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Abstract

The multiplicative acceleration of the 2-dimensional Selmer algorithm is considered. Its
behavior is more or less unknown and no general result on convergence is known. In this
paper we show that periodic expansions do in fact converge and the coordinates of the
limit point are rational functions of the largest eigenvalue of the periodicity matrix. Some
comparisons are made with the Jacobi-Perron algorithm (Remark1) and the triangle sequence
(Section 3).
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1. Introduction

Recently a renewed interest on multidimensional continued fractions has been observed. A
survey of recent literature is given in Schweiger ([5],[6]).

Special attention has been paid to 2-dimensional algorithms. The most well known
example is the Jacobi-Perron algorithm. Choose integers by, b1, by such that by > b; >
0,by > by > 0 and define
by
by

bo

ko= b_l]

]7k2 = [

and
/i(bo, b1, bz) = (51, by — k1b1, b — k2b1)-

This can be transformed into a 2-dimensional map as follows. We use the projection
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Then there is a unique map K such that mtox = K ow. The map K is given piecewise on a
suitable subset of the unit square as

T 1
K(lﬁ,ﬂ?z) = (—2 -k, — — k‘z)

T T

and is therefore an obvious generalization of the map connected with regular continued
fractions.

Selmer [7] proposed the following algorithm. Choose integers by > by > by > 0 and define
o (bo, b1,b2) == (bo — ba, b1, b2) =: (co, c1, C2).

Then there is a permutation 7 such that c.o > c;1 > cro. We use again the projection

bi b
W(bg,bl,bg) = (b—;,b—i)

Then we arrive at the following map on B? := {(z1,72) : 0 < x5 < 27 < 1}.

T T2

S($1,$2):(1_x2,1_7(%2),0<$1<1,ZL‘1—|—$2<1

1l—20 x 1

S(z1,22) = ( x12,x—i),1§x1+x2,0§x2§5

S(ay, ) = (2 127 1 <y <y <

T1.7% = |— s ST T2, = X T2 > 1.
1,42 x17 T 1 22 2

A remarkable property about the Selmer algorithm is the fact that for almost all w € B?
there is an n = n(w) such that for all m > n, S™w € {(z1,72) € B*: 1 < 1 + 23} (see [5]).

It is natural to consider the multiplicative acceleration of the algorithm, i.e., we perform
in the first step

b
7(bo, b1, ba) := (Do — kba, by, o), k : [b—o], k> 1.
1
The second step is to reorder again. In a similar way as before this leads to the map
) 1-— k?l‘g L 1
T(w1,19) = (I_l, ) ), k(x) == [!152]

The time-1-partition has the cells

1 1
B(k)::{xEBQ:k(x):k}:{xEBQ:k—H<x2§—.

Then we see that
TB(k)={v € B*: kx, +x, > 1}.

Therefore no cylinder is full and T'B(k) is not a union of cylinders of rank 1.
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2. Periodic Expansions for Multiplicative Selmer Algorithm

Let k1, ko, ... be a sequence of natural numbers. Then we define

By =B =0,By? =1

and by recursion
BZ‘(SJrl) = kerlBi(Sil) + B‘(872)7Z’ = 07 17 27 S Z 0.

7

If we introduce matrices

then we see that the relations

B(()sfl) B(()S) 38872)
B (ky, ... ky) = B(ky)...0(ks) = Bis—l) Bis) BF_Q)
Bésfl) Bés) Bésfz)

hold. If y = T%z and k; = k(T""'z), 1 <i < s, then we find that

BV +yBY + B L9
B0, g® g2 T
0 + 1Dy + Y2 by

xIr; =

Theorem 1 Assume that the algorithm of x = (z1,z5) eventually becomes periodic with
period length p. Then x; and x5 are rational functions in p, where p denotes the largest
eigenvalue of the characteristic polynomial of the periodicity matrix 5. Therefore z; and
xo belong to a number field of degree < 3.

Proof. Clearly, we can assume that the expansion is purely periodic with period length p.

Let
Bépfl) B(()P) BSP*Q)
= ﬁ(p)(]ﬁ, k) = pr_l) B§p) ng—2)
Bép—l) Bép) BEP—Q)
Note that

Békp* 1) B(gkp) B(()’“P* 2)

Fk _ B§kp—1) B§kp) BYCP_Q)
Békpfl) Békp) Békpr)
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Then the characteristic polynomial of I' is given as
xr(t) :=det(t1 —T) =t* — At> + Bt — 1.

If av, B, p are the eigenvalues we order them in a way such that |a| < |5] < p. The Frobenius-
Perron theorem says that 1 < p. Therefore min(|al,|5]) < 1. Since afp = 1 the case
a = 3 cannot occur. If the polynomial yr(¢) has a multiple root then it would be reducible.
Therefore if xr(t) = (x—3)*(x—p) then p would be a rational number which satisfies |p| = 1,
a contradiction. a

The difficulty for the present algorithm has two reasons. There is no convergence result
known and max(BéS), B(()S)_l) can be B(()S) or Bés_l).

