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Abstract

Let ¢(n) be the Euler function of n. We prove that there are at most finitely many composite
integers n such that ¢(n) | n — 1 and P(¢(n)) = 0 (mod n), where P(X) € Z[X] is any
monic non-constant polynomial.

1. Introduction and the Result

Let ¢(n) be the Euler function of n. In [3], D. H. Lehmer conjectured that ¢(n) | n —1 if an
only if n is prime. This is still an open problem. Several partial results can be found in [1],
[6] and [8]. In [5], F. Luca has shown that there is no composite Fibonacci number n such
that ¢(n) | n — 1. Several partial results on Lehmer’s problem with up to dated references
can be found in the recent monograph [7].

Recently, Deaconescu (see [2]) has proved the following results:
1. Let r > 2 be a fixed integer. Then there are only finitely many n such that ¢(n) | n—1
and ¢(n)? =r (mod n).

2. Let k > 3 be a fixed integer. Then, there are only finitely many composite n such that
é(n) | n—1and ¢(n)* =1 (mod n).
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In this note, we prove the following result.

Theorem 1. Let P(X) € Z[X]| be a monic non-constant polynomial. Then there are at
most finitely many composite integers n such that ¢(n) | n — 1 and P(¢(n)) =0 (mod n).

Our theorem implies Deaconescu’s results by taking P(X) = X?—r and P(X) = X* -1,
respectively.

2. Proof of the Theorem 1

In what follows, we use the Vinogradov symbols > and < with their usual meanings. Let
P(X)=aoX*+a; X"+ +ay € Z[X]

with ag = 1 and d > 1 and write

n—1=ko(n), where k>2. (1)
It is known that ¢(n) > n/loglogn (see [4] Vol. I, pag. 114). Thus,

k < loglogn. (2)
Since P(¢(n)) =0 (mod n) we have that k?P(¢(n)) = 0 (mod n). Thus, by (1), we get
ap(—1)* 4+ ark(=1) 4+ agk’ =0 (mod n).

Let A denote the left hand of the above congruence. Now, we distinguish two cases:

Case 1: A # 0. Then, from the above congruence and (2), we have that

n < JA| < (Z |aj|> k% < (loglogn)?,

j=o

which implies n < 1, as we want.

Case 2: A=0. Then, ag(—1)¢ + a1k(=1)"1 4+ -+ agk? =0 or

1 d 1 d—1
CL()(?> +a1(?) +"'+CLd:0,

or P(—1/k) = 0. Since ag = 1, we get that —1/k is both an algebraic integer and a rational
number, which is impossible since k£ > 2.

More generally, our argument implies that if P(X) € Z[X] is a nonconstant polynomial
such that the congruence P(¢(n)) = 0 (mod n) has infinitely many composite solutions n,
then there exists an integer k > 2 with P(—1/k) = 0. Furthermore, all but finitely many of
the composite n satisfying the above congruence satisfy also n — 1 = k¢(n) for some k > 2
such that —1/k is a root of P(X).
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