Chinn, Grimaldi and Heubach [5] considered the case A = N, and derived gener-
ating functions for all quantities of interest. The focus of [5] was on explicit formulas for the
quantities of interest, as well as combinatorial proofs for the connections among them. Car-
litz [2] on the other hand approached the same topic from a generating function standpoint,
and provided a connection to the Simon Newcomb problem [4]. (Note: Carlitz counts an
extra rise and drop at the beginning and the end of each composition). Grimaldi [10] studied
A ={m|m =2k + 1,k > 0}, and derived generating functions for the number of such com-
positions, as well as the number of parts, but not for the number of rises, levels and drops.
In addition, he studied compositions without the summand 1 [9], which was generalized by
Chinn and Heubach [6] to A =N — {k}. In both cases, the authors only derived generating
functions for the total number of compositions and the number of parts, but not for the
number of rises, levels and drops. Finally, Hoggatt and Bricknell [11] looked at compositions
with parts in a general set A, and gave generating functions for the number of compositions
and the number of parts. This work was generalized by Heubach and Mansour [12], which
also considered Carlitz compositions and gave additional generating functions for the num-
ber of compositions with a given number of parts in a set B C A. Most recently, Merlini
et. al. [14] obtained results on the number of compositions and palindromic compositions
using Riordan arrays.

We will present a unified framework which allows us to derive previously known results
as well as new results by applying the main theorem to specific sets. The main result and
its proof will be stated in Section 2. In the sections that follow we will state results for
compositions (Section 3), palindromic compositions (Section 4), Carlitz compositions and
Carlitz palindromic compositions (Section 5), and partitions (Section 6) of n with m parts
in A, respectively. In each case, we will state general results for the total number, the
number of levels, rises and drops, as well as give results for specific sets A, namely A = N,
A={12}, A={1k}, A= N—{k},and A = {m|m = 2k + 1,k > 0}. In the cases
of Carlitz compositions and partitions, we will restrict ourselves to the sets A = {1,2},
A={1,k} and A = {a,b}.

2. Main Result

Let N be the set of all positive integers, and let A be any ordered (finite or infinite) set of
positive integers, say A = {ay,as,...,a;}, where a; < as < az < --- < ag, with the obvious
modifications in the case |A| = co. In the theorems and proofs, we will treat the two cases
together if possible, and will note if the case |A| = oo requires additional steps. For ease
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of notation, “ordered set” will always refer to a set whose elements are listed in increasing
order.

For any ordered set A = {aj,as,...,a;} C N, we denote the set of all compositions
(respectively palindromic compositions) of n with parts in A by C2 (respectively PA4). For
any composition o, we denote the number of parts, rises, levels, and drops by parts(o),
rises(0), levels(o), and drops(o), respectively. We define the generating function for the
number of compositions (respectively palindromic compositions) of n with parts in a set A
specifying the number of rises, levels, and drops as

Calz;y;r, 0, d) Z Z T yparts ,rises(o) llevels(o) jdrops(e)

'IZ>0 UECA

and
Pa(zy;r, 0, d) = Z Z xnypa,l"tS(a) TI‘iSGS(a) gleVGIS(a) ddI‘OpS(a)

n>0 ge P4

The main result of this paper gives explicit expressions for these two generating functions.

Theorem 2.1 Let A ={ay,...,ax} be any ordered subset of N. Then

1. The generating function for compositions is given by
, j—1 ,
k xYy 1 —a%y(l—r)
1+(1—d
* )ijl (1 —xajy(ﬁ—d)gl — 2%yl —d)
Jj—1 ; '
1 —a%y(l —r)
1—d
Z (1 —:U“Jy E d) 11—11 1 —x%y(l —d)

2. The generating function for palindromic compositions is given by

CA<:U¢ ysr, 67 d) =

x* y—l—xQ‘“ (é—dr)
1+Z w2y (2 — dr)

k p2%iq,2
ydr
1 _
Z 1 — x?% (62 dr)

1=1

PA(ZU;y;’I“,f,d)

Before giving the proof of Theorem 2.1, we will connect the generating function for
compositions for A = N with the result in [2] to obtain the following expression, which is
hard to prove directly.
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Proof. Since Carlitz counts an extra rise and fall at beginning and end, respectively, we need
to adjust our generating function by a factor of r - d. Setting the two generating functions,
namely Theorem 2.1 Part (1) for A = N and the right-hand side of Eq. (4.6) [2], equal, we
get that

0o xJ i—1 1—z'y(f—r)
.d.1+(1—d)zj:1TE’gd)H51#(zd)_ g clay(l —d)) — e(zy(l — 1))
" vy Ll S e(ay(l— 1) — d-e(ay(l— )
ng 11— nyEdellxyé d) y Y
Solving for 7% | 1= zay T tD | #d; we obtain the desired result. O

We now turn to the proof of Theorem 2.1.

Proof. In order to find the two generating functions, we derive recursions for (palindromic)
compositions that start with specific parts. Thus, we define a second set of generating
functions

Calsiss. .. s|ziysr 0,d) = sz yparts(a) rises(o) glevels ddrops

n>0 o

and
Pa(s182 ... selwsyir, £, d) = Z Z xnypartS(a)rriseS(a)gleveIS(a)ddropS(a),

n>0 o

where the sum on the right side of the equation is over all the composition o € C4 and
o € P4, respectively, such that the (palindromic) composition o starts with s;ss ... s., for

n

e > 1. From the definitions of the generating functions, we immediately have the following:

k

Calwsysr, 6,d) = 14> Calailwsy;r, L, d) (1)
=1
k

Pa(zsy;r, od) = 14 Pa(aslasy;r, £, d), (2)

=1

where the summand 1 covers the case n = 0. The strategy is now to find expressions for the
generating functions Cy(a;|z;y;r, £, d) and Pa(a;|z;y;r, ¢, d), which will allow us to prove
the claim.

