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Abstract

By means of partial fraction decomposition, this paper provides an algebraic identity from
which a lot of interesting identities follow.

1. Notation and Introduction

In [2], by the WZ method, the following identity was confirmed successfully.

2\’ n+k\*
}:(é)( i ){L+%Hm%+2mn%—4Mﬂ}:Q (1)
k=1

where Hy = 0and H,, = >}, % Ahlgren and Ono [1] have shown that Beukers’ conjecture is
implied by this beautiful binomial identity. See [3] or [1, Theorem 7] for Beukers’ conjecture.
In [4] and [6], by means of partial fraction decomposition, W.-C. Chu gave beautiful proofs
of (1) and a number of interesting combinatorial identities. At the same time, Identity (1)
was also extended.

The purpose of this paper is to obtain an algebraic identity by means of partial fraction
decomposition. As applications, we show a number of interesting identities.

Throughout the paper, f(z) is known for an arbitrary polynomial of degree < An and

the function A(T}, Ty, ..., T),) is defined by
A(Ty, T T,) L ifn=0,
17 2’ Y n = TL' T1 k TQ k n kn -
Ymimr (1) (37 ()7 if >0,
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where the sum is taken over all nonnegative integers k;’s such that ky 4+ 2ks + ...+ nk, =n
For example, A(Ty, Ty, ..., T,) for n < 4 are:

A(Tl) = Tl
A(Tl, TQ) - T12 +T2
A(Tl, TQ, T3) - T13 + 3T1T2 + 2T3
ATy, Ty, Ty, Ty) = Ty} + 81T + 6Ty + 375 + 61).

2. Main Result

Theorem 2.1 Let ay, as, ..., a, be a real sequence with a; # a; (i # j) and f(a;) # 0,
(1=1, ..., n). Suppose that A\ and r are two integers with X > 1 and r > 0. Then

(/\fZJrrfl)

T

x A (\Ty(z), ATa(z), ..., ATAm))W

. = B
ol a)Ma Hap) . (24 an)? Z < )f )(I)

7=0

X A(AS1(2), ASa(@), ..., AS;(z)), 2)
where .
ZEEDY o 1Em ),
ik
and

Proof. Applying the partial fraction decomposition, let
A1

f(z) -
(x 4+ a)Mx 4+ ag) ... (x + a,)? 1; :v—i—ak

Multiply both sides in the preceding equation by (z + a;)*~* and take # — a;. Then

. @) Yo Gl
Gk, ) = Jlim (@+a) {($—|—a1)A($+a2) vl & W“}

i=0
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-1 . ,
. (@) Gk e+
T——a n ¢

l@+an)t T[] (@4a;) =0 (#+ a)
j=1
\ ‘]?ék J
f(z) o )
= > Gk, i)(x+ ap)
e PR
j=1
o i j#k
T——ag ([[‘ -+ CLk)Z

Repeatedly applying L’Hospital’s rule we obtain the coefficient as follows:

4
Gk, 0) = lim %% S
TR (@ ap)
j=1
J#k

(r)

~ ,lim Z(g)f“‘”(x) —
BT [T (z+a;)

i=1
itk

By using differentiation of composite functions (see [12]), we have

_ L - (=1 ATy (), NTa(z), ..., AT, (z)),
]:[1 (z+aj)* ']:[1 (x + aj)*
J J K
where .
Tn(x) = Z (x —i—lai)m’ (I1<m <)
o
Hence,
l
Gk 0) = —— Z(—W(ﬁ)ﬂf—”(—akm<AT1<9:>, \Ty(a), ..., NTo(z)),
o0 IT (a; —ag)® r=0
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where n
1
T(z) = ; R (1<m<Y)
ik

So we get

(@) MY (:)

(z +a) Mz + a) .. (z+an) p ﬁ (a; — ap)* = 0! Sz;( 1) S
P
X fU) (—ap) A (AT (2), MTs(z), ..., M(z)) (x+clzk)Af

n A—1

1 Z%ZH)S@ FE (—a) ATy (2), ATo(@), ... MTu(x))

dar ((x + )Mz +fcfj))A o+ an)A>

_ ;0 C)ﬂr—j)(x) ((Hal)A(H;)AW(H%)A)m
_ S g)(—w ()£ @081 @), ASia). ... A8,

<

(x + a))Mz + as

where

This completes the proof.

