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Abstract

Let X = (x1,...,x,) be a finite binary sequence of length n, i.e., x; = £1 for all 7. The
derived sequence of X is the binary sequence 0X = (z1xs, ... , T, 12,) of length n — 1, and
the derived triangle of X is the collection AX of all derived sequences 9'X for 0 <i < mn—1.
We say that X is balanced if its derived triangle AX contains as many +1’s as —1’s. This
concept was introduced by Steinhaus in 1963. It is known that balanced binary sequences
occur in every length n = 0 or 3 mod 4, and in none other. In this paper, we solve the
problem of determining all possible lengths of symmetric and of antisymmetric balanced
binary sequences. We prove that (1) there exists a symmetric balanced binary sequence of
length n if and only if n =0, 3 or 7 mod 8, and (2) there exists an antisymmetric balanced
binary sequence of length n if and only if n = 4 mod 8.

1. Introduction

Let X = (21,9,...,x,) be a binary sequence of length n, i.e., a sequence with z; = £1 for
all i. We define the derived sequence 0X of X as 0X = (y1,... ,yn_1) where y; = x;x;,, for
all . By convention, we agree that 0X = () whenever n = 0 or 1, where () stands for the
empty binary sequence of length n = 0. More generally, for £ > 0, we denote by 9*X the
kth derived sequence of X, defined recursively as usual by 9°X = X and 9 X = 8(8’“_1)( )
for k > 1.

We denote by AX the collection X,0X,...,0" ' X of the iterated derived sequences
of X. This collection may be pictured as a triangle, as in the following example: if X =
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(1,1,—1,1,—1,1,1), abbreviated as + + — + — + +, then AX =

FH—+—++
+—-———+
—t++-
__l’__

_l’_

Notation 1.1 Let X = (zy,...,z,) be a binary sequence of length n. We denote by o(X)
the sum of the x;, i.e., o(X) = > " | ;. We also denote by ¢ A(X) the sum of the elements
in A(X), ie, cAX) =31 0(0'X).

Definition 1.2 The binary sequence X = (z1,...,x,) is said to be balanced if its derived
triangle A(X) contains as many +1’s as —1’s. In other words, X is balanced if cA(X) = 0.

This concept was introduced by Steinhaus in [3]. The author observed there that no
binary sequence X of length n = 1 or 2 mod 4 may be balanced. Indeed, in that case the

total number of terms in A(X), namely ("'), is odd, and so is cA(X).

Steinhaus asked in [3] whether balanced binary sequences occurred in every length n = 0
or 3mod 4. This was answered positively by Harborth in 1972 [2]. More recently, a new
solution was proposed in [1], through the construction of strongly balanced binary sequences
in every length n = 0 or 3 mod 4. (A binary sequence of length n is strongly balanced if its
initial segment of length & is balanced for all £ = n mod 4.)

In this paper, we shall deal with balanced binary sequences having one of the special
properties defined below. First we introduce a

Notation 1.3 Let X = (21,...,7,) be a binary sequence. We denote by X the reversed
sequence X = (T, ... ,x1).

Definition 1.4 The sequence X = (x1,...,1,) is said to be symmetric if X = X, i.e., if
Tni1—; = x; forall 1 <7 < n. It is said to be antisymmetricif X = =X, i.e.,if x, 1 ; = —x;
for all 1 <4 < n. Finally, X is said to be zero-sum if o(X) =>"  z; = 0.

In Section 5 of [1], we stated a couple of problems related to balanced sequences. Here,
we shall address two of them:

1. Do there exist infinitely many symmetric balanced binary sequences?

2. Do there exist infinitely many zero-sum balanced binary sequences?
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The second problem is due to M. Kervaire. The interest for zero-sum balanced binary
sequences X lies in the fact that their derived sequences 0X are also balanced. We shall
show here that such sequences occur in every length n = 4 mod 8, by constructing suitable
antisymmetric ones. In a forthcoming paper, an independent construction will provide zero-
sum balanced binary sequences in every length n = 0 mod 4, thus giving one more solution
to Steinhaus’ original problem.

2. Statements of results

The purpose of the present paper is to answer positively both problems above. Our answer
to the first one is embodied in the following result.

Theorem 2.1 There exists a symmetric balanced binary sequence of length n > 1 if and
only if n = 0,3 or 7 mod 8.

