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Abstract
We investigate an impartial combinatorial game: Toppling Towers. We will give
genera of some positions, and provide all tame positions. Furthermore, all positions
which are both tame and P-positions for board sizes of 2 x m are shown.

1. Introduction

By a game we mean an impartial combinatorial game, and we restrict our attention
to classical impartial games. The theory of such games can be found in [4] and [5].

Given any game G, we say informally that a P-position is any position u of G
from which the previous player can force a win, that is, the opponent of the player
moving from u can force a win. An N-position is any position v of G from which
the next player can force a win, that is, the player who moves from v can force a
win. The set of all P-positions of G is denoted by P, and the set of all N-positions
by N. By Op(u) we denote all the options of u, i.e., the set of all positions that can
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be reached in one move from the position u. It is clear to see that for each position
u of G,
u € P if and only if Op(u) C N, (1)

and
u € N if and only if Op(u) NP # 0. (2)

Indeed, the player I, beginning from an N-position, will move to a P-position
which exists by Eq. (2), and the player II has no choice but to go to an N-position,
by Eq. (1). In other words, the set of all positions of every game can be partitioned
uniquely into its subsets P and V.

Recall that the P-positions and N-positions of a game are not “symmetrical”.
A position in P requires that all its options are in N, which is a relatively rare
event. Singmaster [6,7] proved that “almost all” positions are N-positions. This
fact may partially explain why a winning strategy of a game is normally given by
characterizing its P-positions rather than its N-positions.

There are two rules in an impartial combinatorial game: normal play convention
and misere play convention. Under the normal play convention, a player loses if
she has no options. Under the misére play convention, a player wins if she has
no options. The Sprague-Grundy theorem [2] stated that an impartial game under
normal play convention is equivalent to a Nim heap of a certain size. However,
there is not a similar result under misere play convention. The traditional tool for
the analysis of an impartial game under misere play convention is the genus symbol
or the misere Grundy value, which was developed by Conway ([4, Chapter 13] and
[5, Chapter 12]).

The Toppling Towers game is played as follows: Given an n x m board, along
with the placement of k < n x m towers on the board. On her turn, a player can
“topple” a tower in one of the four cardinal directions. Upon falling, the tower then
also topples all contiguous towers in the direction in which it was toppled. Towers
that have been toppled are then removed from the board. Under the normal play
convention, a player loses if she has no towers to topple. Under the misere play
convention, a player wins if she has no towers to topple.

Allen [1] investigated 1 x m board in Toppling Towers game, and proved that

OPER SE ®

ifn>1.
Moreover, Allen [1] obtained the following results: Let
="+ X X+
k=1

where i; > 2 for j € {1,2,---,n}, and let v = 0 if m = Omod (2), v = 1 if
m = 1 mod (2). Then

G € P under the misere play convention < i; ®ig - Di, Dv=0. (4)
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Thus all P-positions of the 1 x m board in Toppling Towers game under the misere
play convention have been determined completely.

Allen [1] also investigated 2 x m board in Toppling Towers game. However, we
find that she gave some inaccurate conclusions on tame position for this board size.
By means of the theory of genus, we revise some conclusions of [1] in section 3. To
do this, section 2 will present more genera of some positions, and give all positions
which are both tame and P-positions for board sizes of 2 x m.

2. The Genera of Some Positions

Definition 1. Let S be any finite subset of ZZ° = {n € Z | n > 0}. We define the
minimum excluded value of S by the smallest nonnegative integer not in S. It will
be denoted by mex(S). In particular, mex(f)) = 0.

Definition 2 ([1]). Given nonnegative integers n and m, their Nim sum, denoted
by n@®m, is defined by the exclusive or of their binary representation. Equivalently,
the Nim sum of n and m can be determined by writing each of them as a sum of
distinct powers of two, and then canceling any power of two which occurs an even
number of times.

Definition 3 ([1]). Given a game G. We define

g+ (@) = 0, if G has no options,
7| mex{GT(G")|G" is an option of G}, else,

and

G (G) = 1, if G has no options,
| mex{G(G")|G" is an option of G}, else.

Definition 4 ([1]). The genus of a game G, denoted by I'(G), is defined by the list
of the form ¢90919293""  where

9=067(q),
go = g_(G)7

=G (G+3T) (nez2),
=1

and T denotes a Nim heap with 2 tokens.