We will first prove part (1) of the theorem. We derive a recursion for Cy(a;|z;y;r, ¢, d)
which together with Equation (1) gives a system of equations that is solved using Cramer’s
rule. Note that the compositions of n starting with a; with at least two parts can be created
recursively by prepending a; to a composition of n — a; which starts with a; for some j. This
either creates a rise (if i < j), a level (if ¢ = j), or a drop (if ¢ > j), and in each case, results
in one more part. Thus,

ra®y Calajlz;y;r l,d), <]
Calaa;|z;y;r, 0,d) = ¢ La®yCalaj|z;y;r.l,d), i=j .
dxainA(a’j|x;y;Ta 67 d)? [ >j
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Summing over j and accounting for the single composition with exactly one part, namely a;,

gives
i—1
Calailr;yir 0,d) = 2%y +a"yd >  Calajlz;y;r, 0, d) + 2%y L Calas|z; y; 7, £, d)
j=1
k
+a%yr Y Calaslz;y;r, ¢, d) (3)
j=it+1
for i = 1,2,..., k. Let to = Ca(z; ,r,é,d) = Ca(ai|lz;y;r,¢,d) and b; = x%y, for
i=1,2,.. k ‘Then Equations (1) and (3) result in this system of k + 1 equations in k + 1
variables.
1 -1 —1 —1 —1 -1 to 1
0 1—-b66 —bir —br —bir —bir t1 b1
0 —b2d 1— b2€ —bQT —bg?“ —bg’l‘ t2 bg
0 —bgd —bgd 1-— bgf —b37’ —bg?” ty — b3
0 —br1d —br1d —br 1—bg 1l —bgr tr—1 br—1
0 —bid —bid —brd —brd 1— bt 17 by,
By Cramer’s rule, ty = (;125(7]\]\;’“)), where M} is the (k + 1) x (k 4+ 1) matrix of the system

of equations and Ny is the (k + 1) X
column in My by the vector of the right-hand side of the system, i.e.,

(k + 1) matrix which results from replacing the first

1 —1 -1 -1 —1 -1
b1 1-— b1€ —bl?” —617’ —1)17’ —b17“
b2 —b2d 1-— bgf —bQT —b27" —b2’l“
Nk — b3 —bgd —b3d 1-— b3€ —1)37’ —bg?"
bg—1 —bg1d —br1d —by1 1—bg 1l —bgr
by —bd —bid —bid —byd 1— bt

We now derive formulas for det(Ny) and det(M). Expanding down the first column of My,

we get that

1-— b1€ —b17" —bﬂ“ —b17" —517“

—bgd 1-— bgg —bg’r‘ —bQT —bQT

—b3d —bgd 1-— b3€ —b37‘ —b37‘
det(Mk) = .

—bp—1d  —bp_1d —bp_1 1—bg_1l —bp_r

—brd —bid —brd —bid 1— bt

Subtracting the (k — 1) column from the k" column of the above matrix, then expanding

down the resulting column gives

det(Mk)

(1 — bk(g d)) det(Mk_l) — bkd(l — bk_1<€ —

7")) det(E(bl, bQ, ey

br-2)),
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where
1— blg —bﬂ“ —blT —bl’f‘
—bgd 1— bge —bz?" —bg?“
—bgd —bgd 1-— bgg —b37“
E(bl,bg,...,bkfz) - . .
—bp—od —bp_od —by_od —by—or
1 1 1 1

Adding (byr) times the last row to the first row in the matrix E(by, bo, ...,
ing across the resulting first row gives

br_2), then expand-

det(E(by, by, ... by_a)) = (1 — by (€ — 1)) det(E (b, ..., bp_s)),
and, since det(E(by_y)) = (1 — by_s( — 1)),
det(E(by, by, ..., by_s)) = Ihju — (L 7)) (5)
Equations (4) and (5) result in _
det(My) = (1 — by(€ — d)) det(My_y) — bkdﬁ(l — b (0 —1)).

Thus, if we define det(My) = 1 and use the fact that det(M;) =1—b10 =1—b({ —d) — byd,
then we can show by induction on k that for all k£ > 1,

k ko -1 k
det(M;,) = Hl—b d)—dY b [Ja=vie—r) J] @=bi—a). (6)
Jj=1 Jj=1 1=1 i=j+1
Similarly, by subtracting (byd) times the last row from the k™ row in the matrix N; and

then expanding across the resulting k™ row we get

det(Ny,) = (1 — bp(€ — d)) det(Ny_1) + b(1 — d) det(D(b1, bo, .., 1)),

where D(by, by, ...,bx_1) agrees with E(by, b, ...,bx_1) except for the signs of the last row.

