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Abstract
We study a generalization of the Frobenius problem: given k positive relatively prime
integers, what is the largest integer gg that cannot be represented as a nonnega-
tive integral linear combination of the given integers? More generally, what is the
largest integer gs that has exactly s such representations? We construct a family of
integers, based on a recent paper by Tripathi, whose generalized Frobenius numbers
gJo, 91, g2, ... exhibit unnatural jumps; namely, go, 91, 9, 9(E+1) 9(k42)s- form

an arithmetic progression, and any integer larger than 9(x+9) has at least (kZZ ‘{1)
k=1

representations. Along the way, we introduce a variation of a generalized Frobenius
number and prove some basic results about it.

1. Introduction

Given positive relatively prime integers aq,as, ..., ax (i.e., ged(ay,as, ..., ax) = 1),
we call x € Z>q representable if

T =mia; +maeas + - +myay (1)
for some my,mg,...,my € Z>g. The linear Diophantine problem of Frobenius asks
for the largest integer ¢ = g¢(ai,as,...,ar) (the Frobenius number) that is not

representable; this is arguably one of the most famous problems in combinatorial
number theory. Its study was initiated in the 19th century, and it has been known
at least since 1884 that

g(ai,a2) = aras —a; —as. (2)
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(Sylvester’s paper [9] gives a clear indication that he knew (2).) One fact that makes
the Frobenius problem attractive is that it can be easily described, for example, in
terms of coins of denominations a1, as, ..., ag; the Frobenius number is the largest
amount of money that cannot be formed using these coins. For details about the
Frobenius problem, including numerous applications, see [5].

Recent work on the Frobenius problem includes what some authors call the s-
Frobenius number gs = gs (a1, as,...,ax): the largest integer that has exactly s
representations. (To say that = has s representations means that (1) has s solutions
(m1,ma,...,mg) € Z%,.) Note that g = go. For example, Beck and Robins [1]
showed that -

gs(a1,a2) = (s + Dajas — ay — az, (3)

which generalizes (2). Inspired by computational evidence in [3], Shallit and Stankewicz
[8] constructed an “extreme” family of 5-tuples, namely one for which gg — g5 is un-
bounded (for any s > 1), as well as examples with gy > g1 for k > 6, contrary to
the “natural” order gp < g1 < g2 < --- one might expect.

The goal of this paper is to exhibit another “extreme” family of k-tuples, yet
whose behavior differs from that described in [8]. The easiest way to state our
main result is to introduce a variation of the s-Frobenius number, which might be
of independent interest: we define ¢* = g* (a1, aq,...,ax) to be the largest integer
that has at most s representations. Note that g5 = go = g and g5 < ¢gi. Our main
result is as follows.

Theorem 1. Let ay,as,...,a be pairwise relatively prime positive integers,
II:=aias - ag, Ajzzc%, Yi=A+ A+ -+ A,

and let gs = gs (A1, Aa, ..., Ag) and g% = g% (A1, Aa, ..., Ag). Then fort >1,

904 TI04) T I0p e T I T T Iy = (RIS
In words: the integer (k+t—1)II—% has exactly (k;if) representations, and every

larger integer has at least (szzl) representations.

This theorem extends (3), which is the case k = 2 (where we have A; = ay and
As = ay). Theorem 1 also generalizes—and was motivated by—Tripathi’s theorem
[10], which is the case t = 0:

go=(k—1DII-X. (4)
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For this specific family of k-tuples, Theorem 1 gives

g1 = k1l — X, beyond which all integers have at least k = (kfl)
representations;

gr = (k+ 1)II — 3, beyond which all integers have at least (Zf})
representations;

k+2)

gy = (k + 2)IT — X, beyond which all integers have at least (,%1

representations, etc.

We prove Theorem 1 in Section 2. Returning to the general case, in Section 3 we
extend a well-known lemma on the Frobenius number due to Brauer and Shockley
[2], which has been successfully applied in numerous proofs dealing with certain
instances of the Frobenius problem. Our generalization gives a lemma for g%; we
do not know if a similar lemma exists for gs. This might be an indication that g}
(compared with g5) is the more useful generalized Frobenius number.

2. Proof of Theorem 1

We claim that for ¢ > 1, all representations of (k 4+ ¢ — 1)II — ¥ are of the form
((n1 + 1)&1 — 1) A+ ((n2 + 1)&2 - 1) Ao+ -+ ((nk + 1)ak — 1) Ag, (5)

where nq,no,...,n, are nonnegative integers that sum to ¢ — 1. This gives the
desired number of (%‘:2) representations, and we conclude Theorem 1 by proving
that every integer larger than (k 4t — 1)II — X has at least (kazl) representations.

It will be handy to remember that the coefficient of A; in (5) satisfies
(nj+1)a; —1=-1 (mod a;). (6)

Proof of Theorem 1. We use induction on ¢. In the case t = 1, note that kI — X is
representable:

kH—E:(al—1)A1+(a2—1)A2+~~+(ak—l)Ak.

