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Abstract

The purpose of this work is to extend the theory of finite operator calculus to
the multivariate setting, and apply it to the enumeration of certain lattice paths.
The lattice paths we consider are ballot paths. A ballot path is a path that stays
weakly above the diagonal y = x, starts at the origin, and takes steps from the
set {1,—} = {u,r}. Given a string p from the set {u,r}*, we want to count the
ballot paths with a given number of occurrences of p. In order to use finite operator
calculus, we must put some restrictions on the string p we wish to keep track of.
A ballot path ending on the diagonal can be viewed as a Dyck path, thus all of
our results also apply to the enumeration of Dyck paths with a given number of
occurrences of p. Finally, we give an example of counting ballot paths with a given
number of occurrences of two patterns.

1. Introduction

L. J. Guibas and A. M. Odlyzko [3] derived generating functions for the number
of strings over an alphabet that avoid given patterns. Their main tool is the “cor-
relation function” among patterns. This basically extracts the same information
from a pattern as the (multiple) bifixes introduced in Section 6. Our work differs
in that we consider ballot paths, i.e., a restricted alphabet of size two, where the
restriction observes how many symbols of one kind occur before the other kind. We
can generalize this to a larger alphabet (Motzkin path) and different restrictions,
but we are more interested in the approach itself, the finite operator calculus (Rota,
Kahaner, and Odlyzko [10]). The finite operator calculus produces explicit results
(polynomials), but in some cases, generating functions can also be obtained. So
we need another condition on patterns, the depth, to make sure the solutions are
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polynomials. We systematically discuss avoiding only one pattern, but in the last
section we finally give an example for avoiding two patterns.

A second aspect where our work differs from Guibas and Odlyzko is the enu-
meration of ballot paths with a given number of occurrences of some pattern. In
a paper by Sapounakis, Tasoulas, and Tsikouras [11], the authors do exactly this
for all patterns of length four, but only for ballot paths ending on the diagonal
(Dyck paths). We show that it is not the length of the pattern that matters, but
its “complexity”, its autocorrelation function in the sense of Guibas and Odlyzko.

A ballot path stays weakly above the diagonal y = x, starts at the origin, and
takes steps from the set {1, —} = {u,r}. A pattern is a finite string made from the
same step set; it is also a path. Notice that a ballot path ending at a point along
the diagonal is a Dyck path.

Definition 1 Let d(p) be the number of u’s minus the number of r’s in the pattern
p. The depth of p is max{d(p') | p = qp’,q € {u,r}*}.

The patterns we count can be any length, but the patterns we count in this paper
have zero depth. We call these patterns depth-zero. An intuitive interpretation of
a depth-zero pattern p, is that the reverse pattern p is a ballot path. For example,
the reverse pattern of p = uururrr is p = vuururr. Since vuururr is a ballot path,
wururrr is depth-zero.

Below is a table for the number of ballot paths with 0,1, and 2 occurrences of
the pattern rur. We use finite operator calculus to enumerate these paths. For
this, we need recursions describing the enumeration. We must consider only two
more properties of these patterns to develop the recursions, given in the following
definitions.

Definition 2 The bifiz index of a pattern p is the number of distinct non-empty
patterns o # p such that p that can be written in the form p = op’ and p = p”o for
o,p',p" € {u,r}*. If a pattern has bific index 0, then we call it bifiz-free.

Definition 3 If a is the number of r’s in p and c is the number of u’s, then we say
p has dimensions a X c.

If we denote the number of ballot paths reaching (n,m) containing the pattern
rur exactly k times by s, 5 (m), then we will see that

spe(m) = Sp_1k(m)+spp(m—1) —sp_1k(m—1) 4+ sp_1 x(m —2)

+sn—1k—1(m—1) = sp_1 k—1(m — 2).

We will prove a general recurrence counting any pattern (Theorem 14). If the
depth is zero, we see that each column consists of the values of a polynomial se-
quence, the objects of finite operator calculus. With these definitions and the re-
cursions we obtain from them, we can use Finite Operator Calculus to find formulas
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m| 1 8 28 62 105 | 7 42 120 236 || 6 45 144 300
7 1 7 21 40 59 6 30 72 120 5 30 78 130
6 1 6 15 24 30 5 20 39 52 4 18 36 40
S 1 5 10 13 13 4 12 18 16 39 12 0
4 1 4 6 6 4 3 6 6 0 2 3 0
3 1 3 3 2 0 2 2 0 1 0
2 1 2 1 0 1 0 0
1 1 1 0 0
0 1 0

01 2 3 =n 2 3 4 ) 3 4 5 6

Table 1: The number of ballot paths containing rur exactly k = 0,1, 2 times.

that enumerate the ballot paths with a given number of occurrences of a depth-zero
pattern. In [7] and [8], we counted the case k = 0, the avoidance of a depth-zero
pattern. This can be done using ordinary finite operator calculus. For k& > 0, we
need the bivariate extension of this theory. We first briefly introduce the concepts
of finite operator calculus.

