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Abstract
In this paper, we present new results on balancing, cobalancing, (a, b)-type balancing
and (a, b)-type cobalancing numbers as well as establish some new identities.

1. Introduction and Notation

A positive integer n is called by Behera et al. a balancing number [1], if there exists
a positive integer r, which is called the balancer of n, such that:

14244+ n-D=n+D+n+2)+ -+ (n+7r). (1)

Panda [4] sets n = 1 as the first balancing number and r = 0 as its corresponding
balancer. Panda et al. [5] define cobalancing numbers as the solutions to the
diophantine equation:

1+24+ - +n=Mn+1)+n+2)+---+(n+7), (2)

where r is the cobalancer of n.
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Throughout this paper, we denote by B,,, Rm, by and 7, the m'" balancing
number, the m*™ balancer, the m*" cobalancing number and the m'™ cobalancer,
respectively. These numbers have already been extensively investigated in several
papers.

2. Background

The present work is strongly connected to the theory of diophantine equations and
more specifically, to the integer solutions of the following equation in two variables:

r? — 2% = u? — 202, (3)

where u and v are integers. Note that for u = £1 and v = 0, Equation (3) is Pell’s
equation. It is well known, that the form x? — 2y? is irreducible over the field Q of
rational numbers, but in the extension field Q(v/2) it can be factored as a product
of linear factors (z + yv/2)(x — yv/2). Using the norm concept for the extension
field Q(v/2), Equation (3) which has £ = u +vv/2 as solution, can be written in the
form:

N(z+yv2) = N(¢). (4)

It is easily checked that the set of all numbers of the form x + y\/i, where z and
y are integers, form a ring, which is denoted Z[v/2]. The subset of units of Z[v/2],
which we denote U forms a group. It is easy to show that o € U if and only if
N(a) = +1 [2]. Applying Dirichlet’s Theorem of units via subtle calculations, we
can show that U = {£ (1 + \/i)m , m € Z}. Since

N((1+\/§)m) :N(<1+\/§))m=(—l)m, (5)

we obtain )
N =+lsa=(1+V2) " mez (6)

and
>2m+1

N(a)z—l(:)a:(1+\/§ , meL. (7)
For any « € Y with N(a) =1, Equation (4) becomes
N(z +yV2) = N(af).

Thus, all integral solutions of Equation (3) have take the form:

m+y\/§=§(1+\/§)2m,mez. (8)
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3. Preliminary Results

From (1) we have
P4+ @2n+1)r—n(n—-1)=0. (9)

The discriminant A of Equation (9) with respect to r is A = 8n? + 1. Then

2n+1)++v8n2+1
2

(10)

Since r is a positive integer, 8n2+1 is a perfect square, i.e., 8n?+1 = 12, with u odd.

2n2_<u;1> <u—2|—1> i

-1
Letting A = UT, we get from (10) and (11)

Therefore

r:A—n, (12)
and A(A 1
nzz%:1+...+A. (13)

Consequently, n? is a triangle number (see also [1]).

Case 1. If A is even, then from (13) we have n? = 4 (A +1). Letting a = 4, we
get
n?=a(2a+1). (14)

Since a and 2a + 1 are coprime, they are both necessarily perfect squares. Hence,
from (12) and (14), we get

a = d°

r o= 2d°—n,

n = dv2d®+ 1 (15)

Case 2. If A is odd, we obtain from (13) that n? = (£L) A- Letting a = 4£%, we
get
n?=a(2a—1). (16)

Since a and 2a — 1 are coprime, they are necessarily both perfect squares. Hence,
from (12) and (16), we get

a = d?

ro= 2d®—n-1,

n = dy2d®-1. (17)
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Now we are in a position to formulate our result as follows:

Theorem 1. Let n be a positive integer. The number n is a balancing number if
and only if there exists a proper divisor d of n (except for n = 1) for which 2d* + 1
or 2d* — 1 is a perfect square. The pair (n,r) of each balancing with its cobalancer

1s then explicitly given by

(d\/ 2d2 +1, 2d°— n) if  2d? +1 is a perfect square,
<n7 T) =
(d\/ 242 — 1, 2d®> —n— 1) if  2d% —1 is a perfect square.

