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Abstract

In this paper we establish recurrence formulae for multi-poly-Bernoulli numbers.

—Dedicated to Professor Ryuichi Tanaka on the occasion of his sixztieth birthday

1. Introduction and Background

Let us briefly recall poly-Bernoulli numbers.

For an integer k € Z, put

. = 2"
Lig(2) = Z v
n=1
The formal power series Li(z) is the k-th polylogarithm if £ > 1, and a rational function
if £ < 0. When k =1, Li;(z2) = —log(1l — 2z). The formal power series Lix(z) can be used
to introduce poly-Bernoulli numbers. The rational numbers B (n=0,1,2,...) are said to
be poly-Bernoulli numbers if they satisfy

’I’L

L@k (1 —e") >
Bk —.
In addition, for any n > 0, BY is the classical Bernoulli number, B,. It was shown in [1]
that special values of certain zeta functions at non-positive integers can be described in terms
of poly-Bernoulli numbers. Furthermore, Kaneko [8] presented the following recurrences for

poly-Bernoulli numbers.
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Theorem 1 (Kaneko) (1) For any k € Z and n > 0,

n—1
pw_ L ) ey _ no\gwl
n n+1 n o m—1 m

(2) For any k> 1 and n > 0,

p =3 (1) B {in(—_izlll (1) Bl(l)}'

m=0 =0

In this paper we consider generalized poly-Bernoulli numbers, which we refer to as multi-
poly-Bernoulli numbers. Kim-Kim [9] introduced these numbers and proved that special
values of certain zeta functions at non-positive integers can be described in terms of these
numbers. In [5], we established a closed formula, and a duality property for special multi-
poly-Bernoulli numbers. Bernoulli numbers satisfy certain recurrence relationships, which
are used in many computations involving Bernoulli numbers. Obtaining a recurrence formula
for multi-poly-Bernoulli numbers therefore seems to be a natural and important problem.
The objective of this paper is thus to establish some recurrence formulae for multi-poly-
Bernoulli numbers. It will be apparent that these recurrence formulae (Theorems 6, 7) are
similar to those in the theorem above.

2. Multi-poly-Bernoulli Numbers

We first define a generalization of Lix(z). Let r be an integer with a value greater than one.

Definition 2 Let ky, ko, ..., k. be integers. Define

. Zmr
Lk g, e (2) = mbm;mez mh b
0<my <mg<---<mp
Next let us establish the following fundamental result.
Lemma 3 i L iy kg kr1(2)  (kp # 1)
iy (2) = { Lt () (b= 1) v

The former case may be proven by means of a simple calculation. The latter case follows
from

my—1 o me—1

z z
2. rmm s 2 ) s

O<my < <mp_y<my 1010 Mg 0<my <--<my—1 mp=m,_1+1 T " Ty
1 ZMmr—1
= ) e

ml ".mr_l

O<my<--<mp_1
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This lemma will be required later.

Let us now introduce a generalization of poly-Bernoulli numbers, making use of Lig, k, .k, (2).

Definition 4 Multi-poly-Bernoulli numbers Bkrk2kr) (n=0,1,2,...) are defined for each
integer ky, ko, ..., k. by the generating series

Liggy jogoo o ( 1—@ 0! ZB““IQ ..... k,«)t ‘ 2)

By definition, the left-hand side of (2) is

1 N (1 _ e—t)mT—r
k19ka ...k Z ki o ke
1712 L e {11 myr
mp#T

Hence we have,

Proposition 5
(k1 kayokr) 1
BO T 1k19k2 ke

The following tables show the values of BS**) and B *2*3) for small n, k;.