2. Main Tools

In this section we will present the main tools from finite operator calculus [10] that
will be used to solve these enumeration problems. We say a sequence of polynomials
sn(x), where s, is degree n, is a Sheffer sequence if its generating function is of the
form

3 sa(@)t" = o(t)e™ O,

n>0
where o(t) has a multiplicative inverse o(t)~tand 3(t) is of order 1, and thus has
a compositional inverse 371(t). Every Sheffer sequence is associated to a basis
sequence, usually denoted b, (x), and its generating function is of the form

Z b (2)t" = P,

n>0
The Sheffer operator B : s, — s,_1 and the shift operator E® : p(x) — p(x + a)

can be written as power series in the derivative operator D := d%,
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The second formula above for the shift operator is a restatement of Taylor’s
Theorem. We need not worry about convergence here since the operators act on
a polynomial ring, and thus only a finite number of the terms in the power series
are needed for a given polynomial. This is the reason for the name finite operator
calculus.

In our previous papers, we used the theorems in finite operator calculus to count
the number of ballot paths avoiding a given pattern. From the above example, we
see that we have a sequence of polynomial sequences, and so we will need a bivariate
form of finite operator calculus. Much of the definitions and theorems are similar,
and so we will only present the needed theorems in the bivariate finite operator
calculus.

3. Bivariate Operators and Polynomials

The objects in bivariate finite operator calculus are polynomials in k[u, v] and the
shift-invariant operators belong to k[[D., D,]], where D, and D, are the partial
derivatives with respect to u and v, respectively. For a detailed study of multivariate
finite operator calculus, see [12].

Every univariate delta series has a compositional inverse, but how do we general-
ize the concept of a compositional inverse for bivariate formal power series? Given
a pair of formal bivariate power series (51, 32) in k[[s,t]]?, we say (y1,72) is the
inverse pair for (51, 82) if (B1(71,72), B2(711,72)) = (s,t). We also use the notation
(B7Y, By 1Y) for the inverse of the pair (81, ().

We will need to find the compositional inverse of a pair of bivariate power series.
The Lagrange-Good inversion formula tells us that a pair of power series has an
inverse pair if it is a delta pair, that is (81, B2) = (s¢1,td2) is a delta pair where ¢;
and ¢o have multiplicative inverses. We present a form of the bivariate Lagrange-
Good inversion formula [4].

Theorem 4 If (y1,72) = (s/e1,t/€2) is a delta pair with inverse pair (51, 32), then

[ﬁl (57t)k62(3,t>l]m7n = [Gl(sat)nl—’_lég(s,t)”""ljfy]

m—k,n—1"

where J stands for the Jacobian

d(m,72) ‘ gn Su ‘
j’}/ — ‘ — sl 82
(s, t) azit éZLt
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Since (f1,52) is also a delta pair, we could write (51,32) = (s/¢1,t/d2), and
thus

[D1(s,8)F pa(s, t)'] o = [e1(s, £) ™ ey (s, 1)1 7]

As in the univariate finite operator calculus, we will associate linear operators
in k[[D.,D,]] with the bivariate formal power series in k[[s,t]]. The operators
associated with delta pairs will also be associated with the Sheffer sequences in
bivariate finite operator calculus.

m,n "

4. Bivariate Sheffer Sequences

We say a bivariate polynomial sequence Sy, »(u,v) is a Sheffer sequence for a delta
pair (B1, B2) if By : Smn(u,v) = Spm—1,n(u,v) and Ba : Sy pn(u,v) = Smon—1(u,v).
Here sy, ., has degree m as a polynomial in u and degree n as a polynomial in v.
The sequence by, »(u, v) is the basic sequence for (B1, Bz) if it is a Sheffer sequence
and satisfies the initial values by, ,,(0,0) = 0y,00n,0. We have the following theorem
that categorizes Sheffer sequences with their generating function. Clearly, this is
analogous to the univariate case.

Theorem 5 The following are equivalent:

(1) (Sm,n) is a Sheffer sequence for the delta pair (By, Bs).