Table 1 summarizes the 10 first balancing numbers based on Theorem 1.

d 2d%2 — 1 2d%2 +1 n r

1 1 V1 =1 0

2 9 29 = 6 2

5 49 5V49 = 35 14
12 289 124/289 = 204 84
29 1681 291/1681 = 1189 492
70 9801 704/9801 = 6930 2870
169 | 57121 169+/57121 = 40391 16730
408 332929 408+v/332929 = 235416 97512
985 | 1940449 9851/1940449 = 1372105 | 568344
2378 11309769 | 2378+/11309769 = 7997214 | 3312554

Table 1.

Remark 1. Theorem 1 proves that no prime number could be a balancing number.

This result was also obtained by Panda et al., who showed that B,, = P,,Qm,
where P, and Q,, are the m'* Pell number and the m** associated Pell number

respectively [6].

4. An Explicit Formula for Balancing Numbers and Some New Identities

A quick glance at Table 1 seems to indicate that the balancing numbers are alter-
natively odd and even (see also [8]), while the balancer numbers are even. In the
present section we prove this indication in a more explicit form. Indeed, from (15)
and (17), we have both,

(3)2 —2d? =1, (18)
and )
(%) —2d? = 1. (19)
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n

Letting = % and y = d, Equations (18) and (19) become the Pell equations
x? — 2% =1, (20)

and
2?2 — 2% = —1, (21)

respectively. According to (6) and (7), all the solutions to Equations (20) and (21)
are given by

T+V2y = (1+\/§>2m

and

T+V2y = (1 + \/i)m
> (1)

=0

lm/2) o\ Lm=b/2)
X3 2
S )]l 2 (h)7)

=0 i=

respectively, with m a positive integer.

n
Substituting = by 7 and d by y, we get after identification

2 rom 1N L\ (R om -1
e (S (B O3 )
1=0 =0

and

for m > 1.

Since both Yo" (37 1)2¢ and 30" (P 1)2! are odd, the balancing numbers

of the subsequence {Bay,—1},,~; are odd as well. Similarly, since Z?;Bl (231”1)21'
is even, the balancing numbers of the subsequence {By,},,~; are even. Hence,

according to Theorem 1, we have proved the following theorem.
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Theorem 2. For any positive integer m > 1, (Bay,, Ram) s an even-even pair and
(Bam—1,Ram—1) is an odd-even pair and we have

R (’g}l (227?J:11> 2i> (”;1 <2m2i— 1) 21’) :

m—1 9 1 2
m— i
Ropm—1 = 2<Z<2i+1)2> — By — 1,

=0

. (m (JTJ?Z’) (f: (5 zi) ,

R2m

and

Il
N
7N\
i 3
I
< -
TN
[N
S
+ 3
—_
~
N2
~
oS}
(]
3

Now let us rewrite Equation (9) as (2 (r +n) +1)> — 2(2n)® = 1. Letting = =
2(r+n)+1 and y = 2n, we find Pell’s equation (20) again. By identification,
according to (22), we get

(23)

N~ N

and since x = 2r + y + 1, we get

r = — (24)
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We have thus proved, via the above discussion, the following theorem.

Theorem 3. For m > 1, the balancing number B,, and its balancer number R,,
are given by

m—2 m—1
2m . 2m :
B,, = 9 and R,, = —B,, ) 9.
2 <2i+3> o 2 (21+2>

i=—1 =0

The following identities on binomial coeflicients are a direct consequence of both
Theorem 2 and Theorem 3.

Corollary 2. For m > 1, we have

S ()2 (S G)).

2m—3 m—1 m—1
4m — 2\ _. 2m — 1\ _. 2m — 1\ _,
2t = 2° 2"
Z <2i+3) (Z(%—i—l) )(Z( 2i ) )
i=—1 1=0 1=0
2m—1 m—1 2 m 2
Z 4 . Z 2 . Z 2 .
P 2142 P 214+1 = 21

o2 (A — 2 = om -1\ = om =1\ L\
> ‘ 2 =2() : 2] —1=(> )2
¢ 21+ 2 ; 2t +1 , 21
=0 =0 =0
Remark 2. In [8], Ray establishes an other interesting formula for B,, using the

generating function g (z) = He gets

1—6z4 22"
22

B’m — (_1)1 <m Z )6m211_
7
=0

K2

From this Remark and Theorem 3, we obtain the new identity in the following
Corollary.

