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Abstract

A sequence of rational integers {A,} is said to be a divisibility sequence if A,, | A,
whenever n | m and A, # 0. If the divisibility sequence also satisfies a linear
recurrence relation, it is said to be a linear divisibility sequence of order r, where
r is the degree of the characteristic polynomial of the recurrence. The best known
example of such a sequence of order 2 is the Lucas sequence {u,}. In an attempt to
extend Lucas’s theory to sequences of order 4, it becomes necessary to examine odd
and even divisibility sequences. In this paper we produce some conditions under
which certain divisibility sequences of order 4 will be either even or odd.

1. Introduction

Let p, ¢ € C and «, 3 be the zeroes of 22 — px + ¢ € Clx]. We define, for any n € Z,

an_ﬁn , .
Un, = Un(p,q) = P Un = Up(p,q) = " + "

When p, ¢ are integers, both u,(p,q) and v,(p,q) are integers for all n > 0 and
when p, g are coprime are called the Lucas functions. Also ug =0, u1 =1, vg = 2,
vy = p and {u,}, {v,} both satisfy the second order linear recurrence

An+1 = pAn - qAn—l-
When p = /r, where r € Z, we find that if

) un (\/7,q) when 2t n

and

. _ { o(Vr,q)/vr when2fn
Un = On(r,q) = { vn(V/T,q) when 2 | n

then 4,, and 9,, are integers for all integers n > 0. Also

17,0:0, ﬁlil, ﬂ2:17 1_1,3:7'7(], 1_10:2, ’l_)1:17 1_)2:7’72(], 1_}3:7’73(].
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When (r,q) = 1, @, (p, q) and 9,(p, q) are called the Lehmer functions (see [2]).
Furthermore, both {@,} and {7, } satisfy the fourth order linear recurrence

ATL+4 = (T - 2Q)An+2 - q2An-

In general, a linear recurrence sequence of order r over Z is a sequence
{A,} C Z, where we have

An+r = TlAn—i-r—l - T2An+'r'—2 + TSAn+r—3 -+ (_1)T+1TrAn
and Ag, Ay, ..., A._1, 11, To, ..., T, are given fixed integers with 7T, # 0. The
polynomial

G(z) = (-1)'Ta"""
i=0
is the characteristic polynomial of {A,}.

If {A,} is a linear recurrence sequence, we say that an integer m (> 1) is a null
divisor (see Ward [10, 9]) of {4, } if, for some minimal & > 0, we have m | A,, for
all n > k. If {A,} has a null divisor, it is said to be a null sequence. In what
follows we shall be concerned only with non null sequences. For example, the
condition that (p,q) = 1 ensures that both {u,(p,q)} and {v,(p,q)} are non null
sequences. Similarly, the condition that (r,¢) = 1 ensures that both {@,(r,¢)} and
{n(r,q)} are non null sequences.

Now suppose that the characteristic polynomial F(z) of {A,} is of even degree
2k and has 2k distinct zeroes

ap, Qg ..., Qf, 617 ﬂQa RN ﬂk?

such that a;0; is the same fixed integer @) for ¢ = 1,2,..., k. Notice that the Lucas
functions, the Lehmer functions, and the suggested extensions of the Lucas func-
tions mentioned in Roettger, Williams and Guy [6] all possess such a characteristic
polynomial. Lucas pointed out in [3, eqn (50)] that

Uy = —Un/q", V_p=v,/q"

for all n € Z. By analogy to the definitions in the theory of functions, we could
say that {u,} is an odd recurrence and that {v,} is an even recurrence. More
generally, if {A,} has the characteristic polynomial described above, then we say
that {A,} is odd when A_,, = —A,,/Q™ for all n € Z and {A,} is even when
A_, =A,/Q" for all n € Z.

If m, n € Z amd m, n > 0, we say that a sequence {A,} is a linear divisibility
sequence if A, | A,, whenever n | m and A,, # 0. We mention that both {u,(p, q)}
and {@,(r,q)} are linear divisibility sequences of orders 2 and 4 respectively. We
also point out that if { A, } is a divisibility sequence, then it is only of limited interest
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(see Hall [1]) if Ag # 0. Thus, we shall always assume that Ay = 0 and with no loss
of generality that A; = 1.