3. Some Corollaries

Corollary 3.2

Zn: f(—ax)

k=1 (z+ap)™ [ (a; —ak)
j=1
ik
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T

- U —1) (") (a x x (x
T ey Y <)f (@2)A(Si(2), Sa(w), ..., S(x)),

=0 J
(3)
- f(—ax) Pl a1
S ararn Il oap |70 W =
Jj= i#k
J2k
_ (=1)" r i (T =) |
T Merarerar @rara Y (j)f (2)A (251(z), 25(2), ..., 25;(x))
(4)
and
%_3 igl xiai
S @yt I (@ -a)r | T vty
2
2
n f//(_alc)_6f(_ak) Zn: 1 Z": 1 N Z”: 1
f(—ag) f(—ag) — T+t —~ z+ta ~ (@ + ;)2
i %k P4k ik
_ 2(=1)" ~ i (T =) ,
TG el e 1)J(j)f N@)ABS1(@), 38:(), ..., 355(2)).
(5)
Proof. In Theorem 2.1, take A\ =1, 2, 3. |

Note. The first formula (3) was given in [14] and an extension of (3) was obtained in [15].

Corollary 3.3

n 1 >\—1_ ¢ L ’ e
5T e (o
o
1
XA (N (), \Ty(x), ..., ATS(x))W
f(z)

T @t a) et a). (@t a) (6)
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n A—1

¢
Z 1 %Z(_l)s (i) S (—ar)

k=1 ’ﬁ1 (a; —ap)* =0 " s=0
j 7
A=Y
XA (ANTy(x), A\Tx(x), ..., )\Ts(a:))W
1 oY A Fla "1
= _(;g+a1)*(95+a2)’\-~-($+an))‘{f(x) )\f( );x+ai}
and
n 1 A—1 1 l /
Z n _Z £ (—ay)
= .1:[1 (a; — ) =0 T (5>
j#
W ATy (z), NTa(z), .., ATu(z)) (AQ(_:CE:CLBEL;@
—~ 1
- 2(x + a)* (3?+CZ2) c(x+ap)? {f() 2>\f();x—|—ai
9 1
A f (g ) + A f(z )Z(Hal) }
where

Proof. In Theorem 2.1, take r =0, 1, 2.

Corollary 3.4

- f(=ax) _ /()
k=1 (¢ + a) ﬁ (a; — a) (@ +a)(z +az)... (x4 an)’
&
3 f(=ax) r+1 Jrf’(—ak) L, - 1
O | I A
o

n

1 N 1
a (At a2z +an)? . (z A+ ap)? {f(x) 2 )i_1$+ai}

6
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and
( f=aw) _ S 1
f(—azf) 3 1‘21 z+a;
- —a r+2)(r+1 itk
k=1 (x +ag)® [] (a; —ag)? S S
j=
itk \
2
f'(=ar) o 1 - 1
3 -
N f(—=ax) 2_: :JH—aZ 1—2:1 T+ a; * 2—31 (4 a;)?
i1 £k i #k 1 #k
1 1 / R 1
= —6
2z + a1 )z +a)? ... (x+a,)? {f (x) f<I>Za:—|—ai
=1
9 3 11
i) (32 ) Y s - i
Proof. Take r =0, 1, 2 in Corollary 3.2 or A =1, 2, 3 in Corollary 3.3. O

4. Some Applications

It is seen that the identities in Corollaries 3.2, 3.3 and 3.4 are independent of the choice of
ar and f(z). So we can obtain some interesting identities by taking special values for a; and

().