(ii) There exists a power series o(s,t) and a delta pair (81(s,t), B2(s,t)) such that
the generating function for the polynomial sequence (Sp,.n) can be written

Z Smon (U, v)s™E" = U(s,t)e"ﬁl(S"")Jr”m(“”’t)7
m,n>0
where o(0,0) # 0 and (By, Ba) = (67 (Dy, Dy), 35 (Dy, Dy)).
m n
(iil) smalu+z,v+y) = > > s16(U, 0)bom—t n—k(z,y), where (by,n) is the basic

1=0 k=0
sequence for (By, Ba) with generating function

Z bm n(u’ U)Smtn — euﬁl (s,t)—i—vﬁg(s,t).
m,n>0

From the binomial theorem for Sheffer sequences (Theorem 5 (444)), we have an
important corollary that will help in our later applications.

Corollary 6 We have

m n

bm,n(ua U) = Z Z bi,j (ua O)bmfi,nfj (07 U)'

i=0 j=0
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We call the polynomial sequences by, ,(u,0) and by, ,(0,v) partial basic se-
quences. In the general multivariate setting we get a similar result and the partial
sequences are obtained by setting all but one of the variables equal to 0. Notice
that the basic sequence can be recovered from these partial sequences.

We will see that the objects that count ballot paths with a given number of
occurrences of a pattern are these partial sequences. Also, the transfer formulae
become much more usable when dealing with partial sequences. We now turn to
the transfer formulae for the bivariate basic sequences.

5. Bivariate Transfer Formulae

For the transfer formulae, we must define umbral shifts for multivariate basic se-
quences and the Pincherle derivative for the corresponding operators.

We define the umbral shifts ¢ and 1 as the multiplication by u and v respectively,
so the partial Pincherle derivatives are

oT oT
oD, ~ To — oT and oD,

=Ty —T.

In the univariate case, we use the Pincherle derivative on a delta operator in order
to find an expression for its basic sequence. It would seem natural to define the
bivariate Pincherle derivative as the Jacobian of a pair of operators:

0Ty, Ts)
O(Dy, D)

b

J(T1,T») :’

which can be written in terms of the partial Pincherle derivatives.

We would also like an expression for the umbral shift associated to the delta
pair (By, Bs), that is the operators, 0p, and 0p, such that 0p, by, ,(u,v) = (m +
Dbmt1,n(u,v) and 0p, by n(u,v) = (n + 1)by nt1(u,v). We have the following
lemma concerning these umbral shifts.

Lemma 7 If Op, are the umbral shifts associated to the delta pair (By, By) with
basic sequence (by, n), then, for p=1,2, we have

dDy D,
dB,’

05, =g
P

Proof. We prove these in a way similar to the univariate case. We know that

37 b (u,0) 8™t = etBr(5:0+082(58) swhere (B, B2) is a delta pair,
n>0
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= B (D, Dy), and By = 35 ' (Dy, D,,). Then
Z bmyn(u,v)gmtn — Z (m+ 1)bm+1,n(u,v)5mt"

m,n>0 m,n>0

= D, Z b n (u, v)s™t"

m,n>0
0 0
= (uasﬁds,t) + vasﬁg(s,t)) gubrL(sit)+vfz(s,t)

We also know that f(By, By)e®f1(s:0)+v82(s:t) — f(5 )eufr(s:)+v02(5) for any power
series f. Thus,

0 0 0D,
0p, = u—p1(B1,B —32(B1, B
B UaBlﬁ1( 15 2)+063152( 1, B2) = ¢8B1 ‘Hﬁ
since D, = (1(B1,Bs) and D, = (2(B1, B2). A similar argument shows 0p, =
V3B + 55 .

This is very similar to the univariate case. For the Pincherle derivative we get

o(T1,T3) _ | Thop, —0p,Th Tobp, —0p, 1>
(B, Bo) T0p, —0p, 11 Te0p, —0p,T>

Because each expansion is similar, we show the top left:

oD, oD,
TleBl - eBlTl - T1 ( 631) <¢631 aBl)
oD, oD,
_ o
0B

by the chain rule for partial derivatives. We are now ready to present the bivariate
transfer formula. (Equation (1) is shown in [12, Theorem 1.3.6].)

Theorem 8 Suppose (By, By) = (D, Py *, D,Py 1) is a delta pair, then

boon(,0) = PRI (By, By) (1)
m,n ) - 1 2 1, D2 m'n'
= (uP"vPy +vPyuP{"* —uwwP"Py}) o (2)

18 the associated basic sequence.

Proof. We begin by showing the equivalence of the two forms. We have a similar
simplification as in the univariate transfer formula;

moyn Pl w 0P D, oP" m,,n

m+1 pntl u _ - oD, ~“m 9D, u'v
P1 P2 j(Bla BQ) min! _ D, 9P pr _ Do or; mln! (3)
e n 0D, 2 7 n 9D, ’
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When we expand the determinant, we apply D, and D, to “-Y giving us the

m!in!
m—1 ™ 1

following operator on % , where, for elegance, we will denote P/ by @)1 and

P3 by Q2.

m!n!