Any other representation x1A; + xoAs + - -+ + 21 A, would necessarily contain an
x; that is at least a;, and thus

(k—l)H—E:.IlAl—FIQAQ—F+($]—GJ)AJ++.Z‘kAk

would be representable, contradicting (4).
Now we prove that if n > kII — X, then n has at least k representations. Since
n > go + II, there is a representation z1A4; + x2As + -+ + A of n — II. To
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get a representation of n, we can add a; to x; for any j. Thus n has at least %k
representations. This finishes the base case.

Now assume that ¢ > 1 and (k+¢—2)II—X has exactly the (k;rﬁf) representations
realized by (5) with nqy +ng +---+mnp =t — 2.

To any of these representations, we can add Il = a; A;, which gives a represen-
tation of (k + ¢ — 1)II — X of the form (5) with ny +ng +---+mny =t — 1. This
accounts for (k;rif) representations of (k+¢ — 1)IT — X. On the other hand, any
representation

1 A1 + 29A0 + - - + T Ag (7)

of (k+t—1)II—X that is not of this form will have an z; # —1 (mod a;). So then
xj = qa; + r for some integers ¢ > 0 and 0 <7 < a; — 2. If ¢ > 0 then

fElAl +.’£2A2++(((]71)(1J +T)AJ++ZL'kAk

is a representation of (k+t—2)II—X that violates (6) and the induction hypothesis.
If ¢ = 0 then z; = r and so there must be an x; > a; (otherwise (7) would be
< kIl —X). But then

I1A1+$2A2++(Z17(11)A1++7‘AJ++1’]€A]€

is a representation of (k+t—2)II—X that violates (6) and the induction hypothesis.
Thus no “new” representation of the form (7) can exist for (k +t — 1)II — X, and

so there are exactly (k;:if) representations of (k +¢ — 1)II — 3.

Finally, we prove that if n > (k+t — 1)II — X, then n has at least (kZigl)
representations. Since n > gg+tIl, there is a representation x1 A1 +xoAs+- - -+xp Ag
of n — tII. To get a representation of n, we can add a; to z; for any j, a total of ¢

times. Thus n has at least (’T:l) representations. O

3. A Brauer—Shockley Lemma for g

Experts on the Frobenius problem will recognize the s = 0 case of the following
lemma from many papers on the Frobenius problem, starting with [2].

Lemma 2. Let ay,aq,...,a; be positive integers with ged(ay, az,...,ar) =1, and
let nj s denote the least nonnegative integer congruent to j (mod ay) that has more
than s representations. Then

9s (ala az, ... 70/]@) = Oﬁ_g%%.}f—lnﬁs —a.

We included this result here because the s = 0 case proved useful in many special
instances of the Frobenius problem, and because we believe it gives credence to the
definition of g%, in that we are unable to prove a version of Lemma 2 for gs. It is
an interesting open problem to study in what instances g5 < g;.
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Proof. The number maxo<j<a,—1nj,s — a1 has at most s representations, since each
n;s — a1 has by definition at most s representations.

Now let > maxo<;<a,—171js — a1 and, say, * = m (mod a;). Then & = ny, s
(mod 1) and thus > n,, ;. So x has more than s representations by definition. O

In the literature on the Frobenius problem, the number n (a1, as, ..., ax) of non-
representable integers plays a role almost as famous as that of g (a1,as,...,ax). In
analogy with our definition of ¢g*, we denote by n¥(a1,as,...,a;) the number of
nonnegative integers that have at most s representations. The s = 0 case of the
following result is due to Selmer [7, p. 3]. We leave the proof, which is similar to
that of Lemma 2, to the reader.

Lemma 3. With the same notation and conditions as in Lemma 2,

a1—1

* o 1 a1—1
ns(alaGQa"'7ak)__ Njs — —o -
a; “ 0 2
J:

As an illustration of the applicability of Lemma 2, we include a last result,
which generalizes well-known theorems of Johnson [4, Theorem 2] and Rgdseth [6,
Lemma 1].

Lemma 4. Let a1,as,...,a; be positive integers with ged(ay, ag,...,a;) = 1. If
ged(az, as, ... a) = d, let a; = dal; for 2 <j <k. Then

gi(ay,as,...,ax) = dgi(ar,ah,as,... a;) +ai(d—1),

ni(ay, az,...,ar) =dni(ay,dy,aj,...,a;) + (a; —1)(d—1).
This lemma does have a counterpart for g, [3].

Proof. As in Lemma 2, let n; s denote the least nonnegative integer congruent to
j (mod a1) that has more than s representations in terms of aj,as,...,ar, and
similarly let n} ; denote the least nonnegative integer congruent to j (mod a;) that
has more than s representations in terms of a1, ab, af, ..., aﬁg. It is a fun exercise to
check that

{nj:0<j<a;—1}={dn},:0<j<a —1}

and so by Lemma 2,

!/
slai,ag,...,ar) = max MNj;e— a1 = max dn’; — aq
gs( ) ) ’ ) 0<j<a1—1 58 0<j<a;—1 258
_ /
— (= )+ an(d =)
>Jxd1—

= ng(alaaéaaéa""a;c) +a1(d_ 1)7
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and by Lemma 3,

a1—1

1 a; —1
ns(ahag,...,ak):a— an,s— 12

s

Y SR el § R PR R
=d|— n g — —(a; — —

s s 2 20!
1

:dns(a17a’27ag7...,a§€)+§(a1—1)(d—1). O
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