We first note that
By "+ B +BY P =A=p+ita

and
pPBa = 1.
The Cayley-Hamilton Theorem (which was proved also by Perron in [4]) implies that
I® — AI'* + BT —1=0.

We multiply this equation with I'*3(ky, ..., k;) and see that for the entries of the matrices
the relations

Bi((3+k)P+j) - AB§(2+k)P+j) + BBi((1+k)p+j) . B("J‘P"‘j) — 07 0<i< 27 0< ,] <p

)

hold. The difference equation
a((3 4+ k)p) — Aa((2 + k)p) + Ba((1 + k)p) — a(kp) =0

has the general solution
a(kp) = dp* + bB" + aca”.

Remember that the case @ = 3 does not occur in our situation. The numbers a,b, d are
uniquely defined by the initial conditions

a(0)=d+b+a
a(p) = dp +bB + aa
a(2p) = dp* + b3* + aa’.
Therefore we find

B*D = d(i, j)p* + b(i, )" + ali, §)a".
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Note further that from the recursion relations
B(s+2) _ ]{?s+2B-(S) 4 B(s—l)

B7;(S+3) _ k5+3B7;(S+1) + Bl(s)

follows that if Bi(s) > p* then B*™) > pF j > 2. Therefore, if d(i, j) # 0 for some j then

i

d(i,7) # 0 for all j,0 < j < p.
Now we know that
B~ 4 Bk 4 plke=2) _ gk 4 gk 4 ok
As noted before if y = T*x then we find that

B +yBY + 4B
— 1=1,2.

€T, = ’Ls s s—2)°?
B(() Y le(() = Z/zB(() Y
S . 1 1
Buty:Tﬂfe{x632m<$2_ k5+1}
Therefore
1 B 1) +B(5) —{—B(S 2)

< : s <k +1i=12
]{;s+1 +1 Bos—l) +B((]S) +B(()s—2)

If we take M = max(ky, ..., k,) + 1 then we obtain

1 B'(sfl) B(s) B'(572)
- LR STRESE)

This implies that d(i,7) # 0 for all i = 1,2 and j =,1,...,p — 1.

From this we imply that

k2) (1,0 B q(2,0)
li 1 — L = li 2 _ — L =
i gD d(0,0) 7V ke g~ d(0,0)
exist. The equation
1 1
Fk T = )\k T
L2 L2

shows that
B(()kp—l) 4 xlB[()pk) 4+ ngékp_2) )k

for some positive eigenvalue of the periodicity matrix I'. Since B(()kp b

~ p* we see that

A = p. Observe that z = (21, 22) is a periodic point with the same expansion. Hence z = z.

We can calculate x; and x5 as rational functions in p from the equation
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Remark 1 It is well known that a similar theorem holds true for the Jacobi-Perron algorithm
([4]). But there are some important differences.

(1) The characteristic polynomial is irreducible for the Jacobi-Perron algorithm but in our
case the characteristic polynomial can be reducible. Let p = 1 and k; = k. Then xr(t) =
t3 —kt —1. For k = 2 we see that 3 = —1. Note further that for k¥ > 3 we find 3 < —1. Here

(.1'1,1’2) = (%7 p_12)

(2) The Jacobi-Perron algorithm has periodic expansions of every (primitive) period p > 1.
For the multiplicative Selmer algorithm period p = 2 does not occur. Suppose that x =

(21, z2) has period 2. In this case we get z = (m, 1) for some eigenvalue \. Therefore
we get To = (m, %) Then ky = [A\] = ky. However, period p = 3 can occur. Let

ki = 2,ky = 3,k3 = 5. Then we obtain p = 6.92167. The condition 0 < 2y < z; < 1 is
satisfied since k1 +1 < p, ko +1 < p,ks+1 < p.

Theorem 2 For periodic algorithms with a # (3 we obtain the estimates
B w; — B < ||, = 1,2
but there is at least one index ¢ such that

maX(|Bépg)xi B Bi(pg)” \B(()ngrQ):L’i _ B(p9+2)’) > ‘mg

holds for infinitely many values of g.

Proof. Since the quantities B(()p 9 3. — BP9 ohey the same recursion relation we find

Bz — BP” = k(i,0)p° + m(i,0)87 + n(i,0)ad,i = 1,2.

As we have just shown

Bkp) Bkp)
lim % = T, lim % = X9
k—o0 BO D k—o0 BO p

and since B(()pg) ~ p? we get k(1,0) = k(2,0) = 0. Hence for j =1 and j = 2 we find
BYx; — B = m(i,0)89 + n(i,0)a%,i = 1,2.
This shows that the first part of the theorem is true.
Now we will prove the second part of Theorem 2. In a similar way as before we find
B, — BP = m(i,2)89 + n(i,2)af,i = 1,2.