As for the second question, we shall answer it by producing infinitely many antisymmetric
balanced binary sequences. Clearly, any antisymmetric binary sequence X is zero-sum. In
fact, as in the symmetric case, we shall determine all their possible lengths.

Theorem 2.2 There exists an antisymmetric balanced binary sequence of length n > 1 if
and only if n = 4 mod 8.

Corollary 2.3 There exists a zero-sum balanced binary sequence of every length n = 4 mod

8.

As shown in Section 4, there is a strong relationship between the symmetric and the
antisymmetric case. This relationship allows us to deduce Theorem 2.2 from Theorem 2.1,
and reads as follows.

Proposition 2.4 Let X be a binary sequence of length n. Then, X is antisymmetric and
balanced if and only if n = 4 mod 8 and J(X) is symmetric and balanced.

The existence statement of Theorem 2.1 is established by suitable constructions, described
in Section 5 and proved valid in Section 6.

Finally, observe that Theorems 2.1 and 2.2 together produce balanced binary sequences
in every length n = 0 or 3 mod 4, thereby solving again Steinhaus’ original problem.

3. The symmetric case

In this section, we establish one part of Theorem 2.1, namely the necessity of the condition
n =0, 3 or 7 mod 8 for the length n of a symmetric balanced binary sequence. We start
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with a lemma on the value mod 4 of the sum of a symmetric binary sequence.

Lemma 3.1 Let Z = (z1,... ,zy,) be a symmetric binary sequence of length m.
(1) If m is even, then o(Z) = m mod 4.

(2) If m is odd, then o(Z) = m + z, — 1 mod 4, where h = [m/2] = (m + 1) /2.

Proof. (1) Assume m = 2h. Then Z = (z1,... ,2h, 2h, ... ,21). Thus, 0(Z) = 22?21 2. As
2z = 1 mod 2 for all 4, it follows that 27 | z; = h mod 2, whence o(Z) = 2h = m mod 4.

(2) Assume m = 2h — 1. Then Z = (z1,...,2n-1,2h, Zn—1,--- ,21). Thus, o(Z) = z, +
25" 2 We have 2" 2, = h — 1 mod 2, whence o(Z) = 2, + 2(h — 1) mod 4. It follows
that 0(Z) = m + z;, — 1 mod 4, as claimed. U

We are now ready to state and prove the main result of this section.

Proposition 3.2 Let X = (z1,... ,x,) be a symmetric binary sequence of length n. Assume
that X s balanced.

(1) If n is even, then n = 0 mod 8.

(2) If n is odd, then n = —2x;, + 1 mod 8, where h = [n/2]. In other words, n = —1 or
3 mod 8, depending on whether x, =1 or —1, respectively.

Proof. As X is balanced, we have 0 = cA(X) = Z;:Ol o(0°X). We start by evaluating the
individual summands ¢ (9"X) mod 4.

Claim 0(8iX) =n—imod4, foralll <i<n-—1.

Clearly, "X is symmetric of length n — ¢, for all 1 <i <n — 1.

e The case n even: if i is even, then n — i is also even and the claim follows from (1) of
Lemma 3.1. If 7 is odd, then n — 7 is also odd; let then y denote the middle term of
90X, at position [(n—1)/2]. Since i > 1, X is the derived sequence of 9 ' X. Given
that 071X is symmetric, it follows that y = 1, as y is the product of the two equal
middle terms in "' X. Thus, by (2) of Lemma 3.1 we have 0(0'X) =n—i+y—1=
n — ¢ mod 4, as claimed.

e The case n odd: if 7 is odd, then n — i is even, and the claim directly follows from
(1) of Lemma 3.1. If i is even, then ¢ > 2, and it follows from (2) of Lemma 3.1 that
U(aiX) =n —i+a; — 1 mod 4, where a; denotes the middle term of 9’X. But again,
a; = 1, as 0'X is the derived sequence of 91 X. The claim follows in this case as well.

We are ready to conclude the proof of the Proposition. Note that the claim implies that
oA(X)=0o(X)+ (n—1)n/2 mod 4.
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(1) Assume n is even. We have o(X) = n mod 4 by (1) of Lemma 3.1, and thus cA(X) =
n(n+1)/2 mod 4. Since ¢ A(X) = 0 by assumption, it follows that n = 0 mod 8, as desired.

