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Abstract
Generalized tribonacci numbers R,, are defined through the recurrence

R,i1=aR, +bR,_1 +cR,_o.

A generating matrix of three tribonacci sequences with negative subscripts is defined
and used to establish identities connecting these sequences which is analogous to the
matrix of Shannon and Horadam. We derive an explicit formula for the generalized
tribonacci numbers with negative subscripts.

1. Introduction

Let L(a,b,c) be the set of all third-order recurrent sequences {R, }nez satisfying
the relation
Rn = a'Rn—l + bRn—Q + CRn—Sa

where a, b, ¢ are positive integers.
Three generalized tribonacci sequences {J,},{K,} and {L,} in L(a,b,c) are
uniquely determined by taking special values n = 0, 1, 2, namely,

(l) J():O,J1 =1 and ng(l,
(ZZ) Ko = 1,K1 =0 and K2 :b,

(ZZZ) LO = O,Ll =0 and LQ = C.
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These sequences have been studied by many researchers (for more details see [5]-
[7]). If a =b=c=1, then {J,,} is a sequence of the classical tribonacci numbers,
say {T,,}. It can be written R,, as a linear combination of J,,, K,, and L,,, namely,

RnJrl - R2J’I’L + RlKn + ROLn7
and the following relations are easily proved, see [4], [5] or [7],
Jnr1=ad, + K, Kpy1=bJy+cJy—1, and L,y1 =cJ,. (1)

In 1972, Shannon and Horadam [7] constructed the 3 x 3 matrix and computed
the nt" power of this matrix

n

b ¢ Jn+2 Kn+2 Ln+2
0 0 = Jn+1 KnJrl Ln+1
1 0 Jn K, Ly,

o = Q2

and they showed that

(a+b+c—1) ZJl—Jn+3+ (I-a)Jps2+ (1 —a—=0b)Jpi1 — 1,
=1

—2i—3j1i 4.
R ()
=0 7=0 U J
see also [1], [2], [5], [6]-
The sequences {J,,}, {K,} and {L,} can be defined for negative values of n by
using the definition of any recurrent relation and initial conditions. The first few
terms of them are shown in the following table.

n JIn K, L,

-1 0 0 1

-2 1/c —a/c —b/c

-3 —b/c? (ab+c)/c? (b% —ac)/c?
—4 [ (b —ac)/c | (a%c—ab®> —bc)/c3 | (¢? + 2abc — b%) /3

In this article we construct certain matrices for J_,,, K_,, L_, and partial sums
of J_,, to derive interesting identities involving these numbers. We also derive an
expansion of J_,, in a partial sum of binomial coefficients.

2. Matrix Representations

For n € N, define the 3 x 3 matrices A and C,, as follows
—b/ec —ajc 1/c L1 K_,_1 J_n_1
A= 1 0 0 and C,=1| L_, K_, J_n
0 1 0 L—n+1 K—n+1 J—n+1
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Theorem 1. For all n € N, we have A™ = C,.

Proof. (Induction on n) Using the above table (section 1), one can see that A* = C}.
Assume A™ = C,, holds for n > 1. By our assumption and a matrix multiplication,
we get A"t = A"A = C,, A, which, by using all equations in (1), satisfies A"+! =
CrpA = Cpy1. Thus, complete the proof. O

Since A" = A" A™ equating the (2,1),(2,2) and (2, 3)-entries on both sides
of this matrix equation, we get the following corollary.

Corollary 1. For m,n € N, we get the relation
R, pn=L_p,R 1 +K_,,R_,+J_nR_541,
where R, is J,, K, or L,.
Taking n = 2 and m = 2 in Corollary 1, we get
R, o=R 3L_,, + R oK_,, +R_1J_p,

1
R_, o= E(_bR—n—l —aR_, + R—n+1)a

respectively.
Next, for n € N, we define the 4 x 4 matrices B and D,, as follows

1 0 0 O 1 0 0 O
— l/C _ S—n—l
B = 0 A and D, = S . o )
0 anJrl

where S_,, =" | J_; and Sp = 0.
Theorem 2. For alln € N, we have B" = D,,.

Proof. Since L_,, 41 = ¢J_,, we can write S_,,_1 = S_,, + %L_n. Combining the
above identity and the result of Theorem 1, we write D,, = D,_1B. By using
induction on n, the result still holds. O

Corollary 2. For all positive integers m,n, we have
S men-1=8_ma+L_pm 1S p 1+ K 1S+ meflsfnJrl- (2)

Proof. Since D™ = D™ D" we have the equation (2) by equating the (2, 1)-entry
on both sides of this matrix equation. O

Now we derive an explicit formula for partial sums of J_,,. We have the following
theorem.
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Theorem 3. For n > 1, we have

n

1
;Jﬁi B m(l B CJ7n71 + ((L - 1)J7n - anJrl). (3)

Proof. Put m =1 in the equation (2) of Corollary 2, we get
eS_po=1—aS_, —bS__1+S_n11.
This equation equivalent to
(a+b+c—1)S_pp1=1—cJpo+J p1(-b—c)+J_pn(—a—>b—c).
By the definition of J_,,, we can rewrite the last equation to obtain (3). O

Taking a = b= ¢ =1 in identity (3), we obtain

n

1
D Toi= (=T = Tons).
i=1

3. Expansions

Definition 1. Let n,i be non-negative integers with n > i. Denote

B(’I’L,Z) = Z <]> ( . ])al—]bn—z—]cj_

=0

It is easy to see that we can write B(n, ) in the form of the recursive recurrence
as
B(n,i) =bB(n—1,i) +aB(n—1,i — 1)+ cB(n — 2,7 — 1). (4)

Theorem 4. For non-negative integer n, we have

n/2)
Jona= Y S B0, 8

Cn—i—i—l
=0

Proof. We see that

Jo=ct, Jz3=—-bc? and J_4 = (b* —ac)c™>.
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By induction on n, assume that identity (5) holds for all n = 0,1,2,....k — 1. By
the definition of Jj, the identity (4) and the inductive hypothesis, we get

eJ_po=J py1—aJ_p—bJ

L(k*B)/QJ (_1)]@7371 L(k*Q)/QJ (_1)]@7271'
=0 =0
L(k—1)/2] k—1—i
(=1 L
—b 2 TB(/{}_Z_ 1,2)
L(k—1)/2] k—2—i Lk/2] k—1—i
-1 -1
= %B(l@—i—z,i—n—az%B(k—i—u—l)
i=1 =1
_ L(k—1)/2] k—1—i
(=D*'b (=Dt —
\_(k_l)/% _1\k—1—1
CLEB(k,0) — %B(/{ — i) . ks odd
— i=1
B [(k—1)/2] k—1—1i k/2
1 _
CUZB(k, 0) — ( Czc% Bk —1,1) + <Ta> ; k is even
i=1

=0
S0
|_k)/2j (71)]@71
J_j_o = ; it B(k —i,1).
Showing that (5) holds for n = k, thereby proving the theorem. O

We can rewrite (5) in terms of binomial coefficients by using Definition 1.
Corollary 3. For non-negative integer n, we have
Jopo = an/? an/éj(—l)n_i (Z) (n —i j) atIpnT 2 i gl
o i=0 j=0 J ‘
Taking a = b = ¢ =1, we get an explicit formula for the tribonacci numbers, so

Tam S iy )77 (0

i=0 ;=0
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