ThllS, det(D(bl, bg, ceey bk,1>> = — det(E(bl, bg, ceey bkfl)), which ylelds
k—1
det(Ny,) = (1 — b(¢ — d)) det(Ny—y) — bp(1 — d) [ (1 = (¢ — 7).
j=1

With det(Ng) = 1 and det(N7) =1 —bl+by =1 -0 (£ —d) +
induction on k that for all £ > 1,

(1 — d)by, we can show by

j—1 k

k —
—d)ijH (1—b;(¢
j=1 1

i— z’:j+1

k
det (V) :H (1= by
7j=1
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Substituting Equations (6) and (7) and b; = 2%y into gstt((]\]j[’;))

rem 2.1(1). Note that if |A| = oo, then the result follows by taking limits as k — oo.

completes the proof of Theo-

We now prove part(2), which uses the same general idea of first deriving a recursion for
Pa(a;|x;y;r, ¢, d) and then solving the resulting system of equations. Palindromes of n that
start with a; (for a fixed i) either have one part, a;, or two parts and one level, a;a;, or three
or more parts. Those of three or more parts can be created by adding the part a; both at
the beginning and the end of a palindromic composition of n — 2a; that starts with a;. If
1 = j, then two additional levels are created; if i # j, then a rise and a drop are created, and
in both cases we have two additional parts. Thus, the generating function is as follows:

Palaiz;y;r, 6,d) = ay+ 5y 0+ 2V C Py (a|a; y;r, 4, d)
k
2a;,,2 Nape nye
+x Yy drzj#i,j:l PA(CI,]‘Z’,y,T’,g,d)
= g%y + 22?0 4+ 22y (2 — v d) Pa(a;|o; y;r, 4, d)
+a*ytdr(Pa(z;y;r, 1, d) — 1),

where the last equality follows from Equation (2). We can now solve for P4 (a;|z;y;7, ¢, d),
and substitute the result into Equation (2), which gives that

x% y+a?®iy?(L—dr)
1+Z 1—a2%iy?2 EZ —dr)

Pa(z;y;r, 0, d) =

x2ai deT
1 231 1—a2%y2 (02 —dr)
i=

The reason that we get a less tedious proof for palindromic compositions comes from the
fact that we only need to distinguish between the cases ¢ = j and ¢ # j when deriving
Pa(a;|z;y;r,€,d). This allows us to solve for Pa(a;|x;y;r, ¢,d) in terms of Py(z;y;7, ¢, d),
and allows for direct substituion. |

We now apply Theorem 2.1 to specific sets A to obtain previous and new results.

3. Results for compositions with parts in A

In this section we study the number of compositions of n as well as the number of rises,
levels, and drops in the compositions of n with parts in A, both for general and specific sets

A.

Applying Theorem 2.1(1) for r = ¢ = d = 1, we get that the generating function for the
number of compositions of n with m parts in A is given by

1

: (8)
1—y Zf:l x%
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Therefore, the generating function for the number of compositions of n with m parts in N is
given by

1 1 x™
n, parts(o) _ _ _ m
Zny l—yz;ilxj 1_% Z_(l_x)my

n>0 geCN

Furthermore, setting y = 1 in Equation (8) gives the generating function for the number
of compositions of n with parts in A (see [12], Theorem 2.4):

1
koo
1= a%
In particular, for A = N, the generating function for the number of compositions of n with
parts in N is given by (see [5], Theorem 6)

l1—=x
1—2x

Additional examples for specific choices of A are given in [12]. We now state results con-
cerning the number of rises and drops.

3.1 The number of rises and drops

Note that the number of rises equals the number of drops in all compositions of n: for
each non-palindromic composition there exists a composition in reverse order, thus the rises
match the drops, and for palindromic compositions, symmetry matches up rises and drops
within the composition. Thus, we will derive results only for rises, and the results for drops
follow by interchanging the roles of r and d in the proofs.

In order to obtain the relevant generating functions, we use a common technique, namely
taking partial derivatives. Setting £ = d =1 in Theorem 2.1(1) gives

1
1= Y0 (aoy B (L =2y =)

Using Equation (9) together with the fact that for f;(r) # 0

Ca(z;y;r,1,1) =

(9)

we get that
a 2 - Iai+aj
> D rises(@)a"yPUO) = S Cu(myir 11| = Y Lizipiz .
n>0 geCA r r—1 (1 —y 2521 x%)

Hence, expressing this function as a power series about y = 0, we get the following result.
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Corollary 3.1 Let A ={ay,...,a;} be any ordered subset of N. Then
k m
Z Z rises(o)x yparts ( Z xa2+a]) Z<m+ 1) (Z xaj) gt
n>0 ceCy k>j5>i>1 m>0 7j=1
and

3 3 a0 < (3 ) S (L) o

n>0 geCA k>j5>i>1 m>0 j=1

For example, letting A = N and looking at the coefficient of y™ in Corollary 3.1 we get
that the generating function for the number of rises (drops) in the compositions of n with a
fixed number of parts, m > 2, in N is given by

> e ()

j>i>1 j>1
_ i+j € 2
- Z,Zwm—w(l_gg) IOV
121 j>i+1 i>1 j>1
ZL’3 (m . 1)xmf2 - (m . 1) m—+1

1I-z)(1—-22) (A—-2)"2 (Q+z)(1l—z)m

Furthermore, setting y = 1 and A = N in Corollary 3.1 allows us to compute the gener-
ating function for the number of rises (drops) in all compositions of n with parts in N (see
[5], Theorem 6) in a similar way:

. no__ i+J m_ x?’ 1
> S metor = e (7)) = i ey

n>0 geC;j;\ 7j>1>1 m>0

SL’S

(1 +2)(1—22)2

For A ={1,k} and y = 1, Corollary 3.1 gives the generating function for the number of
rises (drops) in all compositions of n with parts in {1, %} as (see [7], Theorem 4)

karl

For A = {m|m = 2k + 1,k > 0} and y = 1, and using that >, _; gD+ =
> iz0(®?)" 3051 (2%)7, Corollary 3.1 yields a new result, namely that the generating function
for the number of rises (drops) in compositions of n with odd parts is given by