Qz 0Q1

—Q2 U+~7(Q1,Q2)-

Q1Q2uv — Q1 0

To simplify, we expand the Jacoblan as follows:

_0Q1 0Q2  0Q; Q2
J(@Q1,Q2) = oD, 0D, 0D, 0D,

= 6Q1 (Q2U —vQ2) — (Qrv — UQl) 8Q2
B 5@1 0Q1 5@2 3@2
= Qz ~ap, %2 Qv VD,

We expand the remaining derivatives and, upon cancellation, we get

u@Q1vQ2 + vQ2u@Q) — uvQ1 Q2.

Because of the lack of commutativity, there are many forms for the transfer formula.
This one has the least amount of terms while retaining symmetry. We need to show
that this is the basic sequence for the delta pair (By, B2). In the first form we can
show that

um— 1 "

Biby n(u,v) = PPPYH T (By, 32)7(7” Ty

- bmfl,n(ua /U)a

and a similar result for Bs. What remains is to show by, ,(0,0) = 0,,,00n,0. The
second form only holds for positive values of m and n. The following forms show
that by, ,,(0,0) = 0 when (m,n) # (0,0);

( (’9B2 832 ) lepn+1 um—lyn

bm n = -
(u,) “ap, oD, minl
0B, 831 umyn!
= (o221 prippt Y
(” oD, "oD, ) 2 T min!

We prove the first one; again we denote P by (1 and P3* by (2. Expanding
the partial derivatives as

0By L 0P, OBy ., 0P
b, =5 <1 Py DaD) and 552 = —Py*Dyot,
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we get the following operator on ki

u@Q1Q2v — uQy gg2 +vQy ggz
= uQ1Q2v — uQ1(Q2v — vQ2) + vggQ Q1

= uvQ2 +v(Q2u — uQ2)Q1
= uQ1vQs + vQruQ1 — uvQ1Q>.

Finally, evaluating (3) at m = n = 0 shows us that by o(u,v) = 1, which completes
the proof. O

Corollary 9 If (A1, As) and (B, B2) are delta pairs with basic sequences (am,n)
and (b, n) respectively, then

0(B1, Ba)

bm,n(uvv): 1m+1v27hLl m

(U, V)

or
1
b (1, 0) = o (0.4, VI™00, V3 + 00, V304, VI = 04,00, VI"VS') Q1,1 (),

(B, B2)

where A; = V;B; and | ————=
0(A1, As)

1s the Jacobian with respect to Ay and As.

The proof of the corollary is analogous to that of the theorem. We present an
important special case to this corollary by letting Ay = Bs.

Corollary 10 If (A1, As) and (B1, B2) are delta pairs with basic sequences (Gm,n)
and (by, n) respectively, and Ay = Ba, then

1
by n(u,v) = EGAl V™ am—1 n (0, 0).

In order to use these transfer formulae, we need to expand the V; in terms of the
A;. For this we use the Lagrange-Good Inversion to get the following corollary.

Corollary 11 If (A1, As) and (B1, B2) are delta pairs with basic sequences (Gm,n)
and (b, n) respectively, then

;) o
v = S [ | SRl
i>0 j>0 ’ m—1,n—1
= T% [ |G| i,
i>0 j>0 (s:1) 1)

where Al = V;BZ = TZ‘(Bl,Bg) = Bi/ei(Bl,Bg) fOTi = 1,2
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Note that the bivariate series 7; in this corollary may contain linear operators as
coefficients. The following is a technical lemma that will be used in our applications.

Lemma 12 Suppose by, n(u,v) is a bivariate basic sequence for the delta pair
(Bl,BQ). Then

u
0B, bmn(u+c,v)|,_o = (m+ l)u—ﬂbmﬂ’n(u +¢,0).

Proof. We first recall that 0, = ¢p%5= 4 982, We have

OES

0B,

_ peg, (aEg oD, | OE; aDU>
«Pr = \oD, 9B, " 9D, B,

oD,
= EEOBl — CEi 831

eBlEvi = E5951_

oD,
= Eif0p, —cE.¢p™ (931 - w&'Bl)

oD
= FE.(I—cop™)0 EC¢p p——"
u( C¢)B1+c u¢ waBl>
where ¢~ is the left inverse of ¢. The second term vanishes when v = 0. So we have
0B, Eyby n(u,v)|,_o = Ey (I — cczf) 0B, bm n(u, v)|v:0.
Expanding the right-hand side simplifies to the right-hand side of the lemma. O

The last transfer formula is a special case when A; = 7;(B1, B2) and 7; € k[[s, t]],
that is, 7; does not contain operator coefficients. If (a, ) is basic for (A1, As) and
(bm,n) is basic for (B1, Bz), then

Z bm n(u7 ’U)Smtn _ euﬁl (s,t)+vB2(s,t) — et (71,72)+vaz(T1,72) (4)

m,n>0
= Z (U, V)T TS
m,n>0
where A; = a;l(Du,Dv) and b; = ﬁ;l(Du,Du), for 7 = 1,2. We have proven the

following theorem.

