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Abstract
In a previous paper we investigated the (exponential) bipartitional polynomials
involving polynomial sequences of trinomial type. Our aim is to give properties
of bipartitional polynomials related to the derivatives of polynomial sequences of
trinomial type. Furthermore, we deduce identities involving Bell polynomials.

1. Introduction

For (m,n) € N?, the complete bipartional polynomial A,, ,, with variables x 1, 21,0,
., Tm,n is defined by the sum

m'n' IO,l ko,l 1’1,0 k?l,O g_’;Tn’n k?m,n
mn ' Z k‘o 1']{310 n' (W) (W) (m'n') ’ (1)

where the summation is carried over all partitions of the bipartite number (m,n),

that is, over all nonnegative integers ko 1,k1,0,...,km,» Which are solutions of the
equations
m n n m
DiD kig=my Y iy ki;=n. 2)
i=1 j=0 j=1 i=0
The partial bipartitional polynomial A, , , with variables 2o 1, %10, .., Zm,n, Of

degree k € N, is defined by the sum

In/ ko, k1, o\ Fmon
Ao =Yt () () Ges) T @
]{?0 1'I€1 0 n' 0'1! 110! mln!
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where the summation is carried over all partitions of the bipartite number (m,n)
into k parts, that is, over all nonnegative integers ko 1,k1,0,...,km,n Which are
solutions of the equations

f:izn:ki’j =m, ijiki’j =n, izn:ki’j =k, with the convention ky o = 0.

i=1 j=0 j=1 =0 1=035=0
(4)

These polynomials were introduced in [2, pp. 454], with properties such as those
given in (5), (6), (7), (8) below. Indeed, for all real numbers «a, 8, we have

Am,n,k: (/8’71'0,17 ayxi,0,--- 7am5n’7mm,n) =

amﬁnfykAm,n,k: (xO,h L1,05-- 7$m,n) (5)
and
Am,n (amo,h ﬁxl,O, DR O/nﬁnxm,n) = OémﬁnAﬂ"L,n (1'0’17 L1,05--- 7xm,n) . (6)

Moreover, we can check that the exponential generating functions for A,,, and
Ap.n 1 are respectively provided by

£ il
1+ Z Am,n (xoyl,ml,o,...,mm’n) —'—' = exp Z CCZ’]—'—' 5 (7)
m! n! L il !
m+n>1 i+j>1
and
k
tmur 1 ttud
Z Am,n,k (Io,hﬂ?l,o, s 7xm,n) mm = H Z x”ﬁ? . (8)
m+n>k i+j5>1

We present some recursive formulae related to the bipartitional polynomials and
Bell polynomials. We also describe a connection with the successive derivatives of
polynomials (fy, » (x)) of trinomial type, defined by

T
thd AT .
D fuiWggr | = X fmn@) g with foo(@) =1 (9)
i,j>0 m,n>0
We use the notations Ay, n.x (2: ;) for Am ni (201, Tmn), and Apy, (2 ;) for
Apn (0,15 -« - s Tm,n) - Moreover, we represent by By, i, (x;) and B, (x;) the partial

and complete Bell polynomials By, i (¢1,%2,...) and By, (z1,2,...), respectively.
For m < 0 or n < 0, we set fp,n(x) =0 and A, ., (2;;) = 0, and for m < 0 or
n<0ork <0, weset Ay, i (x;;) = 0. With the above notation, in [6] we proved
the following results.
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Theorem 1. We have

Aok (21,7) = Bng (05),  Amok (21,7) = Bmk (250) (10)
Aon (1,5) = Bn (0,5),  Amo (21,5) = Bm (250) (11)
. (" E .
Amtink (i0i15) = WBmerk,k (Jz;) (12)
ik
Atk (JTits) = WBT”MHM (J;) - (13)
k

Theorem 2. Let (fm.n(x)) be a sequence of trinomial type and let a,b be real
numbers. We have

ficijoa(a(@—=1)+b(j —1) + )
Am+k,n+k,k (J}Z] a (Z — 1) ¥ b(] — 1) s > (14)

m m+k\ (n+k\ fon (am+bn+ kz)
A k am + bn + kx

)

A fic1j(a(i—1)+bj+ ) _k m+k\ fm.n (@m+bn + kz)
mtkink | BT, (i—1)+bj+a \ ok am+bn+kr
(15)
x . x
Apmon <ai+bjfi’j (aerbj)) = mfm,n (am+bn+x). (16)

Theorem 3. Let (fi.n(x)) be a sequence of trinomial type and let a,b be real
numbers. Then the sequence (hy, , (z)) defined by

B (2) 1= x

s of trinomial type.