\n JO[1[2] 3[4 5 6 7
pdh [1]1]5 | 1 1| _1 5 1
?1 0) 2 3 g . 12109 2 285% 2
B [1]23{1] 3 || 5 253 7
pOL 1 5 g 29 ﬁ 43 ﬁ 29
n 2 3 6 30 30 42 42 30
BOO [112[4] 8 16| 32 | 64 | 128
BOD loleli18] 54 | 162 486 | 1458 | 2574
BUYY 111319 27|81 | 243 | 720 | 1287
BV D 1219039 165] 6872829 | 11505 | 46965
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1159 | 311 | 1619 | 8351 | 42779 | 217991
44 | 306 | 2054 | 13446 | 86414 | 547686 | 3434174

\n ol1] 2 3 4 5 6 7
BLLD 1 1] 1 3 19 1 8 5
n 6 4 3 8 60 8 63 24
pLLo 1] 23 7 121 59 1255 127
n 2 12 2 20 6 84 6
B1OI) 1[5 [ 133 | 221 2383 673 4321 145
n 3 8 120 120 840 168 840 24
(1,0,0) 5 37 1079 8317
B 1|23 | 15 | U0 | g5 8L 455
plOtO 1l 7| & [ 179 | w7 | 177 | 1238 3659
n 2 6 3 30 10 42 21 30
pooLh 113 | 3 | 71 1047 433 4411 1271
T(LO o 0) 3 4 20 20 140 28 140 20
BY 11319 ] 27 | 81 243 | 729 2187
BPD 13119] 48 | 192 | 768 | 3072 | 12288 | 49152
B 10 1ol g |32 ] 128 | 512 | 2048 | 8192 | 32768
BUMYOO 11416 64 | 256 | 1024 | 4096 | 16384
B [6(32]168] 872 | 4488 | 22952 | 116808 | 592232
BUMOD 3196 84 | 436 | 2244 [ 11476 | 58404 | 296116
2
6

The remainder of this paper deals with recurrences for multi-poly-Bernoulli numbers.

3. Recurrence Formulae

We present two kinds of recurrence formulae for multi-poly-Bernoulli numbers. The first
formula is as follows.

Theorem 6(1) If k. # 1 and n > 1, then

n—1
Bk, k) 1 Bkt 1,kr—1) _ n Bk, k) U
n n+r n m—1 m

(2) If k, =1 and n > 1, then

B(kl,...,kr_l,l) _
n

n—

S () (]

Proof. (1) Differentiate both sides of

1

(k1. kr—1
B, g
n—+r
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By (1), we have

—t

e
LH.S. =
1

— Lk, kg b1 (1—€7°).
On the other hand,
el e et
RHS. = r(1—e %" le tZBﬁL’“’k?’ ok )n'

e tnl

1 o 7“ B (k1,k2,....k
© Z (n—1)0"

Hence,

Lig, gy k—1(1 —€7")

(L—et)r
° tn S~ tnfl
- (k1,k2,. k) ¥ t (k1,k2,...kr)
=r E B, o + (6 1) nEZI B, (n — 1>!

:rszl’k% ) .+i_! R Y]
Z

- " A — I t
Bkka,ker) L Bkuka, k) a
r% n a2 B I—(m—1)(m—1 1

n=0 =1 1
oo oo n
_ B(kl»k% 7k7‘)ﬁ n B(kl»kQV"va‘) ﬁ
r)_ Bl T > m—1)"m ol
n=0 ) n=1 \m=1

Comparing the coefficients of both sides, for each n > 1,

B(klp--,kr—lyk’v"*l) — rB(kl,kQ,...,k‘T) _|_ n B(kl,kg,.‘.,k%)
n n m—1

m=1

n—1
_ (k1,ka,....kr) n (k1 k2, kr)
= (B +z_:1<m—1>3m12 '

This implies the result.

(2) Differentiate both sides of

o0

t
Lik1,...,kT_1,1(1 — 6_t> 1 — e T ZB (k1yeskor— 1,1)
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—t

(& . _
LHS. = mlﬂklam,kr71<1 — € t)
- Likl,...Jﬁ (1 —€ t)?
RHS. =r(l—e )yl Bkl
n=0
Hence
ZB (k1yeskor—1) t"
n=0

8

'Vl

:TZ nl
=YY

m=0 n=0

S § Bt >tm
m=0

tn—i—m
nB kl IR »kT 1 7

n‘m'

#A46

o0 k tnfl
1 — e 7" B Ly-kro1,1
; (n —1)!
tnfl
n=1
[oe) o0
( t n (k1 kore 71)75
Do ZBmil R
n=1 :
B S L
oot m+1 nlm!’