Theorem 13 If A; = 7,(B1, B2) where 7; € k[[s,t]], (am.n) is basic for (A1, As),
and (b, n) is basic for (By, Bs), then

b (u, v) = ‘ z”: [Tng} nai’j(um).

Now that we have all the tools, we need the recurrence for counting strings in
ballot paths.
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6. General Recurrence

Let s, x(m) be the number of ballot paths ending at the point (n, m) with k& occur-
rences of the given string p and let s, x(m;p) be those paths counted by s, x(m)
that end with p. For all m > n we have

Snk(m) = sp—1.6(m) + sp(m — 1) — Sy g11(m; p) + sp k(M p). (5)

The first two terms are simply noticing that each path could end with an up step
or a right step. Consider each path counted by the first two terms. If we attach
the corresponding step to the end of each path, we may be completing the pattern
p. The third term takes care of this possibility. Finally, the last term takes into
account the paths with k occurrences of p that end in p.

We count a pattern twice if it overlaps with itself. We call the overlaps o; bifizes
because they appear at the beginning and end of the pattern. We write the pattern
p with bifix o; as p;o; = p = 0;p}, where the “right end” p; and “left end” p! have
dimensions b; X d;, and p has dimensions a X ¢. As an example consider the pattern
rurrur, which has bifixes 01 = r, p{ = rurru, pj| = urrur, and oy = rur, p§ = rur,
ph = rur. So, the path wuururrururrur has two occurrences of p overlapping in
01.

Now we consider the term s, x11(m;p), and let us order the bifixes of p by size,
ie. |oi] > |oa] > -+ > |oi|. The pattern at the end can either overlap with o1, or
not. Thus

Spo k1 (M3 D) = Sp—py k(M — d1;p) + Sp—py k(M — di; (—p7)o1), (6)

where —p means any pattern except p.

At this point the proof splits into two cases. We say a pattern p is periodic if
there is some subpattern ¢ such that p = qo¢"® = (¢’)*qo for some k > 1 and possibly
empty pattern go. For example, p = r(ur)® is periodic with ¢ = ur, ¢ = ru, and
go = r. We will assume ¢ is the smallest subpattern of p where p = go¢®. We
continue the proof for the case where p is not periodic.

Choosing the longest overlap o1, i.e., removing the shortest “left end” p} guar-
antees that only one occurrence of p is deleted from the end of the path. Now,
each bifix is contained in every larger one, i.e. 0; = ojx; for every 7 > j and some
nonempty string x;. In particular, 0y = 0222, and so the last term either contains
paths ending in pxo, or not. Thus

Snk+1(Mp) = Sppy k(M — di;D) + Sp—by k(M — d2; p)

+8n—by k(M — do; —(p V pi)o2),

where p V ¢ means p or q. Continuing, all of the bifixes will be exhausted, ending
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with the last bifix 0;. Hence,

l
Smaa1 (m5p) = D Sp_p, k(M — disp) + sp_p, k(m — di; = (\/p>

i=1

:anbkm dzap>+8n ak _C_'\/p
= an—bj,k(m*di;P)JrSn—a,k (m —¢) = sn—qk(m \/P

%

an bl,k m — dzap)+3n ak: an ak _C;pi)

anfbi,k: m — di;p)+sn—ak (m—c _anfbi,lﬂ»l (m —dispio;) .
i i

Finally,

St (Mip) = Y (Snb, k(M = di;p) = $n—p, k41 (M = di;p)) + Sn—a s (M —c) . (7)
1
The paths ending in \/, p/ become a disjoint union because for each such path,
there is a unique bifix that will add exactly one more occurrence of the pattern p.
Next, we show that (7) holds when p is periodic. The last term of (6) counts
paths that end in (—p{)o;. This term cannot split if p is periodic using the next
bifix. In this case we have

Sn k41 (M5 D) = 8n—by k(M — di;p) + $p—ak(m —c;=¢').
Next, similar to the non-periodic case, we have
$n,ke+1(M5 D) = 8n—py k(M — d1;p) + Sp—a,k(M =€) = Sp_ar(m —c;¢).