.Z‘k+1
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We also obtain new results for A = N — {k} (studied in [6]) and A = N — {1} (studied
in [9]). For A = N — {k}, we define g(x,y;k) = > 50> seca rises(0)z"yPAS@)  Then
Corollary 3.1 gives

_ $k> " ym+2'

. B $3 xk+1(l _ 33 ) + $2k+1
g(x’y’k)_<(1—a:)(1—z2)_ 1z >

For k =1, i.e., A =N — {1} this expression reduces to

Z(m+1)<1 <

— X
m>0

2m+1

g(z,y;1) =D (m—1) - T

= 1+2)(1—a)m

Thus, the generating function for the number of rises (drops) in the compositions of n without
Is with a fixed number of parts (m > 2) is given by

p2m+1 o 1 " i +m—1
(m—l)(1+$ o Zx+ 1)2(—1) (jm_l )

Jj=0

We now look at results concerning levels.

3.2 The number of levels

Proceeding similarly to the case of rises, we set r = d = 1 in Theorem 2.1(1) to get

1

Ca(z;y;1,0,1) = - - .
— it Ty

Therefore,
k a
B y? Zj:l 2
k z
=1 (1 —yyk, xaj)

Expressing the above function as a power series about y = 0, we get the following result.

Z Z levels(o) yparts( = %CA(-T;ZJ;lug?l)

n>0 geCA

Corollary 3.2 Let A ={ay,...,a;} be any ordered subset of N. Then

5 5 wtiaton - (5) S (£)

n>0 geC;j;\ m>0

Using computations similar to those for rises and drops, by looking at the coefficient of
y™, we get from Corollary 3.2 that the generating function for the number of levels in all
compositions of n with a fixed number of parts m in N is given by

(m—1)z™
(1+2)(1 —ax)m1
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In addition, by setting y = 1 and A = N in Corollary 3.2 we obtain that the generating
function for the number of levels in the compositions of n with parts in N (see [5], Theorem
6) is given by
2%(1 — 1)
(14 2z)(1—2x)%

Applying Corollary 3.2 for A = {1,2} and y = 1, we get the result given in Theorem
1.1 [1] for the generating function for the number of levels in all compositions with only 1’s
and 2’s:

2?2 + 2t
(1= (z+22))*
and more generally, for A = {1, k} and y = 1, we obtain the generalization stated in Theorem
4 [7):

% 4 2k
(1 — (zF + 22k))2

If we apply Corollary 3.2 to A = {m|m = 2k + 1,k > 0}, then we get a new result,
namely that the generating function for the number of levels in the compositions of n with
odd summands is given by

2(1 — %)
(1+22)(1 —x —a?)?

Finally, we look at A = N—{k} and define g(z,y; k) = 32,50 > ccn levels(o)zmyParts()
Then Corollary 3.2 gives

5(72 T m
et~ Emen (-]

m>0

If we set y = 1, then we get a new result, namely that the generating function for the number
of levels in the compositions of n without & is given by

(1 — 2)2?(1 — 22k 4 g2k)

(1+2)(1 — 2z + ak — akt1)2

4. Results for palindromic compositions with parts in A

Applying Theorem 2.1(2) for r = ¢ = d = 1 we get that the generating function for the
number of palindromic compositions of n with m parts in A is given by

I+y Zf:l "
1 —y? Zf:l a2
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Setting y = 1 we get that the number of palindromic compositions of n with parts in A is
given by (see [12], Theorem 3.2)

Using A = N we get that the generating function for the number of palindromic compositions
of n with parts in N is given by (see [5], Theorem 6)

1+
1— 222

We now turn our attention to the number of rises and drops.

4.1 The number of rises and drops

As before, the number of rises equals the number of drops. Theorem 2.1(2) for £ = 1 and
d =1 gives

aiyta?tiy?(1-r)
1+Z 1—x2%iy2(1—7)

Py(xyy;r, 1,1) =
2111 r
Z 1- xQGLyy 1-7)
Therefore, by finding 3 PA(a: y;7,1,1) and setting r = 1 we obtain the following result.

Corollary 4.1 Let A ={ay,...,a;} be any ordered subset of N. Then the generating func-

tion ga(x;y) =D 50 Dowepa rises(o)z"yPartse) — Y ons0 2 oepA drops(c)x"yPoTtS) s given
by - -

y2 <1 + y Zf:1 l.cu) <Zf:1 ani(l _ I.2a¢y2)> _ y2 <1 _ y2 Zf:1 x2ai> 27’;@:1 I.Zai(l + I’aiy)
3 .
(1 —y? Zf:l $2ai>

For example, if A = N, then Corollary 4.1 gives that

T 1:2 $4 2 2£E2
y2 (]' + ly——m) <1—x2 - l—yz4)> - y2 (1 - %/—x2> (1 2 + 1— :B3>
gn(ziy) = 2 : (11)
(-5

Thus, we can derive the generating function for the number of rises (drops) in the com-
positions of n with a given number of parts, m, in N, by looking at the coefficient of 3™
in gn(z;y). To do so, we expand the numerator of gy(z;y) and collect terms according to
powers of y:

a3 2z + 1 222 x? )
1221 +a) (<x2+x+1> TEr@ ! @rer D@+’ ) |
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Furthermore,

1 (m+1)a®™
- N2 T am Y
(1- 5’2“”22)2 mzz% (1—a2)m

so altogether,

. _ (m + 1)$2m+4 2m+3
2z +1 222 2 )
<<x2+x+1>+<x+1><z2+1>y‘ <x2+x+1><x2+1>y)'