Here we put [ = n + m. The right-hand side of the last equation then becomes

l!
l m R(k1,....kr—1,1) L
TZZ By l (Il —m)!m!
m=0l=m
(o] (o] l
l—m ki) 1 ot
_z_: _Z( DB (I—m)lm! 1!

l l
[ t

_1\i-m (kl,...,k,ﬂfhl) _
(=D B,, ( m ) {!

oo -1 I
m kly yRp— 171
DU

k1yokr_1,1
:TB((] 1yeees 1 )

D SIS
n=1 \m=0
Comparing both sides, for each n > 1,

B(k17~--7kr—l)

n
n

m=

n—1
_ (Kt eonskir—1,1) _1\n—m n
(n+r)B, +Z( 1) {r ( .

m=0

_ (—1)n_m7" ( ;;LL ) Br(rlfl,...,kr,l,l) + Z(_l)
0 m=1

tl

!

n—1
n—m p(k1,....kr—1, n
- ()

_m<mn_1
)+ (s

) B(kl,..l,krfl,l)

) } B(k17~v-7kr—171) )

)

6
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These computations imply the result.

We obtain the second formula using the integral representation of Lig, g, k. (1 —e7").

Theorem 7 (1) If k. # 1, then for any n > 0,
ngl,kz,---,kr)

!
— (=
( (n+r—1)
xzn: % Z (—)nmtr=1=P(p —mtr —1—-p) (n—m+r—1 -
gt gl p 2
m=0 | p=0 d1+-+ir_1
=n—m+r—1—p
fym (T 1\ & (—1) m BM ... g il
x(-1) m Zm ] S B s
=0 i1+;l+’ir T
(2) If k, =1, then for any n > 0,
Br(Lkl,kzy-n,kT)
!
— (et
=1) (n+r—1)!
X n o |n-m Z (_l)n—m+r—1l_f(”_.m‘+r— 1—p)! <n—m—|—7’— 1) Blfnke—)
m=0 | p=0 d1++ir_1 gt get! P

=n—m-+r—1—p

n+r—1 1 (1) a1 m!
X( m )n—m—l—r Z Bi, Bi, i!eap!

i1+ tir r
=m

Proof. (1) Since
d e’

. —t\ __
%lel,]@,...,kr(l —¢ ) - 1—et

Liky,.. s -1 (1 —€77),

we have

t —s

. — € . _

lel,k27.._7k7,(1 — € t) = / 1 — s le1,---7kr—1,kr—1(1 — € S)dS.
0

By this equation,

0 o
Z B(klak27~-~7kr) _

‘ " n!
n—=

1 ¢ e S ] .
- (1 _ e—t)r /0 _ szl,...,kr,l,kT_1(1 —e )ds

0 (1—e)"

oo tn_l " t (_ )n > (— )n T 1yeenskr—1,kr— §
(So) [EEE(E5T) S

n=1

Q)
.
|

—_
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= (—1)! igmﬁ
" onl

n=0

t o0 _\n 00 _ o
X/oz_:o(nsl) Z Z (T ‘ZB hr-ke=d) ds.

!
n=r—1 ji1+-+ir—1 Ji:
=n

We write I; for the integral part of the last equation.

n=[ z £ DD DD DI = KIWET T Ly

|
m=0n=r—1 j1+- +Jr I Jr—1:

lml_

Z Z Z : |>B(’f1 ok 8

Putting [ = n + m,
— lo | |
m=0l=m-+r— 1]17L +]»,« 1 : (l m)m [!

=[5

0o oo I-r+l lml— )| I Sl
[ EE xS () S

[!
l=r—1 m=0 ji1++ir—1

=l-m

o) oo l—r+1

DD S S S ] (R

. m n'l'
l=r—1n=0 m=0 I Ji: Jr—1- ]

=l—-m

We put a = [ + n. Then

00 oo l—r+1

I / Do =yt Y (—;)l—fﬂ.({—m)!Bgl,,‘.,kr_l,kr1) ( ! ) (aiu s

S
I=r—1 a=l m=0 Gt tir_1 ]1' ’ jT—I! m a — l)'l‘ al
=l-m
I—r+1 m .