(2) Assume n is odd. Let n = 2h — 1. By (2) of Lemma 3.1, we have o(X) = n +
r, — 1 mod 4, where x;, is the middle term of X. It then follows from the claim that
oA(X) =n(n+1)/2+x,—1 mod 4. Since c A(X) = 0, we get that n(n+1) = 2(1—x5) mod 8.
As n is odd, we have n? = 1 mod 8, whence 1+n = 2(1 — z;,) mod 8. The desired statement
follows. O

4. From the symmetric to the antisymmetric case

There is a strong relationship between symmetric and antisymmetric balanced binary se-
quences, as we show here.

Proposition 4.1 Let X be a binary sequence of length n. Then, X is antisymmetric and
balanced if and only if n =4 mod 8 and I(X) is symmetric and balanced.

Proof.

(=) If X is antisymmetric, then n is even. It easily follows that (X)) is symmetric, of odd
length n — 1, and with middle term equal to —1. Now X is balanced and zero-sum,
ie, cA(X) = o(X) = 0. It follows that J(X) is also balanced, since cA(0X) =
oA(X)—0o(X)=0. By (2) of Proposition 3.2, it follows that the length n — 1 of 9(X)
is congruent 3 mod 8. Thus, n = 4 mod 8.

(<) If n = 4 mod 8 and 9(X) is symmetric, balanced, of length n — 1, it follows from (2)
of Proposition 3.2 that the middle term of 9(X) is equal to —1. Therefore, the two
primitives of (X), namely X and —X, are antisymmetric. (Indeed, if

8<X) - <b17b27' .- 7bh—1ay7bh—17' .- 7b27b1)7

then X = (a, aby, abiby, ... ;abiby---by_1,abiby---bp_1y, ..., abibey, abyy, ay) for some
a = +1, an antisymmetric sequence if y = —1.) In particular, o(X) = 0. Hence, X is
also balanced. O

As a consequence, we see that Theorem 2.2 directly follows from Theorem 2.1. Indeed,
Theorem 2.1 asserts in particular the existence of a symmetric balanced binary sequence of
length n for every n = 3 mod 8. Taking primitives of these sequences and using Proposi-
tion 4.1, it follows that there exist antisymmetric balanced binary sequences of length n + 1
for every n + 1 = 4 mod 8, and in no other lengths. This is the content of Theorem 2.2.
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5. Constructions

We now provide constructions of symmetric balanced binary sequences in every length n = 0,
3 or 7 mod 8. We also describe antisymmetric balanced binary sequences of every length
n = 4 mod 8.

Case 1 n=0,7 mod 8.

Let so=+————— +++++—. Note that sy is antisymmetric of length 12. That is, we
have 55 = —so. Next, let s = (s¢,5p), the concatenation of sy and 5. Then s is symmetric,
of length 24. As s plays a key role in our constructions, here it is in its full extent:

Writing n = 24k + r, we shall describe constructions depending on r = 0, 8, 16, and then
onr = —1,7, 15. This will of course cover all lengths n = 0 or 7 mod 8.

Construction 5.1 Let s =4+ —— — — — +++++——+++++————= + . For every
integer k > 0, the following binary sequences are symmetric and balanced. We denote by s*
the concatenation of s with itself k£ times.

Inlength 24k : s*.
Inlength 24k +8 : t), =+ — + 4" ++ — +.
Inlength24k +16 : wy=——+++—++s"++—+++——.

Inlength 24k — 1 (k >1) : 9(s").
Inlength 24k +7 : ++ —+ 8(8k) +—++.
Inlength24k +15 © +—++++—+9(s") + —++++— +.

Case 2 n =3 mod 8.

Construction 5.2 We start by defining a doubly infinite periodic sequence w = (w;);ez of
period 12. Denote 7 : Z — Z /127 the canonical projection. Let

p=(po,p1,---,pu)=—++++—+—++++

of length 12, understood as indexed over Z/12Z. Note, for later use, the following key
property of p:
Pr(i) = Pr(—i) Vi€ Z.
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Define the sequence w = (w;);cz by w; = pr(;) for all i € Z. For any indices i < j in Z,
let wi, j] denote the finite subsequence w/i, j| = (w;, wit1, ... ,w;) of w, of length j —i+ 1.