Now, to the last term, we append gp and as many ¢’s necessary to create exactly
one more occurrence of the pattern p. Again, due the periodic nature, the ending
pattern cannot have a ¢’ before it with the exception of appending only go (or one
q if o is empty). All of this gives

Sn k1 (M D) = Sp—py k(M — d1;p) + Sn—a (M —c) — sSp_p, gr1(m—dizp)  (8)
-1

- Z Sn—by k+1(m — di; (—q")p)

i=1
= Sn—bl,k(m - dl;p) + Sn—a,k(m - C) - 5n—bz,k+1(m - dl;p)
-1
- Z(snfbi,lH»l(m = di;p) = Sn—b,1 k(M — dit15p)),
=1

which is equivalent to (7).
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Next, rewrite each difference in (7) using (5), giving

S 1 (M) = > [$n—p, k(M — di) = sp_p,—15(m = di) = $p_p, k(M — d; — 1)]
i
+Sn—a,k(m —c).
Finally, use this to replace the last two terms of (5). This proves the following
rheorem.

Theorem 14 Let s, x(m) be the number of {1,—} lattice paths from the origin to
the point (n,m) with k occurrences of the pattern p. Then

Sk (M) = sn—1,6(m) + spe(m —1) = sp_qr(m —c) + sp—ar-1(m —c)

=2 [sn—bik(m — di) = sp—p,—16(m — di) = sn—p, k(m — di — 1)]

7

+ 2 [sn—bik—1(m = di) = sn—p,—1,5—1(m — di) — sp—p, k—1(m —d; — 1)],

where p has dimensions a X c.

7. Counting Strings in Ballot Paths

We return to our pattern rur as our guiding example. We have seen a table of
values for k =0, 1,2 in the Introduction. With this pattern, the general recurrence
simplifies, giving us

Snk(m) = sn_1k(m) +spk(m—1) —sp_1x(m—1) + sp_1%(m —2)
+Sn—1k-—1(m—1) — sp_1 k—1(m — 2).

The first question we answer is about the first nonzero column for each k > 0. The
following lemma gives a complete description.

Lemma 15 Let the depth of a pattern p be zero. Given p, for k > 0 we have,
(m) = 0 ifn<a+blk—1)
Sk = mt1—a—bk—1) ifn=a+bk—1),

where a is the number of r’s in p and b = min{b;} corresponding to the largest bifix
i p, or b= a if p is bifix free. In particular, the first nonzero column is a linear
polynomaial in m.

Proof. Given k > 0, the smallest p can appear k times is overlapping itself (k — 1)
times using its largest bifix, or concatenating with itself k times if p is bifix free. Let
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pi be the resulting pattern obtained by this construction. The earliest p; can appear
is if it starts on the y-axis, and thus the first nonzero column is at n = a +b(k — 1).
Clearly, when this column meets the diagonal y = x, there can be only one path
containing pr. Moving up this column, a paths containing p; reaching the point
(n,m) can be appended with an up step so they reach (n,m+ 1), and also one path
coming from the left contains p,. Thus, there is exactly one more path containing
p reaching (n,m + 1) than (n,m), and the proof is complete by induction. O

For each k > 0, we have a difference recursion that implies (s, ) is a polynomial
sequence [5]. Thus, degsp,r =n—a—b(k—1)+1for k>0and n>a+b(k —1),
and we have already seen that s, ¢ is a polynomial of degree n [7].

Before we can start using the bivariate theory, we need to do two things. First, we
must modify our polynomials a little so that they are like basic sequences. Second,
(Sn.k) is not a bivariate polynomial sequence. We can make it into one by choosing
our favorite univariate basic sequence, and do a construction similar to Corollary 6.

8. Creating a Bivariate Basic Sequence

For all n and k notice that s, x(m+n—1) =0 at m = 0 except when n =k =0, in
which case sg o is a constant, we get 1. This is still true for b, x(m) := Spprpr(m+
n+kb—1). We define b, j, this way for more elegance in the later equations. With
Corollary 6 in mind, we want to use by, ;, as one of the partial bivariate sequences,
so we pick a univariate basic sequence (a,) to be the other. Notice that given two
univariate basic sequences (p,,) and (gy), the product am, »(u,v) := ppm(u)g,(v) is a
basic sequence. We say that the bivariate sequence factors if it can be written this
way. The partial bivariate sequences are G, n(4,0) = Py (w)dn,0 and am, ,(0,v) =
qn(0)dpm0. With this in mind, we define

bt (u,0) =Y ) b j(Wan—(0)0m—i0 =D bm,j(w)an_;(v).
i=0 j=0 j=0
Notice that
b0,(0,0) =Y b j(0)an—;(0) = b n(0) = 06,0,
j=0

and bgo(u,v) = bgo(u)ap(v) = 1, so it meets some of the requirements for a ba-
sic sequence. Suppose B : sp; — Sp—1k and K : s, — Spr—1, then By =
BE;! : byyn(u) — by_1n(u) and By := K(BE;Y)? : by (u) — bym—1(u). Since
bgﬁ?n(u,v) is a linear combination of the b, ,(u), it will have the same recursion.
Transforming the general recurrence (Theorem 14) for s, x(u) into operators, we
get
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(1 - K)B“E; ¢
1+(1—-K)S. BbE;%’