a (D" =m)! ey [ 0 s
ZZZ Z e gl By, m ) a'ds
a=r—1l=r—1 m=0 ]1+Z+JT 1 Ji: Jr—1: !

r+1 —m .
= i i Z Z (=1)=m(1 —m)!B(kl,...,kr,l,qu) ( l ) ( a ) i
a=r—1l=r—1 m= J1t+t+ir—1 ‘71' . "]T_l! m ! (CL + 1)'
=l-m
Hence,
a tn 1
n=0 !
)t (1) o e

nz;ll;%r Tl

a l-r+1 _

(D™ =m)! kb <l> <a> gatl
X - - B’thuw r—1,Kr )
aZl l;l n;) J1+;T1 .]1' e ']rfl! m l (a + 1)!
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a l-r+1
|
SIS0 DI D SIS SIE
l...q 1
a=r—1n=0 l=r—1 m=0 i+t Tl
v Z (_l)lm(l_m)!B(kl,...,kT1,]%—1)( l > < a) grratl L
PRre i VIRt " m I ) nl(a+1)!
=l-m
a l—-r+1 (b—a—l)
SEIED 3D 3D O SIS S TN
a=r—1b=a+11l=r—1 m=0 i1+t 1 re

=b—a—1

(=D —m)! (b ooder 1 b1y 1 a b! tb
<2 Jabe graa! B m)\1l) b= (a+1)(a+1) b

Ji++ir—1
=l-m

(put b=n+a+1)

00 a l—-r+1
— (—1)! 1) (b—a—1)!
= > Z o> =yt Y By NN
b=r a=r—11l=r—1 m=0 Zii,fff T
(=)™ =m)! (kxyooder1 b1y {1 a b o
. : Z gl graa! B m l a+1 ) b

oo nt+r—1 a I—-r+1

SR ID I S NEIEED DR

n=0 a=r—11l=r—1 m=0 it
=n—a+r—1

Xy (_;)l_ma._m)!Bgfl,...,k,«fl,krl) ! a nAr "
. / ]1!"']T_1! m [ a+1 (n—|-r)|

J1+_~l-+1r—1
(put n=">-—r)
oo n+r—1
_ _1\r— 1) (TL —a+r— 1)
ATy | X BB
n=0 a=r—1 i14-Fir

=n—a+r—1

a l—r+1 l m
- n+r a l — )' l (k1yeeoskor—1,kr—1)
XZ(_D (a+1)(1)z Z 4! m B

l=r—1 m=0 J1++ir_1
=l-m

t?’L
m.
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If we compare the coefficients of both sides,

B(kl,k/‘Q ----- k?")
n

n+r—1
—a+r—1)!
—\7 B.(l)...B_(l)(n a
( TL+T‘ 'azr:l il;iy‘ 1 ir 7/1‘-’[/1,,'

=n—a+r—1

a l—r+1 lm
ast [ DET l— A ) o
e (D) (1) X X S () e

l=r—1 m=0 Jj1++ir—1
=l-m

n+r—110—r+1

|
ot B e (g

“l=r—1 m=0 ji+-+ir—1

=l-m

n+r—1 _
(=) fn+r—1 a (1) mmn—a+r—1)
% Z a+1 a l Z B, B, il -]

a=l i1+t
=n—a+r—1

n+r n+r—1 a n+r—1n+r—1
(by () =" ) Y030 = ) z)

a=r—1l=r—1 l=r—1 a=l

n!
(n+r—1)!

n+r—1 ntr—1 l—r+1 lml— )' I
(S D (e

m=0 Ji1++ir—1

=l-m

n+r—1
(=D n+r—1-1 )(n—a+r—1)
B
X az_: a+1 \ n+tr—1-—a Zl;ﬁ il
=n—a+r—1

(by (") (1) = (") (nf=ize))
r—1 n! - Vir1 (T —1
=(-1) m%(—l) (l’+r— 1)

Z Z l’+r1m(l/_|_7a_1— )(l’—i—r—l)B(kl K1,k —1)
jll"']rfl! m

m=0 j1++jr—1

=l/'4+r—1-m
% nfl (—1)a n—1 Z B(l)n_B(l)(n—oH-r—l)!
a+l1\n+r—1—a ' T ir AN
a=l'+r—1 :z}:a_:;zil