We are now ready to define balanced sequences with the desired properties. For all k£ € N,
let
v = w|—4k — 1,4k + 1].

We claim that, for every k > 0, the binary sequence vy is symmetric, balanced, of length
8k + 3.

The symmetry of v, easily follows from the property pri) = pr(-i for all i € Z noted
above. The fact that v, is balanced is proved in Section 6.

As an illustration, here are the sequences vy, for small values of k. We have vy = + — +,
v = —F+++vt+++—, v =F++—+v+—++,v3 =+ —++v++—+, vy = —+++v3+++—
and so on, that is
Vo = + - +7

m=—++++—++++-,
p=d+—+—++++—++++—+—++,
V3=t —Ft+++—+t -ttt t+++—+—F+++—+,
V=—Fttt -+ttt -ttt -ttt -+ +++—

Case 3 n =4 mod 8.

Finally, in order to construct antisymmetric balanced binary sequences of every length
n = 4 mod 8, we use Proposition 4.1 together with the sequences v, defined in Construc-
tion 5.2 above.

Construction 5.3 For every k > 0, let wy denote one of the two binary primitives of vy,
that is, binary sequences such that dw, = vg. Since v, is symmetric and balanced, it follows
from Proposition 4.1 that wy is antisymmetric, balanced, of length n = 8k 4+ 4. To be more

explicit, observe that if vy = (21,...,2,), where n = 8k + 3, then its two primitives are
wg = (a,axy, ax g, ... ,axy - - - x,) with a = 1 or —1.
6. Proofs

We prove here that the constructions given in Section 5 are valid, in the sense that the binary
sequences obtained there are indeed balanced. (Their symmetry or antisymmetry properties
have already been discussed.)
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The case of Construction 5.1 in length 24k.

Let us recall the notations given in Section 5. We first consider the sequence sy =
+-———- + + 4+ 4+ +—, which is an antisymmetric balanced binary sequence of length
12. We then define s = (sg,3g), which is symmetric of length 24. As easily checked, s is
balanced. So Construction 5.1 is valid for k£ = 1.

Let k be a positive integer with & > 2. We want to prove that the binary sequence s* is
a symmetric balanced binary sequence of length 24k. By construction, it is clear that s* is
symmetric of length 24k; it remains to prove that s* is balanced. This will come from the
following remarkably simple structure of the derived triangle As*:

More specifically, we will prove that there exist two squares of length 12, denoted Cy and
C}, such that the derived triangle As* is the assembly of k triangles Asg, k triangles A3y,
and the components Cy and (', as depicted in the figure (representing the case k = 3).

It turns out that the squares Cy and C} are zero-sum, i.e., 0(Cy) = o(Cy) = 0. This is
easy to check on the pictures of Cy and C} given in the Appendix. On the other hand, s
and 5; are balanced and thus o(Asg) = 0(ASy) = 0. These facts together with the claimed
structure of As* immediately imply o(As*®) = 0, as desired.

In order to prove that As® does have this structure, we need to introduce the following
notations.

Notation 6.1

e 1,, denotes the gth digit in the pth row of As* forall1 <p <n—p+land 1 <gq<n.
In particular, the first row of As*, that is s* itself, is constituted by the elements
T11,T19, .- ,T124k, and the left side of the triangle As* consists of 11,21, ... , Tosk1.
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The basic defining property of the triangle As* thus reads 11, = p4Tp g1 for all
p,q =1

e For all integers i,7,m, df;(m) (vesp. d;;(m)) represents the diagonal (resp. the
antidiagonal) of length m going down from z;; in As®. In other words, we have:

d;fj(m) = (Tijs Tis1, - -+ Titm—1,7) and d;j(m) = (Tijs Tit1, =1 - - s Titm—1,j—m+1)-

e For all integers i, j, m, we denote by C; ;(m) the square of side of length m whose four
vertices are Tigs Titm—1,j—m+1, Ti42(m—1),j—m+1 and Litm—1,5-

e The basic squares Cy and C) are defined as Cy = Cy 12 and Cy = Clg 12.

The claimed structure of As* is embodied in the following assertion.

Claim We have:
o \V/p S {1, 2, R 72]@’ - ]_}, 02’12P(12> = C(), and
L Vq S {1,2, ce ,2]{3 - 2},Vp S {1,2, ce ,2]{5 —q — 1}, Cl?q+2,12p(12) = Cl.

