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Abstract

Certain arithmetic relations for the coefficients in the expansions of (¢)7., (¢)%.(¢")%,, t =
2, 3,4, were studied by M. Newman, S. Cooper, M. D. Hirschhorn, R. Lewis, S. Ahlgren and
R. Chapman. In this work, we prove similar identities for certain multi-product expansions
using an elementary method.

1. Introduction

For an integer r, let
(@)% =111 —d")"=>_a(n)d", (1.1)
n=1 n>0

where ¢ = €™ and Im(z) > 0 and let

fila) = (0)52(a*)2(a")%s (1.2)
where 7, 5;,t; are certain specific integers (see theorem). In this article we consider the
following products

@ fulg™ = S aln)g® (Lm > 0),

n=0
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and prove certain identities involving the Fourier coefficients a(n) by elementary arguments.
Similar identities for eta powers and products of two eta functions were earlier obtained by
several authors [1, 3, 4, 5].

2. Statement of theorem

EZ: ¢ be a complex number satisfying |g| < 1. Tt is readily checked that (—q)e = %
R =@ )= o) = e
R =@ Rl = o) =
B0 = D= ) = o) = e
A =T ) = i) = D0,
R = Dl = o) =
o) = S ) = gy = L
Observe that each function fi(q) has the form fi(q) = (g)7 (¢2)% (q*)t%, for certain integers

Ti, Si, t;. By the triple product and quintuple product identities, we have [2, pp. 64-65 and
306-307], [4]

fl(Q) — Z (_1)(04—1)/661(042_1)/24’
a=1 (mod 6)
a=1 (mod 4)
a, o
fala) = S gt
a=1 (mod 4)
fsle) = Y ag VR
a=1 (mod 6)
fola) = > (=) ag ™Y, (2.1)
a=1 (mod 3)

where in each case the sum is over all integers «, positive and negative, satisfying the given
congruence.
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For 1 <i <12, let d; = r; + 2s; + 4t; and \; = | (s + s+ 1;) | — 1. Let

(617627"'7612) = (1737247371787173724—737178)7
(nl, Nog, -+, nlg) = (6, 4, 1, 4, 6, 3, 6, 47 1, 4, 6, 3)
Observe that d; = e; unless i = 3 or 9, in which case d3 = dg = 0. For 1 <i <12 and p an
odd prime, define ¢;(p) = <&> , where (ay,...,a12) = (3,—-1,1,1,-3,-3,6,—2,1,2, —6, —3).
p
The main purpose of this article is to prove the following result.

Theorem. Let ¢ and m be positive integers, and let 1 < 5.k < 12. Let p > 3 be any prime
satisfying (M) = —1 and put A = 2L Let fi(q") fu(q™) = So2ga(n)q". Then the
coefficients a(n) satisfy

a(pn + (€d; + mdy,)A) = €;(p)ex(p)p™*a (%) .

Example. (j =5, k=10) We have f5(q) = (¢)%,(¢°)2 and fi0(q) = (¢)oc(¢*) 0 (¢*) s 50
(15,85, t5) = (5,—2,0), (r10,510,t10) = (1,—1,1),d5 = r5+2s5 +4t5 = 1, dip = rio+2s10+
4t10 = 3, )\5 = %(7"5 +S5—|—t5)_‘ —1 = 1, )\10 = ’75(7"5 +$5+t5)_‘ —1 = 0.65 = 1, €10 =

— 14
3,e5(p) = (_73> , and €9(p) = (%) . Let p be any prime satisfying (%) =—1, ie.,

<_3£m> = —1. Let f5(¢") fio(¢™) = X5 a(n)g”. Then the Theorem implies

p
a(pn + (0 + 3m)A) = (?) (;) pa (%) |

a(pn+ ((+3m)A) = (—) pa (—) :

ie.,

3. Proofs

We shall require the following elementary lemma, which we state without further comment.