Definition 5([1]). For a game G, we say that the genus of G, g90919293" | stabilizes
if there exists an integer N € ZZ° such that for any integer n > N, gn41 = gn ® 2.
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Let G be an impartial game. Then the genus of G stabilizes ([1, Theorem 2.1.5]).
If T'(G) = ¢90919295 gtabilizes at gy, i.e., gn+1 = gy @ 2, then the digits in
the superscript of I'(G) alternate between gn and gy41 ([1, Lemma 2.1.4]). Thus
we abbreviate the genus symbol T'(G) = g90919295" to T(G) = g90919293 -9n (9N D2),
Recently, Allen [8] also examined the periodicity of the genus sequences of the heaps
of finite quaternary games.

How is the genus I'(G) of G calculated? Lemma 7 gives a kind of method. Lemma
6 presents some properties of operation @, which are used in the proofs of the main
results. Lemma 6 can be obtained by the properties of Nim sum, while Lemma 7 is
a result which was proved in [4].

Lemma 6. Given a,b € ZZ° and a > b. We have

(1)a=bsadb=0.

(2)a—b<adb<a+bd.

(8)adb=1<a—-b=1anda=1 mod (2).

(4) (i) If a =1 mod (2) and b =0 mod (2), then a®b=1 mod (2
(1) If a =1 mod (2) and b =1 mod (2), then a ® b= 0 mod (2
(#ii) If a = 0 mod (2) and b =0 mod (2), then a® b= 0 mod (2).

(5)a®l=a+1ifaiseven, a®l=a—1ifa is odd.

).
).

Lemma 7 ([4]). Suppose that G is a game with options Go, Gy, G., G, -+ such
that

D(Go) = ammesns,
D(Gy) = pontata,
DG = coercaes
D(Ga) = diiins
Then T'(G) = g90919295" where
g = mex{ab,c,d, -},
go = mex{ag,bo,co,do, -},
g1 = mex{go,g0® 1,a1,b1,c1,dy, -},
gs = mex{gl,gl @1,&2,b2,02,d27"'},
gn = mex{gn_1,9n-1®1,an,bn,Cn,dn, - }.

Berlekamp [4] proved the following results: Given an impartial game G with
genus I'(G) = g90919293" Then

under the normal play convention, G € P & g = 0, (5)

and
under the misere play convention, G € P < go = 0. (6)
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Thus, the genus of a game G is the perfect tool to determine the outcome class
of G under the normal play convention, or under the misére play convention. In the
literature, when this is the only information which is sought, the genus of a game
is abbreviated to g9°. However, we will not use this convention as we are interested
in whether a game is tame or not which cannot be determined by the base g and
the first superscript go of the genus.

Definition 8 ([1]). Given an impartial game G under the misere play convention.
G is tame if the following conditions hold: (1) T(G) € {020, 1931 kk(k®2)|} —
0,1,2,---}; (2) For every option G’ of G, G’ is tame. An impartial game G is wild
if it is not tame.

Since a tower can only effect contiguous towers, we see that a Toppling Towers
game can be thought of as the disjunctive sum of each of the contiguous components,

ignoring any empty squares. For example, if G=| , then we think of this game

as the disjunctive sum of the games G1: and Go = @ .
How is the genus of the disjunctive sum of two games G; and G5 calculated?
Lemma 9 gives partial result.

Lemma 9 ([5]). Let G and H be two tame games. Then G + H is also a tame
game and

I'(H), if D(G) = 0",
0'20, if T(G) =T(H) =1,
IN(G+H)= (,n ® 1)(n691)(n693), if F(G) _ 1031, F(H) _ nn(né}92)7
(n @ m)(n@m)(n@m@Q)) Zf F(G) _ nn(n@Z), F(H) _ mm(m,EBQ).

For n € Z2% by G = (@)n we represent a row of n towers, and by (%) we

represent two rows of n towers stacked on top of each other. Similarly, we also

have the meanings of (H)n, (%)n, and @)n
Theorem 10. Let G= (%) a%(%)b with a, b € Z2°. Then

NG = mglo(ma@m, ifa =0 mod 2 and b= 0 mod 2,
- ((a +bh4+ 1) @ 1)((aerJrl)Gal)((a+b+1)@3)7 else,

where my = f(a,b) is a unique nonnegative integer depending on both a and b.
Moreover, mg € {2,--- ,a+ b+ 2}.
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Proof. It follows from [1, Theorem 4.3.2] that G is tame. Thus
[(G) € {020,103 gr®D |k = 0,1,2,--- }.

It follows from [1, Proposition 4.3.3] that for a = 0 and b > 0,

r(G) = F((%)(J%(%) b) = (b+ 2)E+D(+2)82), (7)

By [1, Proposition 4.3.4], for a =1 and b > 0, we have

I(G) = F<(%> 1%(%)b) = ((b+2) @ 1)(E+2OV(E+2)3) ®)

It is sufficient to consider a > 2 and b > 2. We proceed by the induction on
k=a+0.