We now have to distinguish between two cases, namely, m even and m odd. In the first case,
only the summand with factor y (resulting in terms with factor y?™3y) needs to be taken
into account, whereas in the second case, the summands with factors y° and 3? (resulting in
terms with factors y*™*3 and y*"*3y?) need to be considered. Thus, the generating function
for the number of rises (drops) in the compositions of n with a given number of parts, m, in
N is given by

<2m/ . 2)x2m’+2

f =2m/
(14 22)(1 — a2)™ orm s

and
22 (1 —2)(1+ (2m' — 2)z + (2m' — 3)x? + (2m’ — 2)2%)
(1+22)1+z+22)(1 —22)™
Furthermore, setting y = 1 in Equation (11) and simplifying yields that the generating

function for the number of rises (drops) in the compositions of n with parts in N (see [5],
Theorem 6) is given by

for m =2m’ — 1.

rt(dat + 423 + 422 + 3z + 1)
(14 22)(1 + z + 22)(1 — 222)2’

gn(w;1) =

We now apply Corollary 4.1 for A = {1,k} and get that

g (x y) _ xk+1y3(:v + xF + ka+1y N y2(x3 4+ g3k k2 ngﬂ))
{LE}\ Ly (1 _ y2(I2 + I,Qk))g

In particular, when setting y = 1 in the above expression we get that the generating function
for the number of rises (drops) in the palindromic compositions of n with any number of
parts in A = {1, k} is given by (see [7], Theorem 5)

_ oFH (z — 23 4 oF — 3% 4 2F L 4 ph 2 4 g2k
9{1,k}(x» 1) = (1 22— x2k>2

If welet A= {m|m =2k+ 1,k > 0} in Corollary 4.1, then we get that the generating
function ga(x;y) is given by

T x2 21.4 x2 2 502 x3
?/2 (1 + 1—?;;2) (1—a;4 - f—ch) B y2 (1 B 1—Zg/c4> (1—904 + 1—§6>

2
(-2
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Furthermore, if we set y = 1 in the above expression, then we get that the generating function
for the number of rises (drops) in the palindromic compositions of n with any number of odd
parts is given by

2®(1+ 222 + 22 + 22* 4 22° + 32% + 227 + 228)
(1+ 241 — 22 — 24)2(1 + 22 + 2%) ’

ga(z;1) =

which extends the work of Grimaldi [10].

Applying Corollary 4.1 to A = N — {k} gives that

2174
P (14 25— yat) (2 — o — 225 4 yPat)
gty (5y) = oo 2
(1 e y%z:?k)
2 (1 e +yz 2k> (151 a2 e 363 _ y$3k>

<1 - % + y2x2k>2

In particular, when setting y = 1 in the above expression we get that the generating function
for the number of rises (drops) in the palindromic compositions of n with any number of
parts in A = N — {k} is given by

41+ 3z + 42% + 423 + 4a*) + 22 (2t — 1)(1 + 42 + 522 + 42®)
(14 22)(1 + x + 22)(1 — 222 + 22k — g2(k+1))2
(22 — 1) ("2 + 2% (1 + 22) (32?2 — 2) + 2* (1 + 2) (2 — 2))
(1 + 132)(1 — Qx2 + g2k — x2(k+1))2 ’

IN—{k} (»’US 1)

+

This extends the work of Chinn and Heubach [6]. Likewise, we can extend the work of
Grimaldi [9] by setting k = 1 to get that

(1) (2% + 3z* + 52® + 3% + 3z + 1)a”
— T, = .
NI (1— 22— 292(1 + 2 + 22)(1 + 22)

We now look at the number of levels in palindromic compositions.

4.2 The number of levels
Theorem 2.1(2) for r = d = 1 gives

ztiytatiy? (0-1)
1+Z 1—x2%iy2(£2-1)

PA(x>y7 1767 1)

2aL
Z 1—x2%iy?2 82 1)

Therefore, finding %PA(x; y;1,¢,1) and setting ¢ = 1 yields the following result.
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Corollary 4.2 Let A ={ay,...,a;} be any ordered subset of N. Then the generating func-
tion ga(z;y) = ano Y epa levels(a)x”yparts(")

v (1= X o) Th o (1 + 2a0y) + 29" (L4 y T, 2%) T 2t

i D)
(1 — Y2 i xm)

15 given by

For example, applying Corollary 4.2 for A = N gives that the generating function gy(z; y)
for the number of levels in all palindromic compositions of n with m parts in N is given by

x2y? <2x4(az + D)3 +22(1 - 32) (1 + 2+ 22>+ (1 — 22z +2)y + 1 + 2 + x2)>

(14+22)(1+z+ 22)(1 — 22 — 22y?)? (12)
Since
1 1 1 x?m
- = m + 1) — 2m’
(I —22—22y?)? (1 —a22)2(1 - fi?fz)z (1 — x2)2 mZZO< )(1 _ x2)my

we can compute the generating function /,,,(x) for the number of levels in palindromic com-
positions of n with a given number of parts, m, by looking at the coefficient of y™ in
expression (12):

22

s
(2m/—1— (2m’73)12)x2m/
ln(x) = (14a2)(1—a2)™/
2(1+:p)(m’+(m’71):p+m’x2)12ml+1
(1+22)(14z+22) (1—22)™

for m=2

for m=2m', m' >2

for m=2m'+1, m' >1

In addition, setting y = 1 in (12) gives that the generating function for the number of levels
in the palindromic compositions of n with parts in N (see [5], Theorem 6) is given by
2*(1 4 3z + 42 + 2 — a* — 42° — 62°)