The purpose of this paper is to derive some conditions under which a non null
divisibility sequence with characteristic polynomial F(x) and k = 2 is either even
or odd.

2. Some Elementary Observations Concerning Even and Odd {A,}

Given the above conditions on F(x), we know that any particular recurrence se-
quence {A,} which has F(x) as its characteristic polynomial must have the form

A, =ciaf + i + c30f + a5y + -+ cop—10f + ey (2.1)
where ¢y, co, ..., cop are constants whose values depend on «aq, (1, as, Bs, ..., ag,
0B and the initial conditions Ag, A1, Ao, ..., Ax_1. We will now derive criteria for
{4, } to be either even or odd.

Put v, (i) = of + B, un (i) = (o — 87) /(e — 5;) and

’Uo(l) U0(2) cee ’Uo(k) Ul(l) U1(2) cee ul(k)
p = | @M wu@ e (k) . Dy— uz(l) u(2) - ua(k)|
Uk_l(l) ’Uk_l(Z) te Uk—l(k) uk(l) uk(2) ce uk(k)

Note that if o;; + 8; = a; + 3; (i # j), then since a;5; = ;5 we must have a; = o5
or (;, which by definition of F(x) is impossible. Thus, if we put p; = a; + §;, we
have p; # p; when i # j. We will need the following simple result.

Theorem 2.1. Under the conditions defining F(x), we must have D1 # 0, Dy # 0.
Proof. We first note that (see, for example, (4.2.36), (4.2.35) of Williams [11])

S A N
vali) = Z(—l)ﬂ—.( )pr? )

= VANEVESS |
A N

i)=Y <—1>J< : )Qﬂp?‘f‘.
j=0

In both formulas the coefficients of the powers of p; are independent of i. Thus, by
multiplying rows of D; (or Ds) by the corresponding coefficients and subtracting,

we get
1 1 1
P1 P2 Pk
Di/2=Dy=|pt p3 - P |=][ei—r)#0

'k 1 'k 1 k—1 i
S S
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By (2.1) we have
k k
A, = Z Coi—10; + Z c2: 3"
i=1 i=1

If {A,,} is even, then we have

k k k
Ay =) e+ " = QY (o] + o)
im1 i=1 =1
k

= Q"A,=Q7" Z (c2im10q +c2i3)) -

i=1
Hence, for all n € Z, we must have

k

Z(a? — B")(c2i—1 — c2i) = 0.
We can write this as
k
Zun(i)(ai — Bi)(cai—1 —c2) =0
i=1

but since Dy # 0, this means that
(i — Bi)(c2im1 —c2i) =0 (t=1,2,...,k)

and cg;—1 = c9; (1 =1,2,...,k). Similarly, if {A,} is odd, then we must have

k
Zvn(i)(cm—l +c2i) =0
i=1

for all n € Z. As Dy # 0, we get
Coi—1 = —C2; (1=1,2,...,k).

Note that if cg;—1 = co; (1 =1,2,...,k), then {A,} is even, and if ¢9;_1 = —c9; (i =
1,2,...,k), then {A,} is odd. Thus, we have proved the following theorem.

Theorem 2.2. If {A,} has F(x) as its characteristic polynomial, then {A,} is
even if and only if co;—1 = co; (1 = 1,2,...,k), and {A,} is odd if and only if
Coi1 = —Co (1=1,2,...,k).

We will now restrict our attention to the case of k = 2. In this case we have

pr+p=a1+ B +ax+P=T
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p1p2 = (a1 + B1)(az + f2) = arae + By + a1 o + fi12 =
Ty — 181 — agfe =To — 2Q
If we put Py = Ty, Po = Ty — 2Q, then F(x) = (22 — p12 + Q)(2® — pox + Q) or
F(z) = 2% — Piz® + (P2 + 2Q)2? — P1Qz + Q? (2.2)
and An+4 - P1A7L+3 - (P2 + 2Q)An+2 + PlQA7L+1 - Q2A7L (23)
where Py, Py, Q € Z. Of course, F(x) is the characteristic polynomial for the
sequences {U,} and {V,} of Williams and Guy [12, 13]. The discriminant D of
F(x) is given by
D = EA2Q? (2.4)
where A = P — 4P, E = (P, +4Q)? — 4QP2. We also have the identity
AP? +4F = (P — 2P, — 8Q))? (2.5)
hence, A and E cannot both be negative. Also, if D # 0, we have

A, = 1ol + 87 + c3a + ca 55 (2.6)
Now suppose that {A,,} is even. In this case we must have ¢; = ¢g, ¢3 = ¢4 and

An = ci(af +67) + cs(ag + 57).