2. Some Formulae Related to Bipartitional and Bell Polynomials
We present several identities related to bipartitional polynomials and Bell polyno-
mials via recursive relations.

Theorem 4. Let (2.,,) be a sequence of real numbers with 11 =1 and let p, q
and d be nonnegative integers, d > max (p,q) + 1. Then

Ai 14, j—14r, (ghﬂfg,h)
(7“ — 1)!(zfli+r) (]*;4*7‘)

Atk nt ko k (d (18)

k‘!k(mH“) (n+k)
= () (i e (9 )

wherer =p(i—1)+q(j—1)+d and R=pm+ qn+ dk.

n
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Proof. Let (fm.n (z)) be a trinomial type sequence of polynomials with

fm,n (1> = Tm+1,n+1-

Taking a =b =0 and x =1 in (14), we get

L/m+Ek\ " /n+k\ ! .
fm,n (k) = y( k ) ( k ) A7n+k,n+k,k (Z]xi,j)- (19)

To obtain (18), in (14) set @ = p, b = ¢ and * = d and use (19) to express
fmn (pn+gn+dk) and fi_1 ;-1 (p(i—1)+¢(j — 1) +d) in terms of partial bi-
partitional polynomials. O

Theorem 5. Let p, q and d be nonnegative integers. Then, for a given sequence
(Tm,n) of real numbers with x10 =1, we have

Ap+1)(i—1)+gjt+d, j, pli—1)+gj+d (9Tg,n)
Atk (d ((p+1)(i51)+qj+d) (20)

k A m n n m mn
_dk<m+ ) (p+1)m+qn+kd, n, pm+qn+kd (gxg,h), d > max (p — ¢,0) + 1,

k (pm + qn + kd) ((p+1)"i:qn+kd)

and for a given sequence of real numbers (X, ) with xo1 = 1, we have

Ai, pit(g+1)G—1D)+d, pi+a(G—1)+d (RTgn)
Aok (d (PG -1)+d) (21)
J

— dk (n + k) 14m7 pm—+(g+1)n+dk, pm+gn+dk (h{L‘g,h)
k (pm +qn + dk) (pm+(qJTrLl)n+dk)

, d>max(q—p,0)+1.

Proof. Let (fm.n (z)) be a trinomial type sequence of polynomials with
fm,n (1> = Tm+1,n-
Setting a =b =0 and z =1 in (15), we get

m+ k -1 .
fmon (k) = f Atk (12 ), m,n>0. (22)

To obtain (20), in (15) set @ = p, b = ¢ and * = d and use (22) to express
fmn (pn+gn+dk) and f;—1; (p(i — 1) + ¢j + d) in terms of partial bipartitional
polynomials. Using the symmetry of m and n, the same goes for relation (21). O

Theorem 5 can be reduced using some particular cases related to Bell polynomials
as follows.
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Corollary 6. Let p, q and d be nonnegative integers. Then, for a given sequence
(zn) of real numbers, we have

- Bp41)(i-1)+(g+1)i+d, p(i—1)+gj+d (97g)
Ak | diz=5 SN ' (23)
(p(i = 1) +gqj +d) (PHOETDHIFDIH
m+ /f) By 1)mt (g1 n-+kd, pm-+qn-+kd (9Zg)
=dk ) , d>max(p—q,0)+1,
( ko) (pm+ qn + kd) (FHOmHarDnrkd) ( )
and
A ek (dj B(P+1)i+(q+1)(j71)+d, pi+q(j—1)+d (gxg) > (24)
m,n+k, 3 - : —
(pi+q(j—1)+4d) ((p+1)z+l_($_ri)1(3 1)+d)
n + k\ Bp+1)ym+(g+1)ntkd, pmtqntkd (gzg)
:dk( > p q ; P q , dZmaX(q_p70)+1
k) (pm+ qn + kd) (PDm ek Dnekd)
Proof. In (20) set Tm pn := Tm4n and use relation (12). By symmetry, we obtain
(24). -
Example 7.