(I+22)(1+z+ 2?)(1 — 222)?

gn(z;1) =

If we let A= {1,k} in Corollary 4.2, then gg 1y (x;y) is given by

yQ(xQ + x2k) + 2y3($3 + m319) + y4(x4 + $4kz _ 2$2(kz+1)) i 2y5($k+4 _ x2k+3 _ x3k+2 + $4k+1)
(1 — 3222 — y222F)2 :

Setting y = 1 in the above expression yields that the generating function for the number of
levels in the palindromic compositions of n with any number of parts in {1, %} is given by

22 4 g2k g3 g g3k gt g gk 2(xk+4 _ p2(k1) g 2k3  3kt2 x4k+1)
(1 — 222 — y202k)? :

gpey(r; 1) =

This result was not explicitly stated in [7], but can be easily computed from the generating
functions for other quantities given in [7].
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We look next at A = {m|m =2k + 1,k > 0}. Applying Corollary 4.2 for this case, we
get that

g (1- 25) (20 +275% ) + 285 (1+ 525

£2y? 2
<1 - 1fm4>

Furthermore, if we set ¥y = 1 in the above expression, then we get that the generating function
for the number of levels in the palindromic compositions of n with any number of odd parts
is given by

galx;y) =

22(1 4 22 4 222 + 223 + 20 + 225 — 226 4 227 — 428 — 229 — 4210 — 2211 — 212)
(1+ 21 — 22 — 24)2(1 + 22 + %) ’

ga(z;1) =

which extends the work of Grimaldi [10].

Finally, applying Corollary 4.2 for A = N — {k} gives that the generating function
gn—{xy(2;y) is given by

2 2 3
y2 <1 - —f_iz + y2$2k> (151_2 —x?* 4 1239;_3 - Q?ngk) + 2y4 <1 + —1y,zx - yxk) (12_4;4 - x4k)
(1 _ oyt o 2k)2 '
122 TY 2

In particular, when setting y = 1 in the above expression we get that the generating function
for the number of levels in the palindromic compositions of n that do not contain k is given

by

22(1 4 3z + 42% + 2% — 2t — 425 — 62°) + 22%(2* — 1)(1 + 2 — 222 — 523 — 5a?)
(1+22)(1 + z + 22)(1 — 222 + 22k — g2(k+1))2
(22 — 1) (22 +22°F (1 + 22) (1 — 222) + 2 (1 + 2)(3 — z)(1 + 2?))
* (14 22)(1 — 222 + a2k — g2(k+1))2 '

This extends the work of Chinn and Heubach [6]. Likewise, we can extend the work of
Grimaldi [9] by setting k = 1 to get that

(1+x + 322 + 22% — 52% — 327 — 28)2*
(1—22—2*)2(1 4+ 22)(1 4+ = + 2?)

9N—{1}($§ 1) =

In the next section, we look at another special type of compositions.

5. Results for Carlitz compositions with parts in A

A Carlitz composition® of n, introduced in [3], is a composition of n in which no adjacent parts
are the same. In other words, a Carlitz composition ¢ is a composition with levels(c) = 0.

1Originally called waves by L. Carlitz in [3], and also known as Smirnov sequences (see [8], page 68).
Named Carlitz compositions by Knopfmacher and Prodinger in [13] in honor of L. Carlitz
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Carlitz [2] specialized the general results for compositions with parts in A = N to Carlitz
compositions, but did not consider Carlitz palindromic compositions. Knopfmacher and
Prodinger[13] stated results for the total number of Carlitz compositions without reference
to the function e(u, z) defined in Corollary 2.2.

In this section, we will apply Theorem 2.1 to state general results for Carlitz compositions
and Carlitz palindromic compositions, and also look at a few specific sets A. We denote the
set of Carlitz compositions and Carlitz palindromic compositions of n with parts in A,
respectively, by E4 and FA. Note that F4 = B/t N PA.

5.1 The number of Carlitz compositions

Let EZ denote the set of Carlitz compositions of n with parts in A, and E4(z;y;r,d) the
generating function for the number of Carlitz compositions of n with m parts in A with
respect to the number of rises and drops, i.e.,

Ea(zy;r,d) = Z Z xnyparts(a),,,rises(a)ddrops(a).

n>0 ge B4

Since Ea(x;y;r,d) = Ca(x;y;7,0,d), Theorem 2.1(1) for ¢ = 0 gives the following result.

Corollary 5.1 Let A ={ay,...,a;} be any ordered subset of N. Then

— 1+x%yd111—|—m“1yd
Ea(w;y;rod) =14 —=

] zk: x%yd ﬁl—i—a:“iyr
= 1+xﬂjydi:11—l—$aiyd

Note that equating E4(z;y;r,d) with the result of Theorem 3 [2] gives Corollary 2.2 for
¢ = 0. We now look at specific sets A. Setting r = d = 1 in Corollary 5.1 we obtain the
generating function for the number of Carlitz compositions with m parts in A (for the case
A =N see [13]) as '

Ex(z;y;1,1) = ——
1 - Z]Zl 1+a,‘7agy

Applying Corollary 5.1 for A = {a,b} and r = d = 1 yields the generating function for
the number of Carlitz compositions of n with m parts in {a, b} is given by

(14 2%)(1 + xby)
1 — xa+by2

=1+ (xa + Jjb)y + Z wm(a+b)(2y2m + (l’a + :L‘b)meJrl).

m>1
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In particular, setting y = 1 in the expression above yields that the generating function for
the number of Carlitz compositions of n with parts in {a,b} is given by

(1+2%) (1 + 2b)
1 — xa—&-b

Remark: In the case A = {a, b}, the requirement that no adjacent parts are to be the same
restricts the compositions to those with alternating a’s and b’s. This results in the following
possibilities:

n Carlitz compositions of n
n'(a + b) abab . . .ab, baba . . . ba
n'(a+0b)+a abab . . .aba (13)
n'(a+0b)+b babab . .. ab

Thus, the number of Carlitz compositions of n > 0 is 2 if n = 0(mod(a + b)), 1 if n =
a (mod(a + b)) or = b(mod(a + b)), and 0 otherwise.