For k = 4, we have a = b = 2. It follows from [1, Appendix B] that I'(G) = 220,
which shows the base case.

Suppose that the conclusions of Theorem 10 are true for all £k < n. We now
prove that the conclusions are also true for & = n. We distinguish four cases: (i)
a = 1mod (2) and b = 1 mod (2), (ii) @ = 1 mod (2) and b = 0 mod (2), (iii)
a =0 mod (2) and b =1 mod (2) and (iv) a =0 mod (2) and b = 0 mod (2).

All options of G are listed as follows:

e O ) B o 1250
B]:(H) Q(Hf@) for 0<j<b,
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(i) a=1mod (2) and b = 1 mod (2).
In this case, (a+b+1)@® 1 =a+b. In order to prove

F(G) _ (((L +b+ 1) ® 1)((a+b+l)@1)((a+b+1)®3) _ (a + b)(a+b)((a+b)€l§2)7

by Lemma 7, we need only to prove the following two facts:

Fact I For any n € {020,191 ymm(m®2)|;m = 2 3 ... a + b — 1}, there exists an
option G’ of G such that T'(G’) = n;

Fact II There is no option G of G such that I'(G') = (a + b)(@t0)(a+0)D2),

Proof of Fact I
e Consider E,. If y = a, then I'(E,) = F(&) =1% by Eq. (3). fy =a—1,
then D(E,_,) = DX+ X)) = 020 by Lemma 9 and Eq. (3). If 0 < y < a— 2, then

0(8,) = () + ) = (a - y) @ ) CcenevED,

Note that 0 <y < a — 2, thus (a — y) @ 1 ranges from 2 to a by Lemma 6(5).
e Consider D,. By the induction hypothesis, we have

F(Dx) — ((a +b—x+ 1) ® 1)((a+b7m+1)€B1)((a+bfz+1)€93).

Note that if z =1, then (a +b—2+1)® 1 =a+ b+ 1. The fact 2 < x < b means
a+1<(a+b—2a2z+1)®1<a+b—1,thus (a+b—x+1) D1 ranges from a + 1
to a+b—1 by Lemma 6(5). o

Proof of Fact I1.
e Consider A;. By the induction hypothesis, we have

DA)=((a+b—i+1)a 1)((a+b—i+1)@1)((a+b—i+1)ea3).

Ifi =1, then (a+b—i+1)®1 =a+b+1. If i =2, then (a+b—i+1)®1l =a+b—2.
If 3 <i < a, by Lemma 6(2), then

(a+b—i+1)®1<(a+b—i+1)+1<a+b—-1<a+b.

e Consider B;. If j = b, then I'(By) = 1931, If j = b — 1, then I'(By—1) = 0120, If
7 =0, then
[(By) = (b—1)b~-D(-1)&2)

If1<j<b-—2 then
I'(Bj)=(b—j) e 1)(=9)OD((b=1)®3)

with (b—j)®1<b—j+1<b<a+bd.
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e Consider C. Tt follows from Eq. (3) that I'(C) = (a + b+ 1)(e+bFD((a+b+1)&2)
z a—z—1 b
e Consider F,. Let F,, = (,) and F,o = (,) E(E) . Then

[(F,) = T(F.1)+T(F.3). Note that T'(F,;) = 2*(*$2), By the induction hypothesis,
the fact b = 1 mod (2) means

D(Fo)=((a—z+b) @ 1)((a—z+b)@1)((a—z+b)®3)_
It follows from Lemma 7 that
F(FZ) — (Z ® (CL — a4 b) ) 1)(z@(afz%»b)@l)(zEB(aferb)@B).

Recall that a + b =0 mod (2), and for any z € {1,2,--- ;a—1}, 2@ (a —2+b) =
0 mod (2). Thus the fact z® (a—2z+b)®1 =1 mod (2) implies z® (a—z+b) D1 #
a+b,ie, T(F,) # (a+ b)latd)(att)d2),

o Consider H. T(H) = T(X)e + X+ XD?) = (a @ b @ 1)@be1)(@0b03) The
given conditions a = 1 mod (2) and b = 1 mod (2) imply that a®b < a+b—2 < a+b.
Thusa®b®1<a+b—-24+1=a+b—-1<a-+b

e Consider I. I'(I) = I‘((%)“ + (@)b) = (a @ b)(@®P)(@BbD2) " Tt ig easy to see
that a®b<a+b—2<a-+b.