4.1 The case: a, = —k

In [5, 11], some interesting identities involving the harmonic numbers were studied. In this

section, by taking a, = —k, we show a number of identities involving the harmonic numbers.
Theorem 4.5
n A A—1 ¢ 4 A—Ll+r—1
k+D)x [ T (-1) O\ Lo-s ( r )
>t () > S () WAOTL T T
k=1 =0 5=

Z( )f“ D(0)A(ASy, ASy, ..., AS), (12)
=0
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where
"1
Tm - o ) 1 < < >\ )
DEIERES
ik
and
"1
Sm - ) 1< <
;im ( m <)
Proof. Take a, = —k and x = 0 in Theorem 2.1. O

When A = 1, then we can obtain the main results of paper [9] by Mercier:

n _ 1\k+1(n k? r .
Z( b kfk)f< ) _ %Z (;)f(T‘J)(O)A(SI, Sy, ..y S (13)
k=1 T j=0
In [9], from this identity, Mercier obtained a lot of combinatorial identities. For example,
>+ () £09 = o), (1)
k=1
n -1 k+1(n n
CV T ) - r0)+ 1003 L (15
k=1 i=1
no(—1)ktL(n n n 2 n
()lc72(k)f(k) — % {fu(o) +2f’(0)2%—|—f(0) (( %) +2212) } . (16)
k=1 i=1 i=1 i=1

2 K (k) L
itk
— % C)f“—j)(c))A(zsl, 25,, ..., 25;) (17)
2

and

SRR ESERINETY OIS Y IR0

2w B | T 718)

itk
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Lol 5~ ~ 1 ;
rol i AN PN R DIy
i i ik
— ;2;( ) (=D(0)A (351, 3S,, ..., 35;). (18)
In particular,
n 2 "(k n 1
(i85 2o
k=1 =1
ik
S0 )2 rw s !
2 ’;C f(k) kR —2 Z:Zl h —f(0)+2f(0);? (20)
| itk
2 N e T 2
\ itk

_ ;{f”(0)+4f’(0)21+f(0)((421) +22;)} (21)

[
Q.| =

()’ 2 2| fi(k) 1 k), f(k)
2 (=1 (k> UA FEa 32 51 5w W

ISP

Tl
I =

+9 Z - +3 12
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DT 6 A ) NS L R ) s
2 TN ETE w2 | T w2
i#k i#k
2 )
+9 Zl +3 212
P2 e
= 27O +6£O)) 1 (23)
=1
m (=1 12 6| f(k) 1 f”) f'k) 5~ 1
R IR 2 /-c ® 5w z::l i
z;ék itk
2
+9 i ot i :
=1 ! =1 22
ik itk
2
n n 1 n
_ f”(0)+6f’(0)2%—|—f(0) (9 (Z;> +32i12). (24)
=1 =1 =1

In identities (15)-(16) and (19)-(24), according to different choices of f(x), we can get a

lot of identities. For example, if f(z) = 1, then we have

n _1\k+1(n
Z( 1)k (x) :Z%’ (25)

k=1 i=1

Y (Z)2 %—2 Zn: % ~ 1, (27)
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LA ERPCNY GRS
. E_QZZ _222, (28)
k=1 1=1 =1
ik

3
‘
> 3
o [——>
(Y]
> w
|
[\
NE
Q.| =
I
VRS

n 3 n n n
pr1 [T 2 6 1 B
> (-1) (k) by > ~+9 > = +3) S(=2 (0
k=1 =1 =1 =1
itk itk itk

(32)
4.2 The case: a; = —11:qqk
In this section, taking a, = —% we obtain some identities involving the Gaussian binomial
coefficient.
Theorem 4.6
N (_1)(k+1)>\

| — |
> 3
=

—_
> >
+

3

iR
M

L
S
(\l
—| =
N—

o~
]~
N
VRSN
~_
~

=

B
VR
|
[ ] 1
R
~_

P qA(nk—%k(k+1)) (11_qu> prs P&
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A=Y I\ /11— g*\*
X A (T, ATQ,...,ATS)< tr >< q)
r 1—g¢
I~ (7N .
_ ﬁz(j)ﬂ D(O0)A(ASy, ASy, ..., AS)) (33)
§=0
where )
T,= Y (“Q)m, (1<m <)),
i=1 l=¢
itk
and )
Sm:Z(l_q)m, (1<m<r).
i=1 L—q
Proof. Take ak:—% and x = 0 in Theorem 2.1. 0