1. Let =, = jﬁffl (a(j — 1) + ) for some binomial type sequence of
polynomials (f,, (x)). From the identities (23), (24) and using

Bus <j xfj:ll(gg_(jl)i); x)) _ (Z) kxfn;?éa_(z)f])g; k)

, (25)

(see [4, Proposition 1]), we obtain

- (GifiJrjl (E(i—1) +FJ+G)>
T A(l—-1)+Bj+G
—Gk(m+k) frgn (Em+ Fn + kG)

k Em+ Fn+ kG

9 dZmaX(P—Q»O)+1;

i1 (Bi+F(j—1)+G)
Gk n+k\ foman (Em+ Fn+ kG)
o k Em+ Fn+ kG

) dZmaX(Q*paO)JFl,

where £ =a+pzr, F=a+qr and G = dz.

2. Let x, = % From (23) and the known identity B, x (1,1,1,...) = S(n, k),

) ) )

the numbers S (n, k) being Stirling numbers of the second kind, we obtain for
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d>max(p—q,0)+1:

Am+k,n,k (dl

:dk(m+k)5((p+1)m+(q+1)n+kd, pm + qn + kd)
k (pm + qn + kd) (FFD7 @ EDn k)

S((p+1)(i—1)+(g+1)j+d, p(i—1>+qj+d>>

(p (i = 1) +qj +d) (PFOOEGDIH)

Theorem 8. Let (%) be a sequence of real numbers with x11 = 1, d be an
integer and p, q, m, n be nonnegative integers with (p + q) (pm +gqn +d) > 1. We
have

A, (d Ap+1)i+aj, pit+(a+1)j, pitas (9NTg.n) ) (26)

(pi + qj) ((P+12i+qj) (Pi+(¢;+1)j) (pi + qj)!
A(p+1)m+qn+d7 pm+(g+1)n+d, pm+qn+d (ghxg,n)
(pm 4 gn + d) (PHOmFantdy (pm(atlndd) 4 gn 4 d)!

m

Proof. To obtain (26), in (16) set a = p, b = ¢, * = d and use (19) to express
fi.; (pi + ¢j) in terms of partial bipartitional polynomials. U

Theorem 9. Let d be an integer and p, q, m, n be nonnegative integers such that
(p+q) (pm+gn+d) > 1. Then, for any sequence (Zm,n) of real numbers with
z1,0 = 1, we have

A dA(p+1)i+qj, J, pi+qj (gl'g}h) _ dA(p+1)m+qn+d, n, pm-4-qn-+d (gxg,h) (27)
’ (pi + qj) ((pH)qu) (pm + qn + d) ((p“)’:jjq"*d)

7

and for any sequence (T, ) of real numbers with 91 =1, we have

A (dAi, pit+(g+1)j, pitqj (hxg,h)> _ dAm, pm+(q+1)n+d, pm4qntd (hxg,h). (28)

(pi +qj) (piﬂzﬂ)j) (pm + qn + d) (”mﬂqgl)”*‘i)

Proof. To obtain (27), in (16) set a = p, b = ¢, * = d and use (22) to express
fi,j (pi + ¢j) in terms of partial bipartitional polynomials. By symmetry, we obtain
(28). O

Theorem 9 can be restricted to some particular cases related to Bell polynomials
as follows.

Corollary 10. Let d be an integer and p, q, m, n be nonnegative integers such
that (p+ q) (pm + gn+d) > 1. Then, for any sequence (x,) of real numbers with
r1 =1, we have

A (dB(p+1)i+(q+1)j, pitqj (g%)) _ g Botymi(arntd, pmiqnitd (g97q) (29)

’ (pi + qj) ((p+1)zji§q+1)j) (pm + qn + d) ((p+1)m;:4(rq;1)n+d)
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Proof. Set Ty p := Tmn in (27) or in (28), and use relation (12) or (13). O
Example 11.

1. Let =, = jﬁfj_l (a(j — 1) + x) for some binomial type sequence of
polynomials (f,, ()). From (25) and (29), we obtain

it (Ei+ Fj) _ gfmen (Em+ Fn+G)
Ei+ Fj Em+Fn+G

Amn

)

where £ =a+pzx, F=a+qr and G = dz.