7

V.=DB-

where V,, = 1 — E;!. Notice that when K = 0, we get the univariate operator
equation in [7] for ballot paths avoiding a pattern. Substituting the operators B
and Bs gives

B{E*¢ — ByB{ PEo—c

u

L+ BYEG ™" =Y BBy By

Vu

BE, —
(B} — B2) By "By

— B,E, — .
' L+ (BY — By) Y. By PEL

Solving this in general would be quite messy, and not very enlightening.

8.1. Counting rur in Ballot Paths

We will now show how the finite operator theory applies to our guiding example
rur. This example is very basic, and we will solve it in three ways. The pattern rur
has just one bifix r, and so we have a = 2 and b; = ¢ = d; = 1. The corresponding
operator equation becomes
v _pp_ Bi-B)BE. BB,
14+ (By — Ba) 1+ B; — By
Since B, = A : a, — an_1, we can use Corollary 10 to find the solution. Using

Corollary 11,
m 1 OT i i
V= E E {e’ﬁ'l m—ﬁsl] ‘AlAé,

i>0 j>0 \J

E,
where 71 (s,t) = ﬁ and € (s,t) = E; (1 + s —t). We get
5 —
m i m (meA g =N i g g
v = g E (-1) — P EmMTTALAL.
i>0 >0 )

Thus, by Corollary 10,
(@) . m+j—1 (—l)i - .
) =00 X3 (M) ),
i>0 j>0

Using Lemma 12,
. i—1
b, (u,0) = 33 (-1) (m +J ) — O mines(u+m—i,0).

1,7 u+m—1
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We know that bgﬁ?n(u,O) = by n(u) and (an,,) is a bivariate basic sequence for
the delta pair (V,, A). Since A is a univariate operator, (am ) factors, that is,

—1 —1
o (U, 0) = <u+m )an(v). Thus, am n(u,0) = (u+m >5n70, which im-
m
plies

i(m+g—1 U u+2m—2i -1
bnn(u) = ZZ(‘U( i )m( i )5n—j,0

i>0 j>0

Z(_l)i m+n—1 U u+2m—2i—1
i,n u+m—i m—i ’

i>0

m

Finally, since s, x(m) = by x(m —n + 1), we have
(n—1\ m—-n+1 (m+n—-2k—-2
n = - . ST E——— . . 9
Snoe(m) ;( )<z,k)m—|—1—k‘—1( n—k—i ) ©)
Notice that we could also write
B
E_ I
Va 1 + B1 — By

for the operator equation. The right-hand side is a power series in B; and By with
no operator coefficients, which means we can use Theorem 13 to find the solution. In

2m — 1
this case, we have A; = V, E, !, which has <u +am
m

Py ) as its basic sequence,

Tl(S,t) =

2i—1
e and a; j(u,v) = 4 (u + il )aj(v). Using the theorem with

u+1
(a)

To(s,t) = t, we get byn(u,v) =

& u (u+2i—1\
ZZ m,n—j ] i aj(v)

=0 j=0
G —i k u (u+2i—1
-2 Z<k)<s—t> (T e
i=0 j=0 | k>0 P
e m+n j—1 u u+2(m—1i)—1
= 22 T 77 )4 0).
=0 = wn—7 u+m-—=1 m—1

When we let v = 0, then the nonzero terms occur when 57 = 0; hence,
“ (m+n—1 u u+2(m—i)—1
bm n = -1 ‘ . - . . )
() ;( )< ,n )u+m—z< m—1 >

and finally since s,, (m) = bp—gx(m —n + 1), we get (9).
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Tm |1 9 29 49 78 131 171 204 210 154
8 1 8 22 32 50 76 87 90 66 o
7 1 7 16 20 31 40 39 29
6 1 6 11 12 18 18 13
5 1 5 7 7 9 6
4 1 4 4 4 3
3 1 3 2 2
2 1 2. 1
1 1. 1;
0 1
o 1 2 3 4 5 6 7 8 —n