(put I'=1—7r+1)
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. Z r(n —|— r—1
o n +7r— 1 ' T — 1
l’+ 1— /
Z Z r— m(l +r— 1-— ) ( l’ +r— 1 ) B(kl,-n:krfhkr—l)
. 3 m m

m=0 j1++ir—1 ]1!"']7"—1!
=U/+r—1-m
n ’
(_1)(1 +r—1 n—1 ) D (n _ (l/)!
2 e )y 2 BB T
o' =l i1+t
(put a' =a—1r+1)
. n 1 n—+r— 1
B n—l—r—l‘luzo (n+7"—1—l”>
% Z ) =+ — 1 - m)! <n — 1= 1) Bt 1 k1)
2N I | m
Gt tir_1 Ji: Jr—1: m
=n—U"4+r—1-m
/+q" 1 l// (n —a )[
SO = 10O A
% Z a+r (n—a’) Z B, mogglee g,
a'=n—1" i1t +/1T
(put I" =n -1
. ) pv(n+r—1
T (n+r—1) Z ( " )
1"=0
n—1" ”
Z Z )l =1 4 — 1 —m)! <" — 1+ — 1) BF1kn 1 k1)
T I m
m=0 Jji+-+ir—1 Jr: jr—ll m
=n—U"4+r—1-m
v n+7‘ 1—a” " "
l .. go_ "

—a

(put " =n—a’)
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_(_1yr—1 l” n+r—1
e S ey ()

1"=0
n—l" " +r—1— "
S (—)n iy — 1 4 — 1 —m) (n U+ 1) Bk k=)
T I m
m=0 Ji+-+ir—1 Ji: Jr—1: m
=n—1"4+r—1-m

" a” Il ) ) al

X ()] X EeE
a’=0 it tir

(put a” =n—d)

This shows the claim.

(2) Since
%Likl,kg,...,k,«_l,lﬂ —e ") = Lig, . ,(1—e"),
we have .
Ligy,ososa(1— e = / Ligy.s (1~ c*)ds.
Hence 0

Z B(klv“'va—lvl)ﬁ
— " n!
et "ot Ly, k (1 — 675)
— 1 _ —s\r—1 . 1y--9yRr—1 d
(=) fae O

:<ZB(1>t” 1) /( i - ) iﬂgkh ) 'ds

n=1

:(—1)’“‘1( BY tﬂl)/z > o ZB(’“”” d.

n=r—1 ji1++ir_1
=n

Denote by I, the integral part of the last equation.

t S~ (_1)n +m

_ (K1yeeskr— 1)
3D DD DI LR
m=0n=r—1 Jj1++ijr—1

=n

i Z (=) - m)!B(kly--wkrfl)lil : S_lds
m=0Il=m+r—1 j1+ - +ir—1 ]1! e jT—1! <l B m)'m‘ !
=l-m

(put I =n+m)

oo l—r+1 m
/ Sy oy Guiom B}fl,”.,m_l)( z ) S
0 i=r—1 m=0 i+ +ir1 Jilees gl m /) [

=l-m
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oo l—r+1

5y S (1)
l=r—1 m=0 Jji1++jr—1 ]1' o ']T—].! n m (l + 1)'

=l-m

Thus,

(ZBW” 1) I,
- Z Z B(l) " 1z1!-~-i7«!

n=0 i1+---+ir
=n

l=r—1 m=0 Jj1t+-+ir_1
=l-m

00 oo l—r+1

1 1 n! —1)=(1 —m)!
YT Y Y B ()2.1!.”‘!‘ 3 ( ~>_...('__)

lr1n0m021++zr

l tn+l+1
¢ BK15eeskr—1) LR
" m ) nl(l+1)!