a b—u—1 u
e Consider J,,. Let J,; = (.,) .,(.,) and J,o = (g) . Then T'(J,,) = T'(Ju1) +

['(Jyu2). It is easy to see that T'(J,2) = u*(®2), By the induction hypothesis, the
fact a = 1 mod (2) means

L(Ju1) = ((a+b—u)® 1)((a+b—u)®1)((a+b—u)@3).
It follows from Lemma 7 that
F(Ju) — ((CL +b— U) a1 u)((a+b7u)EBIEBu)((aerfu)EBBEBu)'

Note that a+b = 0 mod (2), and (a+b—u)®u = 0 mod (2) for any u € {1,2,--- ,b—
1}. Thus the fact (a+b—u) @ 1B u =1 mod (2) implies (a+b—u) D1Du # a+b,
ie., T'(Jy) # (a4 b)att)(a+0)®2)

The above analysis shows that for any option G’ of G, T'(G") # (a-+b)(@+0)(a+b)®2),
The proof of Fact II is completed. o

Cases (ii) and (iii) can be proved similarly.

For Case (iv), we have a = 0 mod (2) and b = 0 mod (2).
In order to prove I'(G) = m6n0(m0@2) for mg < a + b+ 2, by Lemma 7, we need
only to prove the following two facts:

Fact I There exist two options G; and G of G such that T'(G;) = 0'2° and
[(Gg) = 1931,
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Fact II For any option G’ of G, if I'(G') = ngo(n(’@Q), then ng < a+0b+ 2.
Proof of Fact I: Consider B;. If j = b, then I'(B,) = 191 If j = b — 1, then
['(By_1) = 020, o

Proof of Fact II:

e Consider A;. If i = 0 mod (2), then a —4% = 0 mod (2). By the induction
hypothesis, there exists an integer mg € {2,3,--+ ,a — i+ b+ 2} such that I'(4;) =
mg”(mo@”. Note that mg <a—i+b+2<a+b+1<a-+b+2.

If i =1 mod (2), then a — i =1 mod (2). By the induction hypothesis,

D(A;) = ((a—i+b+1)@ 1)@+ DED(a—itb+1)3)

It follows Lemma 6(2) that (a—i+b4+1) @1 <a—i+b+14+1<a+b+2.
e Consider B;. If j = b, then I'(By,) = 1931, If j = b— 1, then I'(By—1) = 0120, If
0<7<b-2, then

[(Bj)=(b—j)® 1)((17*;')691)((177]')693)_

It follows Lemma 6(2) that (b—j) ®1<b—j+1<b+1<a+b+2.

o D(C) = (a + b+ 1)aHbHD(@Hb+102)

e D,, 1 <x<b,issimilar to 4;, 1 <i <a.

e Consider E,. If y = a, then I'(E,) = 191, If y = a — 1, then ['(E,_;) = 0'%0.
If0<y<a-—2, then

I'(E,) = ((a — y) ® 1){(e=0)&D(a—1)®3)
It follows Lemma 6(2) that (a—y)®d1<a—y+1<a+1<a+b+2.
z a—z—1 b

1081, if 2 =1,
[(F.) = D(Fa) + D(Fze). Note that T(Fa) = ¢ .hay i,

If z =0 mod (2), then a — z — 1 = 1 mod (2). By the induction hypothesis,
[(F.) = ((a — z + b) @ 1)((a==40)@D(a=240)@3)
It follows from Lemma 9 that
F(FZ) _ (Z e (a — 4 b) ® 1)(z@(a7z+b)€9l)(zEB(aferb)@?))'

Note that z® (a —z+b)®d1<a+b+1<a+b+2.

If 2 =1 mod (2), then a—z—1 = 0 mod (2). By the induction hypothesis, there
exists an integer mg € {2,3,-+ ,a—2z—1+b+2} such that I'(F.5) = mglo(mo@m. It
follows from Lemma 9 that T'(F,) = (mq @ 2)(m0®2)(mo®282)  Note that mo ® z <
(a—2z—14b+2)®z<a+b+1l<a+b+2
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e '(H)=(a®b®1)@®eD@®E3) and a@bPpl<a+b+1<a+b+2.
e I'(I) = (a @ b)@®@®D2) and a®b<a+b<a+b+2.

oCbnﬁderJ@.LetJ@lzzG)ZandLQQ::(Ja<9b7U7l.Thm1

1031, ifu=1,
I'(Jy) =T(Ju1) + T'(Ju2). Note that T'(Jy1) = 22 iy > 1

If w =0 mod (2), then b —u — 1 =1 mod (2). By the induction hypothesis,
F(Ju ) _ ((a —u+ b) ® 1)((a—u+b)$1)((a—u+b)€93).
It follows from Lemma 9 that
F(Ju) — ((CL +b— u) ®1a u)((a+b7u)®1®u)((a+b7u)®3@u)'

Note that (a+b—u)®ldu<a+b+1<a+b+2.