Next we look at the number of rises and drops in Carlitz compositions.

5.2 The number of rises and drops

As before, the number of rises equals the number of drops. Using Corollary 5.1 to find an
explicit expression for %E Az y;r, 1) |r:1 gives the following result.

Corollary 5.2 Let A ={ay,...,a;} be any ordered subset of N. Then the generating func-
tions 3,50 D gepa Tises(o) " yparts and 3,~0 > pepa drops(o )amyPartse) are given by

k iy k iy 2
1— — ] .
Z 1+xaayzl—l—xazy ;1—{—3:%@

Jj=1

Setting A = N and y = 1 in Corollary 5.2 yields that the generating function for the
number of rises (drops) in the Carlitz compositions of n with parts in N is given by

S (25 2 )
. 2 :
(1 o ijl %)

Applying Corollary 5.2 for A = {a, b} gives that

a+b,,2 1 a 1 b
Z Z rises(a)x”yparts(”) a1+ ay)(1 + 2%y)

=5 - (1 _ xa+by2)2

_ Z :L,m(a-l—b) ((2m o 1)y2m + m(xa + l,b)yZm—i-l) :

m>1
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where the second equation follows after collecting even and odd powers of y.

In particular, setting y = 1 in the expression above yields that the generating function
for the number of rises (drops) in the Carlitz compositions of n with parts in {a, b} is given
by

(1 + 2%) (1 + 2?)
(1 — gotb)2

Thus, the number of rises (drops) in Carlitz compositions of n > (a + b) with parts in
{a, b} is given by

2’ =1 if n=(a+bn' forn' >1
n' if n=(a+bn+aorn=(a+bn +b -

This follows immediately from (13) since there is a rise for every occurrence of “ab”. If
n = (a+b)n' and the composition starts with a, then there are n’ rises. For the composition
that starts with b, there is one less rise, for a total of 2n’ — 1 rises. If n is not a multiple of
a + b, then the composition starts with r, where n = (a + b)n’ 4+ r. In either case, there are
exactly n’ rises, as there are n’ occurrences of “ab” in the composition.

We now derive results for Carlitz palindromic compositions.

5.3 The number of Carlitz palindromic compositions

We denote the generating function for the number of Carlitz palindromic compositions of n
with m parts in A with respect to the number of rises by Fa(x;y;r), that is,

FA(a:;y;r) _ Z Z xnypal"tS(a)rI‘ISGS(a)'

n>0 ge FA

Note that Fa(z;y;r) = Pa(x;y;7,0,1). Using Theorem 2.1(2) for £ = 0 and d = 1 gives the
following result.

Corollary 5.3 Let A ={ay,...,a;} be any ordered subset of N. Then

k o
x%iy
— 1422%y2r
1=
Fa(zysr) =14 ——
1 . mQainT

Lo 14x2%qy2y
=1

Applying Corollary 5.3 for A = {a,b} and y = r = 1 yields that the generating function
for the number of Carlitz palindromic compositions of n with parts in {a, b} is given by

1 — gpatbd
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Thus, the number of Carlitz palindromic compositions of n with parts in {a,b} is 1 if n =
(a+0b)n'+aorn=(a+b)n'+b for some n’ > 0, and 0 otherwise. This follows immediately
from (13), since the Carlitz compositions for n = (a 4 b)n’ are not symmetric.

5.4 The number of rises and drops

We now study the number of rises (drops) in all Carlitz palindromic compositions of n with
m parts in A. Using Corollary 5.3 to compute %F (x5 y; r)‘rzl gives the following result.

Corollary 5.4 Let A={ay,...,a;} be any ordered subset of N. Then the generating func-
tion for the number of rises in all Carlitz palindromic compositions of n with m parts in A
15 given by

k x3%iqy3 k 2292 k z%iy k 22aiy?
0 F (x Y, 7”) Zi:l (1+22%iy?)? Zizl 1+z29iy? 1)+ Zi:l 1422%iy2 Z¢:1 (1+22%iy2)2
7 A Y, -

2
aT r=1 1 . k anin
1+x2aiy2
i=1

Applying Corollary 5.4 for A = {a,b} gives that

a+b, 3 (. .a b
: n, parts(o) _ z Y (.I’ +x ) — (0 b m(a+b), 2m+1
E g rises(o)x™y (1= 2o7)2 (" + )mélmx Yy .

n>0 geFA

In particular, setting ¥ = 1 in the expression above yields that the generating function
for the number of rises (drops) in all Carlitz palindromic compositions of n with parts in
{a, b} is given by

xa—l—b(xa + .Tb)

Thus, the number of rises (drops) in the Carlitz palindromic compositions of n > a + b
with parts in {a, b} is given by

n if n=(a+bn'+aorn=(a+bn +b for " >1 and 0 otherwise.