It is easy to verify that (see Schweiger 2000, p.5)

ot B(()vawr?)x1 B B§p9+2) B(()pg)x1 _ ngg) _ 1
Bépg+2)$2 B Bépg+2) B(();ug)aj2 i Bépg) Béngrl) + B[()zogﬂ)y1 N B(()pg)y2
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Here T?(x1,%2) = (y1,y2). Note that from B(()gp) ~ p? we obtain

(g) . _ P9 (pg+2) . plpg+2) 1 _ ./ g
{E%}é(‘BO T Bz ‘7’30 T Bz D > (\/,5)9 ’Oéﬂ‘ .

For the last equality we used af3p = 1. If |a| = || then

max(|B"e; — B\ |By* e — BP')) > |oe.

If || < |B| then at least one of the numbers m(1,0),m(2,0),m(1,2), m(2,2) cannot vanish.
If m(1,0) =m(2,0) =m(1,2) =m(2,2) =0 then we see that

B(pgﬁ)x1 _ B(p9+2) B(:Dg)x1 _ B(pg)
~9 <« det 0 1 0 1 < la|¥
p ( Bép9+2)x2 . Béngr?) B(gpg)gg2 B Bépg) ‘ ’

which (by using afBp = 1) leads to || < |a|. Therefore we get again
max(| By w; — B[, |By ;= B > (6],

|

Remark 2 Since || > 1 can occur we see that limsup, ., 1BP) 2, — B®)| = oo is possible.
Therefore a generalization of Nakaishi’s approach [3] seems to be out of reach.

3. Periodic Expansions for the Triangle Sequence

The shape of the time-1-matrices for Selmer’s multiplicative algorithm suggest to investigate
the algorithm with time-1-matrices

_— o
o O =

1
Bk = | 1
0

These matrices belong to an algorithm which has been called the triangle sequence by Garrity
2] (see also [1]). The underlying map is given on B? by
1—x1—k
T(x1,25) = (22, ~— L7002y o

1’1’ x T2

1—%1

!

There are some similarities but also some differences between these algorithms. The most im-
portant difference is the time-1-partition. The cylinders B(k) are the triangles with vertices
(1,0), (k—j_l, k%rl), (%H, k#”), k > 0. Therefore all cylinders are full, i. e. TB(k) = B* k > 0.
If we set

S s s—1

By By By

B (ky, . k) = B(k1)..B(ks) = | BY BY BE
s s s—1

By By By "
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we find the recursion relations
By =By +BY.i=01,2
B =k BY + BV, i=0,1,2.

Similar to the multiplicative Selmer algorithm we see easily the following properties. As
before let o, 3, p be the three eigenvalues of the characteristic polynomial ordered in a way
such that |a| < |8] < p.

(1) The characteristic polynomial can be reducible. Let p = 1 and k; = k. Then xr(t) =
t3 — 12 — kt — 1. For k = 3 we see that 3 = —1.

(2) It is possible to have 0 < o < 1 < f < p. Let p = 2 and ky = 4,k; = 3. Then
xr(t) = t3 — 5t + 6t — 1. Then p = 6.480786620527056, 3 = 1.4097605688346069, v =
0.109452810638337.

In contrast to the multiplicative Selmer algorithm much more is known about convergence
(see [1]). In fact, it is known that the triangle sequence is convergent for periodic expansions.
This makes it easier to prove the following theorem, which is a strengthening of Theorem 9
of [2].

Theorem 3 Assume that the algorithm of x = (z1,25) eventually becomes periodic with
period length p. Then x; and x5 are rational functions in p, where p denotes the greatest
eigenvalue of the characteristic polynomial of the periodicity matrix 3® . Therefore z; and
Zo belong to a number field of degree < 3.

Proof. Since the proof closely follows Perron’s proof ([4],[5]), we will only sketch it. Let
(21, z2) have a purely periodic expansion with periodicity matrix
By B B
cop— | B s s
-1
By BY BG
Then

-1
B B B (1 !
S P Y e
s sl g ) \e )\

for some eigenvalue A > 1. Clearly, x; and x5 are rational functions in . From I'’*! = I'’T
we obtain the relation

+1
By By B
(gp) Bgo + Boy (9p) + Bao (9p)
BOO BOO BOO

From the convergence of the algorithm we obtain

((g+1)p) .
lim =0 = By + Bz, + By ez = .
g BOO
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Using this result and the recursion relations we obtain B(()gp ) ~ A and Bé?p ) ~ A, However
from

B(()gp) 4 Bﬁm) + Bégp—l) =9 +al+ 37

we see that \ = p. |

Remark 3 Clearly Theorem 2 can also be extended to the triangle sequence.
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