2. Let #, = L. From (29) and the known identity B, (1,1,1,...) = S (n,k),
we obtain

) (dS<<p+1>z'+<q+1>j,pi+qj>>
| (i -+ qj) (PFULLT)

S(p+1)m+(g+1)n+d, pm+qn+d)
(pm + qn + d) ((p+1)m+(q+1)n+d)

m—+n

Remark 12. When we set n = 0 in (23) or m = 0 in (24) and use relations (10),
we get Proposition 4 given in [4]. When we set n = 0 or m = 0 in (29) and use
relations (11), we obtain Proposition 8 given in [4].

3. Bipartitional Polynomials and Derivatives of Polynomials of Trinomial
Type

Now, we consider connections between bipartitional polynomials and derivatives of
polynomial sequences of trinomial type.

Lemma 13. Let (fi.n (z)) be a sequence of trinomial type. Then for all real num-
bers a, we have

Aponk (1JDz—0 (€% fiz1,j—1 (x + 2))) (30)
=k! (7]:;) (Z) Df:o (€ fn—tm—k (kx+2)), m,n>k,
Am,n,k (iDzZO (eazfl;l,j (.%‘ + Z))) (31)

= (7;) Df:o (€ fr—tn (kx + 2)), m>k,
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Ak (JD2=0 (€% fij—1 (x + 2))) (32)

= (:) Df:o (€ frun—k (kx+2)), n>k,

where D,—o f := %(0) and D¥_,f = Z’;—{(O),

Proof. Let F(t,u) be the exponential generating function of the sequence (fy, n(z))
as in (9) and let @y, , = mnD,—o (e** fr—1,n—1 (z + 2)). Then

k

1 thud
7 Z Ty

1 41
2 T

thud
l]!
k

1 ..
E ZZ]DZ:O fz 1,7—1 (a:—l—z))

i,5>0

E i i
S Do (e fiy @ 2 5

I 41
1,>0 v

k
(tu)" th
| Demoe® D fuat2) 55

(tu)k kx ik (a+In F(t,u))z
F (t,u)™ D;_ye ’

k
t rTz
(Z') Dk, (ewF(t,u)’“ * )
k > — tu?
il jl

(e** fij (kx + 2))
1=075=0

T ———

m,n>k

which gives, by identification with (8), the identity (30). The same goes for identities

(31) and (32).

O

Theorem 14. Let p, q, d be nonnegative integers and a, b, o, x be real numbers.
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Then, we have

. . r r— fi—l, j—1 (F+ Z) az
Atk o (dzy (xDI_g + DI=) (sze (33)
m-i—k‘ n+k — fmvn E+Z az
= dk"k‘( i ) < k ) (I'sz() + szol) (#6 > )

wherer =p(i—1)4+q(G—1)+d, F=a(i—1)+b(j—1)+dx, R=pm+qn+
dk, R =am + bn + dkz.

Proof. Setting zp n = D=0 (e** fm—1,n—1 (z + 2)) in (18) and using identity (30),

we obtain
At kot o (dz’jDz_o (Me))

= dk!k(m; k) (" Z k) DI, (fm’" (im 2) e“Z) .

Use the trinomial sequence (A, , (z)) given by (17) :
x
(a—pr)ym+ (b—pz)n+z
instead of (fm,n (z)). O

R () =

fmn ((@=pr)ym+ (b—px)n+x)

For the next theorem, we set by convention D, *g(2) =0, s=1,2,....

Theorem 15. Let p, q, d be nonnegative integers and a, b, o, x be real numbers.
Then

I (di (@Di_y + D2} (%ﬁz)ea» (34)

(Mt R poy [ Fmn (B+2) ..
_dk< A >(xDZ_O+DZ_O)< s eY* |,

where r = p(i—1)+qj+d, T=a(i—1)+bj+dr, R =pm+qn+dk, R=
am + bn + dkzx,
and

. r r— ij-1 (T +2) o
Amntkok (dj (xDI_o + DIZ}) (%6 )) (35)

_ (MR i 4 preny [fme (BT o
_dk<k)(xDz_0+Dz:O)< . e |,

where v = pi +q(j—1)+d, F =ai +b(j —1) +dr, R =pm+qn+dk, R =
am + bn + dkz.
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Proof. For (34), when we set @y, , = Dy=0 (** frn—1,n ( + 2)) in (23) and use the
identity of Lemma (31), we get

Am . <diD§(i0_1)+qj+d (fm—k,n ((p (Z - 1) + q.] + d) z+ Z) eaz))
” = p(i—1)+qj+d
dk m+k Dgz&-qn—i—kd fm,n ((pm +qn + kd) T+ Z) e | .
k pm + qn + kd