If w = 1 mod (2), then b—u—1 = 0 mod (2). By the induction hypothesis, there
exists an integer mg € {2,3,--+ ,a—u—1+b+2} such that I'(J,2) = ménO(mO@Q). Tt
follows from Lemma 9 that T'(J,) = (mg @ u)(me®W(me®ud2)  Note that mo © u <
(a+b—u—-14+2)du<a+b+l<a+b+2. o

The proofs of Theorem 10 are completed. O

3. Tame Positions in Toppling Towers Game

Theorem 11. Let G1= and Go= . Then G and G2 are tame

and T'(G1) = 0°2, T(Gy) = 1931,

Proof. G1 has two options up to symmetry: A = and B = . We now

calculate T'(A). A has three options: A; = L Ay = and As =

By Eq. (3), we have I'(4;) = I'(B) = 2%° and I'(43) = 1%, Tt follows Lemma
9 that I'(43) = F(&)—&—F(X) = 020, By Lemma 7, we have I'(4) = 33! and
I'(G1) = 0°2. Note that the options A and B of G are tame. Hence, G is tame.

G has four options: C = , D= , B = ,and F =

. Tt follows from Lemma 9 and Eq. (3) that I'(D) = 22°, I'(E) =T'(4) =
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331, 1(C) = TOX) 11 (X)) = 3%, and 1(F) = 1(X) + 1(X)) = 0. By Lemma
7, we have I'(Gy) = 1931, Note that the options C, D, E and F of G are tame.
Hence, G5 is tame. O

Allen [1] proved that the game G defined by Theorem 12 is tame if and only
if n = 0 mod (4). Theorem 12 obtains the explicit representation of I'(G) which
contains Allen’s result.

Theorem 12. Let G = % (%) n% forn € Z='. Then

1031 if n =0 mod (4),
[(G)={ 1+31 ifn=1 or3 mod (4),
(n + 4)00+2((42)92) - if = 2 mod (4).

Proof. We proceed by the induction on n. Allen [1] determined the following four
genera, which show the base cases:

G- 0w
R0 - -

Suppose the conclusions of Theorem 12 are true for V n < m. We now consider
n = m. All options of G, up to symmetry, can be listed as follows:

e

? — (%)m_§ for 1<i<m,
b

b1}

DR B ocss e

The genus of each option of G can be determined:
o T(A) = a®n®203 = ((m + 2) @ 1)((m+)OD((M+2)®3) by Lemma 9 and Eq.

(7).
° F(B,L) — b?iobilbi2bi3--- _ ((m i+ 2) ® 1)((m7i+2)@1)((m7i+2)693) for 1 <i< m,
by Lemma 9 and Eq. (7).
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o I'(C) = cverczes = 0120 by Lemma 9 and Eq. (3).
o ['(D) = ddohidads — (4 3)(m T ((m+3)B2) 1y Eq. (7).
° F(E) — efoeiezes — (m + 2)(m+2)((m+2)®2), by Eq. (7>

S /NN 7 m—j—1
o Let Fj, = g"i{ and F, = (,.) ’ .. 1t follows from Eq. (7) that

I( ]{1) =(j+ 2)(j+2)((j+2)®2),

F(F;Q) =(m—j+ 1)(m—j+1)((m—j+1)®2),
By Lemma 9, we have
T(Fy) = flolindediss — (m— j+ 1)@ (j +2)(m-3t DO+ (=410 +2)62)
for 0 <j <[],
It is easy to see that all options A, B, C, D, E and F are tame, and none of the
genera for A, B, D, E and F is 191, We distinguish the following three cases:

Case 1. m =0 mod (4).
In this case, G is tame by [1, Theorem 4.3.5]. Thus the genus

T(G) € {0'2,1%, n"("®)|p € 720},

Let T'(G) = g90919295 . 'We will prove that ¢ = 1 and go = 0. Hence we have
I'(G) = 1%L
In fact, m > 1, m+2 >3 and m + 3 > 4. Thus

a=a=mM+2)@l=m+3#0orl,
d=dy=m+3#0orl,
e=e=m+3#0or 1.