Table 2: Number of ballot paths to (n,m) avoiding rur and urru

Finally, because

By
E'-F?2=_ "
“ u 14+ B; — By’

we can solve for E, in terms of By and Ba, E,, = 1+ 7 (B, B2), say (see (4)). Let
b(s,tsu) =3, >0 bm,n (u) s™t", and thus

u

1—|—s—t—\/(1—t—3)2—452
2s

b(s,t;u) = (147 (s,t))" =

We find

Z Sntkgk (M+n+k)s"th = b(s,st;m+1)
n,k>0

m—+1
1+5—st—\/(1—st—s)2—432
2s

9. Outlook: Ballot Paths Avoiding Two Patterns

We are interested in the number of ballot paths containing several patterns at the
same time. Here is an example of a ballot path avoiding the patterns urru and
rur (note that urru has depth 1). In addition to avoiding each pattern, urru and
rur, we also have to avoid overlaps like rurru. Without the benefit of the general
recurrence formula (Theorem 14), we have to show the following lemma. Let s,,(m)
be the number of paths from (0,0) to (n,m) avoiding both patterns.
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Lemma 16 We have

Sn(m) = sp(m—=1)4+8p-1(m) —Sp—2(Mm—2)+5,_3(m—2)
—Sp—1(m—1)4 81 (m —2).

We will first show a technical result, using the same notation as in Section 6.
Lemma 17 We have s, (m;ru) + Sp—a (m — 2;ur) = s, (m — 1) — s, (m — 2).
Proof.

Sn (Myru) = 85 (M rrru) + 8, (M uuru) (avoiding urru and rur)

= 8p (m = 1;777r) 4+ 85, (M — 1;uur) (deleting last up-step)

(

(m
=sp,(m—1)— s, (m— L;urr) — s, (m — 1;u) (complement)
=8, (m—1)—sp—2(m—2;-71) — s, (m—2;~urr) (av. and del.)
=sp(m—1)—s,(m—2) = sp—2 (m —2;u) + s, (m — 2;urr) (comp.)
=sp(m—1)—s,(m—2) = sp—2(m—2;u) + $p_2 (M — 2; uu)
=sp(m—1)—s,(m—2) = s,_2(m—2;ur).

Now we can prove Lemma 16.
Proof of Lemma 16.  Various steps of pattern avoiding and complement-taking
show that

Sn(m) = s, (m—1;-urr) + s,—1 (m; —ru)
= Sp,(m—1)—=s,(m—Lurr) + sp—1 (M) — $p—1 (M; 1)
= sp(m—1)4s,-1 (M) — s, (m —L;urr) — sp,—1 (Mm;ru)
= Ssp(m—1)48,-1(m) —sp_o (M —2;-7) — $p_1 (M; r0)
= spo(m—=1)4+s,-1(m) — sp—2(m —2) 4+ sp—2 (M — 2;7) — Sp—1 (M;TU)
) (m)

= Spy(m—1)4+s,-1(m) — sp—2(m —2) 4+ sp_3 (M — 2)

—8p—3 (m —2;ru) — S$p—1 (M;1u).

It remains to show that s,_o (m — 2;7u) + s, (Mm;ru) = s, (M —1) — s, (M —2),
which follows from Lemma 17. |

If we denote by B the operator mapping s, (n +m) into s,—1 (n — 1+ m), then

V=B(E+E'-1)-B*+EB (10)
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and thust (t) = (E — V)t — t? + Et3. It follows from the transfer theorem of the
univariate finite operator calculus [6] that b, (z) =

], (57

i ( ! > (B — vy~ gri=i (—1)ni L (l e 1)

t—J,n—1—7 T )
17=0 J J

= )EOC )

1 =0 k=0

-

1

o
I

Il
-

o
I

-

X

(2

is the corresponding basic sequence. Because

E=(1+B+B-\1-B(1+B) (3B - B+2))/(2B+2B%)

in (10), we find

W (1Pt Tt (A1) B —t+2) )
D bu (@)t ( 2(t +13) ) '

n>0

To determine (s,,) we need initial values. Because both patterns can only occur
when n > 2, we need separate initial values for the beginning of the recursion; we
see from the table that so(—1) = 1, s1(0) = 0, s2(1) = 1, and s3(2) = 0. By
Lemma 16, s, (n) =

Sn(n—1)+sp-1(n) —sp—2a(n—=2)+s,3(n—2)—sp_1(n—1)+ 5,1 (n—2),

and hence s, (n — 1) 4+ s,—1 (n —2) = 0, and thus s, (n —1) = 0 for n > 4. The
binomial theorem for Sheffer sequences shows that

sn(n+x)zzn:sl(l—l)bn_l(a:—i—l):bn(x+1)+bn_2(3§—|—l)
1=0

and

an(n—i—m)t":(l—i—tQ)

n>0

12t tlr06E_tro)
2(t+13) '

Especially the number of Dyck paths avoiding uddu and dud has the generating
function

S s (n) 1" = 1+ 4+t—/1-t(1+1) (32—t +2)

2t
n>0
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