Taking the trinomial sequence (hy, , (z)) given by (17)

xT

i, (%) = (a—pr)m+bn+a

fmn (@ — px)m+bn + x)

instead of (fm,n (z)) and using (31) and (24) instead of (23), we obtain (35). O

Theorem 16. Let d be an integer, p, q, m, n be nonnegative integers such that
(pm+gn+d)pg > 1 and a, b, x be real numbers. Then we have

Am,n <d (xDz:O + Dz:O ) ( @it bj+z e (36)

_ +bn+dz+ 2)
=d ( D;D7_n+qn+d Dp7_n+qn+d 1) fm,n (am az )
THe=0 t =0 am+bn+dx+z €

Proof. When we set &y, = D,—¢ (e** frn—1,n—1 (x + 2)) in (26) and use the first
identity of Lemma 13, we obtain

Am n <dD.Z”JB¢I] (fi,j ((pZ + q])l’ + Z) eaz))
' - pr+qj

_  gpPmtantd fn (pm+gn+d)z+2z) .,
- z=0 € .
pm +qn +d

Use the trinomial sequence (A, , (z)) given by (17) :

X

hom,n (%) = (a—pr)ym+(b—qr)n+zx

fmn ((a—px)m+ (b—qz)n+x)

instead of (fom.n (2)). O

4. Some Consequences for Bell Polynomials

The next corollaries present some consequences of the above Theorems for Bell
polynomials (see [1]). The identities given below can be viewed as complementary
identities to those given in [4] and [5].
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Corollary 17. Let q, d be nonnegative integers, d > 1, b, x be real numbers and
let (fn (x)) be a sequence of binomial type. For n >k > 1, we have

) ; —1)+dx+2)
B DQ(J 1)+ DQ(] 1)+d—1 f] 1 ( (.7 az
ok <d‘7 (1: 2 ) b(j—1)+de+=z ¢ (37)

_ n q(n—k)+dk q(n k)+dk—1 ok (b(n—Fk)+dkz+2) .,
_dk<k) (sz:O T Di= )( b(n—Fk)+dkz+2z )
Proof. From the definition in (9), it is easy to verify that the sequence (fo, (z)) is
of binomial type. Conversely, for any sequence of binomial type (f, (z)), one can
construct a sequence of trinomial type (f,» (z)) such that f,, () = fo.n (z). Then,
we consider a sequence of trinomial type (fm,, (z)) for which f, (z) = fon ().

Now, by setting m = 0 in (35), we get

Ao (dj (2D + DI=1) (Me))

T+ z
_ n+k R R 1 f07L(R+Z) eO?

and by using the first relation of (10), the last identity becomes

. j i—1(b(J—1)+dx+ 2)
B DQ(J 1)+ D‘I(J 1)+d—1 anJ 1 ( az
ok (dj (x z=0 o+ > b(j—1)+dx+z €

— n an-k)+dk | paln—k)-+dk-1 fon—k(O(n—Fk)+dkx+2) .
- dk(k>(D D= )( bn—K tdkzt2 )

To obtain the identity (38), it suffices to replace fy ,, (z) by f,, (z) in the last identity.
]

Corollary 18. Let d be an integer, g, n be nonnegative integers with (qgn +d) q¢ > 1,
b, x be real numbers and let (f, (x)) be a sequence of binomial type. We have

Ba (d (xD‘”oJrD” 1) (%e“)) (38)
_ bn+dz+ z)
— d(apimyt 4 prrrat) (falbntde+2) o)
(ac =0 T Pa=0 ) bntdst+z

Proof. As above, let (fm.n (z)) be a sequence of trinomial type such that f, (z) =
fon (x). Then, (38) follows by setting m = 0 or n = 0 in (36) and using the relations
n (11). O

The above identities on Bell polynomials can be simplified when x = 0 as follows:

<dJD‘I(J 1)4+d—1 <fj—; ((;3(;71—) 2:‘2) eaz>)

:dk(k)Dq(” k)+dk—1 (fn ll)c(( (n k)TjZ)eaz)’
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B quj—l fj (b-] + Z) e? — quTH-d—l fn (b?’l + Z) 7
" #=0 bj+ 2z ==0 bn+ z '
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