Note that for 1 <7 < m, we have m — i+ 2 > 2, and so

It remains to examine I'(F}). Recall that 0 < j < LmT’lj = m74 We will prove

that for 0 < j < 12
fi=fio=m—-j+1)®(G+2)#0or L
In fact, if 0 < j < -4, by Lemma 6(2), we have
fi=fio=0+2)®m—j+1)<(m—j+1)+(+2)=m+3,

and
fi=fio=0+2)@a(m—-j+1)>(m—-j+1)—(j+2)=>3.
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Ifj = mT_Q, then j42 = mTH isodd, and m—j+1 = mTH is even, and mT+4_m7+2 =
1. It follows from Lemma 6 that (742 & m44) 5£ 0 or 1.
Note that ¢ = 0 and ¢y = 1. By Lemma 7, we have

9= mex{avbi(l < i < m),C,d,B,fj(O SJ < mT_Q)} =4,
go = mex{ag, bio((1 < i <m)),co,do, e0, Fjo((0 < j < 252))} = 0.

Case 2. m =1 or 3 mod (4).
In this case, G is wild by [1, Theorem 4.3.5]. The genus of each option of G can
be determined:

Subase 2.1. F(A) — g@oaiazaz- _ (m + 1)(m+1)((m+1)692); F(C) — cfocicaca —
020, (D) = ddodrdads — (4 3)(m+3)((m+3)@2)_

Subase 2.2. Consider B;. T\(B;) = (m + 2)m+2((m+2)92)  For 2 < i < m, we
have 2 < (m —i+2)® 1 <m. Thus

[D(By) = phobubabis=i = 12,3, .. ,m)
{220, 3317 446’ L ’mm(m®2)’ (m + 2)(m+2)((m+2)@2)}'

Subase 2.3. Consider F;. Note that 0 < j < || = ™1 We will prove that
for every integer j € {0,1,---, =1},

D(F}) # 1% or (m + 4)0 ) ((m+982)
In fact, if 0 < j < 32, by Lemma 6, we have
fi=fo=3G+2em=—j+1)<(+2)+(m—j+1)=m+3,

and
fi=fio=0+2)em—-j+1)>(m—-j+1)—(j+2) >4

If j = mT—S’ by Lemma 6, we have

) ) m+1 m+35

2§fj:fjoz(j+2)@(m—g+1):7@

Ifj=m2 then fj=fio=(G+2)e(m—j+1)="2B8 e m =0
We now prove that T'(G) = 1(m+4)31 Let T(G) = g90919295 and

<m-+3.

M = {a,b(1 <i<m),edse, f;(0 <5< P,

Mo = {ag,bio(1 <i<m),co,do, o, fj0(0 <j< 2},

My = {g0,90®1,a1,bi1(1 <i<m),cr,dy,en, f1(0 <5 <2,
My = {g1,01 ®1,a2,bi2(1 < i <m),ca,da, €2, fj2(0 < j < 21},
Mz = {g2,92®1,a3,bi3(1 <i<m),cs,ds, e, f;3(0 < j < 2,
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By Lemma 7, we have

(9) 0=ce Mand 1¢ M. Thus g = mex(M) = 1.

(go)OzfmTflo EMp,1l=cge Mg, m+1=uag € My, m+3=¢ey € Mg,
m+4 ¢ Moy, and

{blO‘Z: 1a2737"' am}:{27374a"' 7m7m+2} CMO'

Thus go = mex(My) = m + 4.

(91) Note that F(BZ) _ bli’iobilbiniS"' _ ((m — i+ 2) @ 1)((m—i+2)€91)((m—i+2)€93).
For i =m — 1, ['(B;) = 2*°, and thus b,,_1); = 0 € My. For i = m, ['(B,,) = 3*!,
and thus b,; = 1 € M;. Moreover, 2 = ¢; € My and 3 ¢ M;. Thus g1 =
mex(M;) = 3.

(92) 0 =c € M5 and 1 ¢ Ms. Thus go = mex(Ms) = 1.

(g3) For i = m — 1, I'(Bp,_1) = 22920, thus bim-1)3 = 0 € M3. For i = m,
[(By) = 333 sobyz =1 € Mz. 2 =c3 € Mgand 3 ¢ M3. Thus g3 =
mex(Ms) = 3.

Hence T'(G) = 1(m+4)31,

Case 3. m =2 mod (4).
In this case, G is wild by [1, Theorem 4.3.5]. The genus of each option of G can
be determined:

Subase 3.1. T'(A) = q%®920s = (m + 3)(m+3)((m+3)®2); [(C) = ccocreaca —
0120; F(D) _ ddodldzdg“' _ (m 4 3)(m+3)((m+3)€92).