Corollary 3. For m > 1, we have

%2 (23?3)? - LWZ;J (1) (m _Z.i - 1)6m2i1.

i=—1 =0
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5. An Explicit Formula for Cobalancing Numbers

From (2), we have
P4+ @2n+1)r—n(n+1)=0, (25)

which, when solved for r gives

— \/27
. (2n+1)+28n +8n+1 (26)

Since r is positive, 8n2 + 8n + 1 is a perfect square, i.e.,

8n? + 8n + 1 = u?, with u odd. (27)

= (451 () (29)

—1
Letting A = UT, we get from (26) and (28)

Therefore,

r=A—n,
and
A(A+1)
2

Consequently, n (n + 1) is a triangle number (see also [8]).

nn+1)= =14+---4+ A (29)

Letting x = 2 (n —r) 4+ 1 and y = 2r, Equation (25) leads again to the above Pell’s
equation (20). It follows from (23) and (24), that
=Y

r= 2 :Bnm

and

z+y—1
2
r—y—1

- g Y

= R, +2r.

The above discussion proves the following theorem.

Theorem 4. For m > 1, the cobalacing number b,, and its cobalancer r.,, are given
by: by, = 2B—1 + Rin—1 and 7, = Bi—1, with By = Ry = 0.
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m | by, =2By 1+ Ryt | " = B

1 0 0

2 2 1

3 14 6

4 84 35

) 492 204

6 2870 1189

7 16730 6930

8 97512 40391

9 568344 235416

10 3312554 1372105
Table 2.

Table 2 summarizes the 10 first cobalancing numbers with there cobalancers, based
on Table 1 and Theorem 4.
The following corollary is a direct consequence of Theorem 3 and Theorem 4.

Corollary 4. For m > 1, we have
2m ; m—2
2m\ | 2] 2m ;
= Zizl ( i )2 and Tt = iZ:_l 2i+3)%

An immediate consequence of Theorems 2 and 4 is the following (see also [5]).

Corollary 5. Every cobalancing number is even. Thus, no odd prime number could
be a cobalancing number.

6. New Formulas for (a, b)-Type Balancing and (a, b)-Type Cobalancing
Numbers

Panda [7] defines sequence balancing and sequence cobalancing numbers as follows:

Definition 1. Let {un}n>1 be a sequence of real numbers. The number u,, is
called a sequence balancing number if there exists a natural number r such that

U +uz + -+ Up—1 = Upt1 + Upt2 + -+ Unpr.
Similarly, the number u,, is called a sequence cobalancing number if
Uy + U2 4o+ Up = Upq1 + Upg2 + -+ Upgr,

for some natural number 7.
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Kovécs et al. [3] extend the concept of balancing numbers to arithmetic progres-
sions as follows:

Definition 2. Let a,b be nonnegative coprime integers. If for some positive
integers n and r, we have

(a+b)+---+(an—1)+b)=(a(n+1)+b)+---+ (a(n+7r)+b), (30)
then we say that an + b is an (a, b)-type balancing number.
Similarly, an + b is an (a, b)-type cobalancing number if
(a+b)+---+(an+b)=(aln+1)+b)+---+ (a(n+7r)+b), (31)

for some natural number r.

Let Bfff’b), Rgf:"b), b,(fi’b) and r,(,f’b) denote the m'" (a,b)-type balancing number,
the m*" (a,b)-type cobalancing number, the m!* (a, b)-type balancer and the m'"
(a, b)-type cobalancer, respectively.