This follows immediately from (13), as the Carlitz compositions for n = (a + b)n’ + a and
n = (a + b)n’ 4+ b are symmetric.

Last, but not least, we apply Theorem 2.1 to obtain results for partitions.

6. Partitions with parts in A

A partition o of n is a composition of n with rises(c) = 0. Let G4 be the set of all partitions
of n with parts in A.
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6.1 The number of partitions

We denote the generating function for the number of partitions of n with m parts in A with
respect to the number of levels and drops by

Galzy: b, d) = Z Z $nyparts(o)glevelsoddrops(o)

n>0 ceG4
Note that Ga(x;y;¢,d) = Cyu(x;y;0,1,d). Using Theorem 2.1(1) for r = 0 we get the

following result.

Corollary 6.1 Let A ={ay,...,a;} be any ordered subset of N. Then the generating func-
tion G 4(x;y;0,d) is given by

Zkz %y H 1—a%iyl
j=1 lxiyﬂd i=1 1—z%y({—d)

AT (e I )
j=1 mJyZd) =1 1-x%y(l—d)

For example, if we apply Corollary 6.1 for A = N and ¢ = d = 1 and use the identity

k j-1 1 k
Zx“JH(l—x :a< Hl—a:“ﬂoz), (14)

j=1 i=1

then we get that the generating function for the number of partitions of n with m parts in
A = N is given by
Fa(zy; 1,1 = [[(1—27y) "

Jj=1

Note that the identity in (14) follows from the fact that

1_QZI%1:[ (1—-2%a) = (1—H(1—xaja)> ,

i=1 j=1
which can be easily proved by induction.

Another interesting example, namely setting £ = 0 and d = 1 in Corollary 6.1, gives that
the generating function for the number of partitions of n with m parts in A in which no
adjacent parts are the same, that is, the partitions with distinct parts, is given by

1
Ga(z;y;0,1) = =

1_Z§:1 xaij (1 + 2oiy)~ j

k
(14 z%y),

=1

where the second equality is easily proved by induction. In particular, the generating function

for the number of partitions of n with parts in N with distinct parts is given by [],5,(1+27).
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6.2 The number of levels and drops

We now study the number of levels and drops in all partitions of n. Using Corollary 6.1 to
compute %GA(x;y;f, 1)|€ , and GA(x y; 1,d) ‘d:l’ we get the following result.

Corollary 6.2 Let A ={ay,...,a;} be any ordered subset of N. Then the generating func-
tion 502 seqa levels(o)z"yPYtS() s given by

k a; j—1 a; k @i i—1 a i1 20442
Z]’:l <352 s (- 2?/)) - Zj:l (37 y [Tio (L —a%y) 3205 1—;cayiy>
k )

Hj:l(l — x%y)?

and the generating function Y > cqa drops(a)x"yparts(“) is given by

Y

(1-TT, - a)) o2 Sy (2 TEE O — a) 0, 0
[T, (1 - ay)? |

Proof. We give a sketch of the proof for the first generating function. Since G 4(z;y;(,1) =
1+ 1= SO where

1-5(0)°
k £ L aiyg k -1
=2 (1 _ xajyyg 1) 11 1— Wy(gy_ 1)> = ; (9;‘@) Hfi(é)) ,

J:]_ =1

we get that

9 25(0) X Ga OIS £(0 + (0 & T4 £
pr Gl st ) = e = G—sOr |

. . . j—1 T
Using Eguatlon (10) gives that 2 [TZ, fi(0) = — T, f:(¢ )Z] | T ]ye)(l“é Ty Com-
puting %gj(é), setting £ = 1 in the expression for WGA(x, y; ¢, 1), then using Equation (14)

to simplify the denominator gives the stated result. O

Applying Corollary 6.2 to A = {a,b} gives that the generating function for the number
of levels and drops, respectively, in the partitions of n with m parts in {a,b} is given by
2ay2(1 o ZL‘by) + beyZ(l o $ay) anrb,yQ

(1~ 2oy)?(1 — ay)? md e =ty

In particular, setting y = 1 in the above expression yields that the generating function for
the number of drops in all partitions of n with parts in {1, k} is given by a&%ﬁ,ﬁ) Thus,
the number of drops in the partitions of n with parts in {1,%} is [(n — 1)/k|. This follows
from the specific structure of the partitions with parts in {1,%}. A single drop occurs in all
the partitions that do not consist of either all 1’s or all k’s. Thus, for n € [n’k+ 1, (0’ +1)k),

there are exactly n’ = |(n — 1)/k| drops.
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7. Concluding Remarks

We have provided a very general framework for answering questions concerning the number
of compositions, number of parts, and number of rises, levels and drops in all compositions
of n with parts in A. We have used this framework to investigate compositions, palindromic
compositions, Carlitz compositions, Carlitz palindromic compositions and partitions of n.
Our results generalize work by several authors, and we have applied our results to the specific
sets studied previously, which has led to several new results. In addition, our results can be
applied to any set A C N, which will allow for further study of special cases.

In addition, the techniques used in this paper can be used to investigate products of
the number of rises, levels and drops which show interesting connections to the Fibonacci
sequence. For example, by computing the derivative with respect to d twice in Theorem 2.1
(2) and setting y = r = ¢ = 1, we get that

Z Z drops(o)(drops(c) — 1)z = (1—:2L’+a:2)3 = 27" Z Z F,FyF, | 2",

n>0 gec;:\ n>3 \a+b+c=n

i.e., a convolution of three Fibonacci sequences. However, the formulas for the various
products become more complicated, and not as easy to evaluate.
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