When A = 1, this reduces to an identity due to Mercier [10]:

i(nk#{ﬂf(li) T'Z<> ASe Sar s 5. -

b g ak(erD) (11 qq)

In particular, for » = 0, 1, we have

oo [2] ()

; g Bh( ) = f(0), (35)
LI
; g k(D) (%) =0+ 70 ; 1—q¢ (36)
Take f(x) =1 and let ¢ — 1/g. Then (36) becomes the result of Van Hamme [13]:
Z{H}M: ¢ (37
— k 1— ¢k i:11_qi’

When A = 2, we obtain

SHEG

79 (
1 q2nk—k(k+1) <%)

T,Z( > A(28), 285, ..., 25;). (38)

1—qk
e () e
D Y
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In particular, for r = 0, 1 in (38), the following identities hold.

i{”rq““”?nkf(l‘qk) 1‘q—f/<11_‘q:)—22n3 L0 p0), (39)

k _ _ Ak _ .k )
k=1 l—q I—q f(ll—qq> i=1 1—q

and

2
S K § R IR

— & -
= qnk—k(k+1) (11 ) 1—gq f<1174q> .

i £k
"1
= 40
2.7 (40)
Specifically, for f(z) = 1, we have
" [n]? 1 o1 1
{k}q 1—¢ Z l—g [ 1-¢ (4
k=1 =1
itk
n 2 k(k+1)—2nk 1 n 1 1 n 1
n q
lk] S e D DI s Bl 1—g (42)
—1 -9 —q P —q e q
ik
4.3 An identity of Fu and Lascoux
Theorem 4.7
a" (a ,q) - (k—1)x | T ’ A(KEY) ~ank k k\A(n—2)
( —bc)(” DA ((] Q) (_1) k q 2 (1—(] )(a_bq )
9 n k:l
A—1 4 A—l4r—1
1 SO\ Lo—s c—zq ( . )
<3 g 0 () 10 (<SR ) AT ), A, AT 0)
=0 5=0 (.CB + R >
_ (=1)"

(43)
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where .
- (a—bg')"
T, (x)= : , (T<m <)),
(z) Z (ax +c— ¢ (bx + z))™ (L<m )
ik
and
- (a—bg')"
(z) ; (ax + ¢ — ¢ (bx + z))™ (Lsmsr)
Proof. In Theorem 2.1, take a; = c—2q0 O

a—bgk "

When A =1,r =0, z — —z and f(x) = 1, this reduces to

" (*q), zn:(—l)’f—l { n } N T (e b1

(@2 = be)" g5 @)n = k c—zgt -y
1
= ) (44)
<1_a—_qu> <1_a—_b(12x> <1—Mx>
c—zq c—zq? T c—zq™
Comparing the coefficients of 7 on both sides of the above equation, we have an identity of
Fu and Lascoux [8]:

c" (Z_cq’ q)n - (_1)]671 n q(k;I)—nk(l o qk) (CL — bqk)n—l—i-’r
(az = be)* M (q; @)n < k (¢ — zgk)™H1
—b — bg? — bq"
- h7<a T q), (45)
c—2q c—zq c— zq"
where h, (a1,as,...,a,) is the 7-th complete symmetric function defined by
hT (al,ag,...,an) = Z iy Aoy o Q-

Taking a =0, c=1 and b= —1 in (45) we have

k

- _ 1—gq (¢ Dn q ¢ q"
k-t | | (5) R — h. . (4
Z( ) {’f } = (1—2¢") (2¢;@)n 1—2¢"1—2¢>" " ' 1—z¢q" (46)

When z = 1, this identity reduces to Dilcher’s identity [7]:

Y (-1t { . ] q(};)”kﬁ —h, (1 - 1 iz, S fnqn) . (47)
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