6.0.1. (a,b)-Type Balancing Numbers
From (30), we have
an(n—1)+2b(n—1) —2arn —ar (r+1) — 2br =0,
which, via straightforward calculations, is equivalent to
(2a(n—r—1)+a+2b)° —2(a(2r +1))* = (a + 2b)* — 2a>. (32)

Lettingz =2a(n—r—1)+a+2b,y=a(2r+1), u = a+2b and v = a, Equation
(25) becomes:
2 — 2% = u? — 02, (33)

which has from (8), the integral solutions in the form:

x+y\/§=(u+v\/§>(1+\/§)2m,m20. (34)

From (22), we obtain

oo (e (2 >T>
)

+\f<v§:(

K2
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After identification, we get

m m-1
2m\ ., 2 '
Qa(nrl)+a+2b(a+2b)z<2n;>22+2az (22’721)2%

i= i=0
and
m—1
2r+1—az< )2z a+2bl <2H1>
Therefore - .
a
n:1+r+—; ;(22+2>2Z Z<2Z+1>
and

m—1 i CL+2 2
ar 2@+2 2z+3

7

From Theorem 3 and Theorem 4, we obtain

2b
n = 1—|—7“+a+

(Bm + Rm) + 2By,
a+2b

= l+r+ (bmt1 = Tms1) + 2rmp1

2b a+2b
Tm+1 +

= 1442 b1
2b
= 14+r+ Tm+1 + bm+1 + E (bm+1 - ’I"m+1) ’

and

a+2b

r = Bn+Rn+ B,

a+2b

== bm,+1 — 'm+1 + Tm+1

b + 2
- m — Tm .
+1 a +1

Since n and r are positive integers and a and b are coprime, 2b,,4+1 and 27,41
should be both divisible by a. This discussion proves the following theorem.

Theorem 5. Let (b/ . e
o(m)’ Tp(m)

) denote the m*" pair of cobalacing number and its

cobalancer such that Qb(’/;zm) and 2ré(zm) are both divisible by a. Then we have

(a,b) _ /a 2(a+b) /a
By =1+ To(m) T a bs@(m)’
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and
2 /a

(a,b) __ 1/a .
Ry =0 + " To(m)

®(m)
Example 1. Let a = 9. The first pair (bg/ag(l)7 rﬁl)) of cobalancing number and its
cobalancer both divisible by 9 is (b1,71) = (0,0). Hence

B =1 and R =o.

According to Corollary 4 and using Maple, the second pair (b{p 32), ré ?2)) of cobalancing

number and its cobalancer both divisible by 9 is (b13,713) = (655869060, 271669860).
Thus

2(9 +b)

B = 14zt 9

b1z = 1583407981 + 145748680 b,
and

2
R = bia+ 7 ria = 655869060 + 60371080 b.

6.1. (a,b)-Type Cobalancing Numbers

From (31), we have
an (n+1) 4+ 2bn — 2arn —ar (r + 1) — 2br = 0,
which, via straightforward calculations, is equivalent to
(a(2n—2r +1) + 2b)? — 2 (2ar)* = (a + 2b)°. (35)
Then, from (8) and (22), we obtain
" 2m)\
a(2n—2r+1)+2b= (a+2b)§(2i)22

ie.,

m

a+2b 2m\ _.
= 2’L
" T Z(m)

i=1

m—1
a—+ 2b 2m .
= 2z
r—+ a ;:O (22 + 2) 9
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and

I
IS
o |+
DO
>
gk
[\v]
N
)
~. [N}
+ 3
w
N

Hence, from Corollary 4, Theorem 3 and Theorem 4, we get

a+ 2b
T = 0 Tm+1,

and

2b
n = r+a+
a

(Rm + Bm)

a+2b a+2b
= T

a+2b
- bm+1'
a

(berl - Terl)

Since n and r are positive integers and a and b are coprime, then 2b,,+1 and 27,1
should be both divisible by a. Hence we have proved the following theorem.

Theorem 6. Let (bifzm)’ Té(zm)) denote the m'" pair of cobalacing number and its

cobalancer such that 2b{0‘zm) and 27":;?77;) are both divisible by a. Then we have

(a,b) o Cl+ 2b r/a
m B a p(m)

2
blat) = —a—; b bé‘zm) and r

9,b 9,b
pOD _ p(0)

Example 2. For a = 9, we have = 0, and according to Example 1,

we get

b = 9+T2b by = 72874340 (9 + 2b)
and

o — 9 J;% r15 = 30185540 (9 + 2b) .
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