The first part of the Claim easily follows from

Observation 1 The square Cj j(m) is completely determined by the antidiagonal d;_, ;(m)
and the diagonal d , ;. (m).

This is a straightforward consequence of the basic property z,.1, = p¢%pq+1 in the
derived triangle As*.

In the sequel, the triangles Asy and A3y will be denoted by A and A, respectively.

Let us consider the squares Cy = C12(12) and C594(12). According to Observation 1,
Co (resp. Cy24(12)) is completely determined by the SE side of A (resp. A) and the SW
side of A (resp. A). But it can be easily checked in As? that the squares Cy and Cy4(12)
are equal. Hence, the SE side of A and the SW side of A determine exactly the same square
as the SE side of A and the SW side of A.

In other words, by an easy induction on p using this property and the structure of s*, we
obtain: Vp € {1,2,...,2k — 1}, C212,(12) = Cy. This concludes the proof of the first part
of the Claim.

Remark As 5; is the sequence obtained by reversing so, we have x; 12 = x;13; hence the
North vertex of Cy, namely x9 12, is equal to 1. On the other hand, it is obvious that the
derived triangle A is the mirror image of A, so we derive from Observation 1 that Cj is
symmetric with respect to its vertical axis.

We now want to prove the second part of the Claim. We will first prove that every square
of the form C412,(12), with 2 < p <2k — 2, is equal to C4.
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Indeed, according to the first part of the Claim, we know that all the squares of the form
Ch4,12p(12) are determined by the SE and the SW sides of two squares Cy. So, by Observa-
tion 1, we obtain that all the squares C412,(12) are equal to C1412(12) = Cj.

Remark As () is symmetric with respect to its vertical axis, we have: x1412 = %1312%1313 =
(71312)* = 1, and O} is symmetric with respect to its vertical axis, too. In particular, the
sequence forming the SW side of ('} is equal to the sequence forming its SE side.

We have proved: Vp € {2,3,...,2k — 2}, C1419,(12) = C;. Here is the key observation
which will enable us to finish the proof of the Claim:

Observation 2 The South sides of (' are equal to the South sides of Cj, as sequences.

This can be checked directly in the pictures of Cy and C in the Appendix.

As a consequence, the SE and the SW sides of C; determine the same square as the SE
and the SW sides of Cj, namely (.

Let us now consider the squares of the “third level” in As¥, i.e., the squares of the form
Ca612p(12), with 1 < p <2k — 3. As they are all determined by the SE and the SW sides of
two squares C, we deduce from Observation 2 that they are all equal to C4.

By an easy induction on ¢ using the same arguments, it can be proved that all the squares
of the form Clag1212,(12), with 2 < ¢ <2k —2 and 1 <p <2k — ¢ — 1, are equal to C}.

The Claim is now proved, giving the structure of As* and concluding the validity of
Construction 5.1 in length 24k.

The case of Construction 5.1 in length 24k + 8.

For every k € N, we consider the following symmetric binary sequence of length 24k + 8:
ty = + — 4+ + s + 4+ — 4. We want to prove that, for every k& € N, ¢, is balanced. The
case k = 0 can easily be proved by inspection: it suffices to build the derived triangle of the
corresponding sequence of length 8 and check that its sum is 0.

Suppose now that k is positive. Schematically, enlarging As*® into At can be seen as
adding two diagonal strips of width 4 on both sides of As*: one NW/SE diagonal strip on
its left, denoted DF, and one NE/SW diagonal strip on its right, denoted D¥. As we already
have proved that As* has sum 0, it just remains to check that D and D¥ both have sum 0.
The fact that t; is balanced will follow.

First of all, t;, is a symmetric sequence and As* is symmetric with respect to its vertical
axis. So Aty is also symmetric with respect to its vertical axis. In particular, the strip DF is
the mirror image of the strip D¥. Hence it suffices to prove that D has sum 0, and it will
follow immediately that the sequence ¢ is balanced.