Subase 3.2. Consider B;. For 1 <i<m, wehave2 < (m—i+2)®1<m+ 1.
Thus

{D(B)|i =1,2,3,--- ,m} = {220,331 496 ... (m 4 1)(mFD((m+D)&2)Y

Subase 3.3. Consider Fj. Note that 0 < j < [Z51] = =2 We will prove that
for every integer j € {0,1, -+, =2}, T(F};) ¢ {0°2, (m + 4)(m+H((m+1)&2)}

In fact, if 0 < j < -2, by Lemma 6, we have 3 < (j+2) & (m—j+1) <m+3.
If j = 22 then j+2 = ™2 = 0mod (2), and m — j +1 = 2 = 1 mod (2),
and 7 — mE2 — 1 Tt follows from Lemma 6 that F2 ¢ 2 =1,

We can determine T'(G) = (m + 4)°(m+2)((m+2)&4) 1y the same method as Case

2. O

n W 4m)| .
Allen [1, Corollary 4.3.6] stated that for G = ( ﬁ‘i with n,m €
2\

NN 7
720, G is tame. Let G,, = () . Then G, is obtained by letting m = 0 in
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G. Tt follows from [1, Appendix B] that I'(G1) = 5'%6, so G is wild. For n > 2,
G, has an option Gy. It follows from the definition of wild position that G,, is
wild. Thus Corollary 4.3.7, Corollary 4.3.8 and Theorem 4.3.9 of [1] are inaccurate
conclusions. We will revise them, and give our new results.

Denote by 7 the set of all tame positions of 2 X m board in the Toppling Towers
game. Similarly, denote by W the set of all wild positions. Obviously, the set of all
positions of 2 x m board in the Toppling Towers game can be uniquely partitioned
into 7 and W. Recall that the set of all positions of a game can be uniquely
partitioned into P and N

It follows from Egs. (5) and (6) that the outcome class (P or N) of a position
G can be determined by its genus I'(G) under both the normal and miseére play
conventions.

Given a position G, how can we determine G € 7 or G € W? By Definition 8, if
G has an option G’ which is wild, then G is wild. Allen [1, Example 2.2.2] proved
that all options of G being tame does not imply that G is tame. Lemma 13 gives
the answer to the case that G has only tame options.

Lemma 13 ([4]). Suppose G is a position with only tame options. Then G is wild
if and only if among the options of G, the following conditions hold: (1) G has
options with genera equal to one, but not both, of 012° or 1931; (2) G has options
with genera equal to one, but not both, of 0°2 or 113,

Let
S = {ulu is a position of the 2 x m board in the Toppling Towers game},
5% = {u € S|u contains no , in the up-down direction},
S§>0 = {u € S|u contains at least one , in the up-down direction},
S>0 o = {u € S7°u can not be considered as the disjunctive sum of two or
more positions},
S§20 = {u€ S7%u can be considered as the disjunctive sum of two or

more positions}.

It is easy to see that the set S can be uniquely partitioned into two sets S° and
S>0 by distinguishing that whether there exists a , in the up-down direction or

not. Similarly, S>° can be uniquely partitioned into two sets S5, and S22 . For
_ >0 _ >0 _ X
examples, H; = €5, sioum> Ha = € 5, since Hy = +AL

For any position H € S20 | H can be thought as the disjunctive sum of Hy, Hy, - - -

sum?

H,,, where H; € S75 . 1If all of the components H; are tame, then H is also

tame. Thus a key question is that how to determine the outcome class of the
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position G € 7% . Our Theorem 14 gives the answer to this question.

Theorem 14. Suppose that G € S, is a position. Then G € T if and only if

notsum

G € {G1,G2,Gs5,Gy4}, where, up to symmetry,

Gi = ;

Gy = :

Gy = (%)”%@)t for all n,t € Z2°,

Gy = (%)ng@)le%(@t for alln,t € Z2° and m € Z21.

Proof. (<) It follows from Theorem 11 that G; and G2 are tame. By Theorem 10
or [1, Theorem 4.3.2], G5 is tame. We now consider Gy:

Ifn=1¢t=0, then G4 = %(@ 4m§ . Thus G4 is tame by Theorem 12 or by
[1, Theorem 4.3.5].

If n+t > 0, without loss of generality, let n > 1. Consider all options of Gj4.
Note that they are tame and G4 has options

“-0RO"®O
“=HE)" KO RO

It follows from Lemma 9 and Eq. (3) that D(G,) = 0'2° and T'(G,) = 193!, By
Lemma 13, G4 is tame.
(=) Firstly, we define the following four structures:

and

2571 /SN 1
I e |
1 X. 2 3
Hy =) ., where i =1 or 2 or 3 mod (4).