T oo l—-r+1 1 _1lfml_ '
AP YP YD U ML A S M
I=r—1a=l4+1 m=0 i1+ +ir . ‘

=a—I1—1 =l—-m

[ a! e
B kro1) A
P m ) (a—(+ 1)) +1)! a

(put a=n+1+1)

: a—1 l-r+1 0 1 a—1—1)N —D=m(l = m)!
ST DD DD MDD LI g e

a=r l=r—1 m=0 i1+-+ir Toitetie—1
=a—I1—1 =l—m

l a ta—'r
(k1yeeeskor—1) v
e () ()

oo ntr—11l—r+1

1 W, . ga n! —1)=m( —m)!
S SD YD D I e D e

n=0 |=r—1 m=0 i1++ir
=n—Il4+r—1 —l—m

l n-+r t"
B(klw-,krfl)
P m l+1 ) (n+1)!

(put n=a—r)

13
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n=0 l=r—1 :thl++l—7‘1
X Z_TZH l Z (=) - m)!B(kl ..... ey Lt
=0 m J1++g jllu.j’f‘—l! m n'
m 1 IJr—1

=l-m

If we compare the coefficients of both sides of the equation,

) (=) nl " gy M ... go (n—l—l—r—l)
—Z (n+7r)! Z [+1 Z B, i,

— 1)l

r— n+r—1
Buka,kr) - — =)l Z (”+7”> Z B B(l)(n—l+r

(n+r)! . [+1 et (SLERRN A

=n—Il+r—1

l—r+1 m
(=1)m (1 — m)! ( I ) .
X Z Z . . B( 1yeery 7-—1)
lo.. | m

m=0 \ J1t-tir Jire et m

<n e 1 ' l 1 ! i1+ tip Zl!
=n+4+r—1-—1
lil Z (=)= (1 — m)! ( l ) Btk 1)
X B ; ml 7777 r—1
m=0 1t Air—1 jl' o ..]7‘71! m
l—m

n+r—1 1) 1) (n —a)!
= B ...pMhi T
n+r—1‘za+r(a+r—1> Z " gyl

i+t

=n-—a

(-l "G (n+r—1) T B0 gLt —1)

a at+r—1—-m
XZ Z (—1> '(a+r‘—1—m)' (CL—FT—I)Bﬁr]Lﬂ ..... kr_1)
— il e m

1t
=a+r—1—m

(puta=1—r+1)

( 1>T ! n+r—1 1) 1 '
= B - -
(n—l—r—l‘zn—l’—i-r n+r—1-=10 71+Z+w Tl
. "Z": 5 (—1)n=tHr=tem(y — o — 1 —m)! (n 47— 1)
el B~ JITRRRY Y m

=n—U'4+r—1—m

(put I' =n —a)

14

B(k1 ..... kT71).
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This shows the claim.

Remark 8 Some recurrences exist for the original Bernoulli numbers BY = B, (n > 0),
the case in which the upper index is fixed with the value (1). The problem of finding a
recurrence among B ") (n > 0) for fixed (k1, ks, .. ., k,), is therefore intriguing.

References

[1] T. Arakawa, M. Kaneko, Multiple zeta values, poly-Bernoulli numbers, and related zeta functions. Nagoya
J. Math. 153 (1999), 189-209.

[2] T. Arakawa, M. Kaneko, On poly-Bernoulli numbers. Comment. Math. Univ. St. Pauli 48 (1999),
159-167.

[3] L. Carlitz, Some theorems on Bernoulli numbers of higher order. Pacific J. Math. 2 (1952), 127-139.
[4] R. Graham, D. Knuth, O. Patashnik, Concrete Mathematics. Addison-Wesley, 1989.

[5] Y. Hamahata, H. Masubuchi, Special multi-poly-Bernoulli numbers. Journal of Integer Sequences 10
(2007), Article 07.4.1. 6pp.

[6] K. Ireland, M. Rosen, A Classical Introduction to Modern Number Theory. Second Edition, Graduate
Texts in Mathematics 84 Springer-Verlag, 1990.

[7] M. Kaneko, Poly-Bernoulli numbers. J. Théorie de Nombres 9 (1997), 221-228.

[8] M. Kaneko, Multiple Zeta Values and Poly-Bernoulli Numbers. Tokyo Metropolitan University Seminar
Report, 1997.

[9] M.-S. Kim, T. Kim, An explicit formula on the generalized Bernoulli number with order n. Indian J.
Appl. Math. 31 (2000), 1455-1461.