Actually, we want to prove that At; has the following periodic structure:
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More specifically, we will prove that the diagonal strip D is made of one trapezoid Ty,
of 2k — 1 parallelograms F, and of one square ¢y of side of length 4. Let us recall the notions

introduced in [1]:
Notation 6.2

e Fori=1mod 4 and j =1 mod 4,1 << j, T;; denotes the trapezoid of digits whose
four vertices are 1 ;, T1 j4+3, Titsj+1— and T; j11_;.

e For all integers 4,7 such that 1 < i < j, P, ; denotes the parallelogram of digits of
width 4 and length 12 whose four vertices are x; ;, i3, Tit14j-11 and T 11111

Let us now consider the derived triangle of ¢; and define the trapezoid T = 11399, the
parallelogram Py = Py416, and the square co = Cag 4(4).

x Ty = T13729 = + + - + * Py 1= P14,16 = +
+ o+ - - + -
-+ - 4+ - - 4
+ - - - + o+ - -
- -+ ¥ + o+ -+
+ o+ -+ -+ - -
-+ - - - - - ¥
- - - ¥ + o+ -
+ o+ o+ - + o+ o+ -
+ o+ o+ - -+ 4 -
-+ 4 - + - 4+ -
+ - 4 - + - - -
+ - - - -+ o+
-+ o+ -+



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 5 (2005), #A06 12

Denoting by the symbol + the NE/SW concatenation, here is the key formula we shall prove:

Claim Vk Z 1, Df = TO + (2]{ — 1)P0 + ¢p.

As it can be checked in the definitions of these three quadrilaterals, each one is of sum 0.
Hence, from the Claim and the symmetric structure of At, we are done since, for all k£ > 1,

we have
oA(ty) = o(DF)+ o(As) + o (DF) — o(co)
= o(As®) 4+ 20(DF) — o(cy)
= o(As*) + 20(Ty) + 2(2k — 1)o(Py) + o(co)
= 0.

Let us now prove the Claim. To this end, the next observation (see also [1]) will be useful.

Observation 3 The trapezoid T;; is completely determined by its North side and by the
antidiagonal dl_,jfl(i), which consists of the 12 digits adjacent to its West side. In the
same way, the parallelogram F; ; is completely determined by the diagonal of length 4 going
down from x;_; ;1 and by the antidiagonal of length 12 going down from x;_; j, namely by
dztl,jﬂ(‘l) and d;1,j(12)~

Let k > 2. Observation 3 applied to the trapezoid T3 24x+5 in Aty gives that T3 04545
is completely determined by its North side, i.e., the digits + + —+, and the antidiagonal
di24k+4(13), namely the SE side of A. But this is also the case of the trapezoid Ty in Aty
so we deduce that T'3 24515 = To.

We now apply the second part of Observation 3 to the parallelogram Py o4—g in Aty: it
is completely determined by the South side of the trapezoid 7113 24r45 = Tp and by the SE
side of the square Cy (see the proof for Construction 5.1 in length 24k). As it is also the
case of the parallelogram Fj in At;, we obtain the following equality: Pij4x-s = .

We need one last observation to conclude.

Observation 4 The South side of F, is equal to the South side of Ty.

This can be checked directly in the definitions of Ty and F.
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The parallelogram under Pjy04r-s = [5 in the diagonal strip D:f, namely Phg 24520,
is completely determined by the South side of F, and the SE side of the square C;. By
Observation 2, the South sides of C'; are equal to the South sides of Cj;. Hence, using
Observation 4, we derive that Psg 420 is completely determined by the South side of Tj
and the SE side of the square Cj, which means that we have: P 4520 = F.

Using this last argument repeatedly, we prove that the strip DF contains 2k — 1 paral-
lelograms Py. Finally, we obtain that the last square of side 4 in the strip D¥ is completely
determined by the South side of a parallelogram F, and the South side of its mirror image;
hence it is equal to c¢g.

We have now proved the Claim, concluding the validity of Construction 5.1 in length
24k + 8.

The case of Construction 5.1 in length 24k + 16.

We shall prove that, for every £ € N, the derived triangle of the sequence uy = — — + +
tr + + — — has the following periodic structure:

Let D¥ (resp. Df) denote the NE/SW diagonal strip (resp. the NW/SE diagonal strip)
we add to the right (resp. to the left) of Aty to enlarge Atj, into Avg. By considerations of
symmetry, we know that DF is the mirror image of D¥.

We want to prove that the strip f)f is made of one trapezoid T}, of k parallelograms P,
and k — 1 parallelograms P5, and of two squares of side 4, namely ¢y and another square c;.
In symbols, we want to prove this equality:

VE>1, DY =Ty + P+ (Po+ P)+...+ (P + P)) +c1 + co.