It follows from [1, Appendix B] that T'(H;) = 5146, T'(H,) = 5'4¢ and T'(H3) =
21520 By the definition of wild, Hy, Ho and Hj are wild. By Theorem 12, H, is
wild.

Secondly, it is enough to show that for any H € S5, ..., and H ¢ {G1, Go,G3, G4},
H is wild. We say that a follower of position H is a new position which can be
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reached from H after a finite number of moves. We now prove that one of the
structures Hy, Ho, H3 and H, must be a follower of H, and thus H is wild, by
Definition 8.

In fact, all of the positions in 5.9

notsum

= F'E R 00
...... @)“k (@ @) " (@ where g’f -

k k
(1) > u;=0o0r > b, =0. In this case, K has the form K;:

i=1

- A 0
...... (%)uk (%)tk’ where ﬁjl t; £ 0.

If there exists an integer j € {1,2,--- ,k} such that t; > 3, then Hj is a follower
of H. If there exists an integer j € {1,2,---,k} such that ¢; = 2, then H # Gy
implies that Hj is a follower of H. If t; <1 and j =1,2,--- ,k, the facts H # G
and H ;é G4 imply that H4 is a follower of H.

can be represented in the form K:

-
Il
_

(2) Z u; # 0 and Z b; # 0. In this case, H must contain the structures

u b
(%) and (E) . Moreover, H € S5, implies that H must contain the structure

u t b
(J%) (%) (g) , where u,b,t > 1. If t > 3, then Hj is a follower of H. If t = 2,

then Hs is a follower of H. If t = 1, then H # (G5 implies that H; is a follower of
H. O

/ a 4m
Theorem 15. Let G = , G = and G = ,(,) .+, where m €

Z=t. Suppose that G € S, 5 and G be a tame position. Then
(1) Under the normal play convention, G € P if and only if G = G
(2) Under the misére play convention, G € P if and only if G = GG orG"

Proof. Tt follows from Theorem 11 that T'(G') = 0°2 and I'(G") = 1931, By Theorem
12, we have I(G"") = 1031,
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(1) («=) By Theorem 14, G € 7. G is a P-position under the normal play
convention by Eq. (5), i.e., G € P.

(=) By Theorem 14, G € 7 implies G € {G1,G2,G3, Gy}, where G;(i = 1,2,3,4)
is defined in Theorem 14. We will prove that Gs, G3, G4 are N-positions under the
normal play convention, thus G ¢ {G2, G5, G4}.

It follows from Eq. (5) that G; = G is a P-position under the normal play
convention, and Gy = G is an N-position under the normal play convention.

We now consider Gs. Let I'(G3) = ¢991929s" If n 4+t = 0, then I'(G3) =

I‘@ ) =220, Thus G5 is an N-position under the normal play convention by

Eq. (5), as g # 0. If n+t > 0, without loss of generality, let n > 1. In this

case, G'3 has options Gy = and Gy =, . Note that T'(G3) = 0'%° and

1"

[(Gy) = 19, By Lemma 7, G"(G3) = g # 0 and G (G3) = go # 0. So G3
is an N-position under the normal play convention.

We now consider G4. Let T'(Gy) = g90919293 If n+t = 0, then G4 = G" is an
N-position under the normal play convention by Eq. (5). If n 4+t > 0, without loss
of generality, let n > 1. In this case, G4 has options G;:., ses and GZ =,:, . Note that
[(G)=1%" and T'(G,)=0'?". By Lemma 7, GT(G4) = g # 0 and G~ (G4) = go # 0.
Hence G4 is an N-position under the normal play convention.

(2) (&) G, G" and G are P-positions under the misére play convention by
Eq. (6). By Theorem 14, G, G and G € 7. Thus G =G, G or G~ € TNP.

(=) By Theorem 14, G € T implies G € {G1, G2, G3, G4}, where G;(i = 1,2, 3,4)
is defined in Theorem 14.

Note that G; = G and Gy = G are P-positions under the misére play conven-
tion by Eq. (6).

Consider Gs. It follows from case (1) that G~ (G3) # 0. By Eq. (6), G5 is an
N-position under the misere play convention.

Consider G4. If n+1¢ > 0, it follows from case (1) that G~ (G4) # 0, thus G4
is an N-position under the misere play convention. If n +¢ = 0, then G4 = G".
Recall that G~ (G4) = G~ (G"') = 0, thus G is a P-position under the misére play
convention by Eq. (6).

Thus G = G/, G or G". O
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