—/
Lemma. Let ¢ and m be positive integers and let p be an odd prime satisfying (_m) =—1.
p

Let a and 3 be integers satisfying (a?® + m3% = 0 (mod p). Then a = 0 (mod p) and 3 =0
(mod p).

In order to illustrate the technique, we first prove the example, before proving the general
statement of the theorem.
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Proof of example. We have
f5(qe)f10(qm) _ Z aq[(oﬁ—l)/24 Z (_qm>(13271)/8’

a=1 (mod 6) B=1 (mod 4)
SO
— _1\(B2=1)/8
a(n) = > a(=1)
a=1 (mod 6), B=1 (mod 4)
2(a2-1)/244+m(B2-1)/8=n
= > a(_l)(ﬂkl)/?
a=1 (mod 6), B=1 (mod 4)
La2+3mB2=24n+L+3m
Therefore

a(pn+ (€4 3m)A) = 3 a(—1)E -/,
a=1 (mod 6), =1 (mod 4)
a2 +3m 32 =24pn+(0+3m)p?

Now fa? + 3mf? = 0 (mod p), and the lemma implies p | a, p | 3. Let

o= <_—3) pa’, B = <_—1> po'.
p p

Then o/ =1 (mod 6) and /=1 (mod 4). Also, modulo 2,
52_1 6/2_1 52_5/2
8 8 -8
_ P -1p”
a 8
_ -1
N 8

_ J O ifp=Tlor7 (mod8)
- 1 ifp=3or5 (mod8)

Therefore

p

(—1)E-/5 (2) (1)@ =1/5.

Substituting (3.2) and (3.3) into (3.1) we get,

a(pn + (0 +3m)A) = 3 <__3> o (3) (—1)@-0/8

a’=1 (mod 6), /=1 (mod 4) p p
Zo/2+3m,8/2:24n/p+2+3m

() ()
= [— |pal—].
p p
This completes the proof of the example.

Proof of Theorem. Writing
fi(d) fuld™) = >~ aln)g",

n=0

(3.2)

(3.3)
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we have, using (2.1),

a(n) = > ¢ () or(5),

a=1 (mod nj), B=1 (mod ny)
ejla2+ekmﬁ2:24n+djé+dkm

where

() = (_1)(a—1)/6’ pr() = (_1)(a—1)/6+(a2—1)/24’

P2(a) = @, ds(a) = a 1)@ ~1/8,

¢s3(a) = (=1)%, go(a) =1,

ds(a) =1, P10(0) = (_1)(a2—1)/8,

o5(a) = a, P11 (a) = a(_l)(az—l)/u’

d(a) = (-1)°a,  dra(a) = (—1)o7 1+ DB,
Therefore

a(pn + (bd; + mdy)A) = > ¢ () dr(5).-

a=1 (mod nj;), B=1 (mod ng)
ej£a2+ekm52:24pn+p2(djk-!—dkm)

Observe that e;a® + eymB* =0 (mod p). The Lemma implies p | a, p | 8. Let

<_—3> pa’ ifj=1,5,6,7 11 or 12
P
a = -1 Lo
— | pa’ if j =2, 4, 8 or 10
P
j if j=3or9,
-3 o
s pd ifk=1,5,6,7, 11 or 12
= -1
b <?>pﬁ’ if k=2, 4, 8 or 10
pf ifk=3o0r9.

Then it is easily verified that o’ = 1 (mod n;) and #’ = 1 (mod ny), and that ¢;(«)

€;(p) P ¢;(’) and ¢ (6) = ex(p) P ¢r(8'). Consequently,

a(pn + (bd; + mdy)A) = > e;(p)er(P)pV M ¢(a) ()
a’=1 (mod nj), B'=1  (mod ny)
ejta’?tepmp'2=24n/p+d;t+dym

= &PeppVa().

This completes the proof of the theorem.
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Remark. Though our theorem can be proved using the theory of lacunary modular forms,
we prefer to present an elementary proof for its simplicity.
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