N S
-~

(k—1) times
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This can be proved using Observations 1 and 3, and the special form of the strip D¥. The
method is exactly the same as in length 24k + 8, except that two different parallelograms
alternate to form the strip D¥, namely P, and P,. We shall not give all the details, only the
properties of the quadrilaterals forming the strip D* which enable us to prove its periodic
structure.

Writing explicitly 77 and Ps, one notes that their South sides are equal. But the South
side of T1 and the East side of Py determine P, and the South side of P, and the East side
of Py determine P. So the third parallelogram in the strip D will be equal to Py, and so
on. Finally, the last parallelogram of the strip will be P;.

Hence the first square of [?f is determined by the South side of P, and the SE side of
co; it is equal to ¢;. But the SW side of ¢; is equal to the South side of I, so the last
square of D¥ is determined by the South sides of ¢; and it is equal to ¢y (see the proof for
Construction 5.1 in length 24k + 8).

It remains to check that the quadrilaterals 7%, P;, P, and ¢; all have sum 0, and this is
straightforward. As we already proved that, for every k € N, the sequence t; is balanced,
it follows immediately from the structure of Awu, that the sequence uy is also balanced, for
every k € N.

The case of Construction 5.1 in length n = 7 mod 8.

Let k be a positive integer. We know that the sequence s* is balanced and zero-sum, i.e.,
oA(s*) = a(s*) = 0. It follows that 9(s*) is also balanced, since e A(9s*) = o A(s*)—o(s*) =
0. Moreover, the derived triangle of ds* is obtained from As* by removing its first line, and
thus has a similar structure as As*.

The proof in length n = 7 mod 8 is similar to the proof in length n = 0 mod 8. We only
give the global structure in length 24k + 15, which also displays the structure of the derived
triangles in lengths 24k — 1 and 24k + 7:
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The case of Construction 5.2 in length n = 3 mod 8.

By an easy yet tedious induction on i, one can prove that the strips we add to Awvs; to
obtain Avs;yq, Avsiyo and then Avs(q), have the following periodic form:

In this picture, Ag, A; and Ay represent triangles of side of length 3, whereas bg, by, bs, g, ¢1
and ¢y are squares of side 4. Here are their pictures:

*xNg=A1= + + - «Ng=Ay= + — +
_|_ . — I
— +
x by =by = + x by = by = +
+ + - -
- + + + + +
- - + - - + 4+ -
+ - - - + -
i + — J—
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* o= Co = + x (0l =Cy = +
+ o+ - -
-+ - -+ +
+ - -+ + - o+ +
- + - - - +
J— _ + J—
+ —

The claimed structure follows from the symmetry of the triangles and of the above
squares, and the following easily checked property: for all j € Z/3Z, cjio is completely
determined by the SE side of c; and the SW side of cji1. Graphically, this property may be
pictured as follows:

This concludes the proof of the validity of the constructions in Section 5. O
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Appendix: Pictures of A, Cy and ('} in the proof of Construction 5.1.

*A=Asp= + — - — — — + + + + + -
- 4+ + + + - 4+ + 4+ + -
-+ + + - - + 4+ + -
-+ + - 4+ - + + -
- - + 4+ + - -
+ - + + - 4+
e —
+ - - +
- 4+ -
+
* CO = 02’12(12) = +
+ + 4+
+ - + - +

+ - + + 4+ + - +
+ - - + 4+ + - - +
- -+ - 4+ + - 4+ - -
+ + - - - + - - - 4+ +
+ + - + + - - + + - + +
+ - - + - + - + - - +
- -+ + 4+ + + - -
+ - + + 4+ + - 4+
- - 4+ 4+ + - -

+ - + + - +
___'___
+ - - 4+
__|,__
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* Cl = 014712(12) = +

+ - + 4+ 4+ + -+
+ - - + 4+ + - - 4+
- -+ - + + - + - -
+ + - - -+ - - - 4+ 4
+ o+ -+ + - -+ + -+ 4
+ - - 4+ - + - + - - 4+
- -+ 4+ 4+ 4+ + - -
+ - + 4+ 4+ + -+
- -+ 4+ 4+ - -

+ - + 4+ -+
___'___
+ - - +
_+_
_'_
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