If {A,} is a divisibility sequence, we have ¢ + ¢2 + ¢3 + ¢4 = Ag = 0 and therefore
c1 = —c3. Since Ay = 1, we also have

I =croq + e + czan + cafla = c1(ar + B — ag — Ba).
Hence
of + 61 —ay — By
g+ B —ag— P
This is the function U, in [12]. Indeed, as shown in [12], {U,} is a divisibility
sequence. Thus we see that there is one and only one even divisibility sequence for
a recurrence with characteristic polynomial (2.2).

n =

We are left, then, with the problem of characterizing the odd divisibility se-
quences having characteristic polynomial (2.2). Certainly, odd divisibility sequences
exist, as we have seen that both {u,(p,q)} and {@,(r,q)} are odd. Also, if P, =
p’la—2p, P» = p*/q—3p* Q = q, Ay = —1/q, Ay = p*/q, then A, =
un(p,q)3/q" 1 and {4,} is an odd divisibility sequence. An example of such a
sequence occurs as A056570 in Sloane [7]. This sequence is mentioned as Case
3.5.2 in Oosterhout [4]. In [7] two other divisibility sequences are listed; in all of
the fourth order divisibility sequences contained in [7], these two, A127595 and
A215466, are the only interesting ones that are odd. (We exclude the Lucas and
Lehmer sequences from consideration.)
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We conclude this section by developing a simple criterion for determining whether
{A,.} is an odd divisibility sequence. We recall from [12] that the sequences {W,,}
and {U,} can be defined by

Tt is also convenient to define sequences {X,,} and {Y,,} satisfying

Xn +pi¥n = (o = 07)/(ci = i) (1=1,2). (2.7)
WehaveX():O,Yo:O,Xl :17Y1=0,X2:O7Y2=1,X3:—Q—PQ,Y3:P1.
These are integer valued sequences when n > 0 and have (2.2) as their characteristic
polynomial. We also have X_,, = —=X,,/Q", Y_,, = =Y,,/Q™. Now if {4,} is odd,
then by Theorem 2.2, there exist constants v; and 72 such that

a?—ﬁ?) (043— ?)
- - + s =@
%(04151 7 ag — B2
(71 +72) X + (7191 + 72p2) Yar-

An

Since Ay =1 we put y1 + 72 = 1 and Ag = y1p1 + y2p2. Thus, if {A,} is an odd
divisibility sequence, we must have

A, =X, +AY, (2.8)
but this is not sufficient to guarantee that {A,} is a divisibility sequence.

3. The Case Where P; =0

It is by no means clear that any divisibility sequence {A,, } with characteristic poly-
nomial (2.2) must be either even or odd. In this section we completely characterize
all the divisibility sequences {A,,} which can occur with P; = 0. We will show that
when P; = 0 it is possible to have a divisibility sequence {4,,} which is neither even
nor odd.

When P; = 0, we have F(z) = 2% + (P, +2Q)z* + Q?. Without loss of generality
we can put

_ V=P + /= (P>+4Q)
2

i V- (P2 +4Q))
2

o , B , g = —f1, fo=—ay.

Hence, by (2.6),
An = (Cl + (*1)”64)0&? + (CQ + (*1)”63)&?.
Also, since Ag = 0, we have ¢; +c2 +c3+ ¢4 = 0. If 2 | n, then

of — Bt

A, =Ay————+
“af - 57

- Agﬂ,n(_Pg, Q)
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If 2 { n, then
A, = (1 —ca)af + (ca — ¢e3)07.

Since A7 = 1, we can solve for ¢; — ¢4 and ¢y — ¢3 in terms of A_; and find that

n+1 n+1 n—1 n—1
A = aq — M o QQA aq - M
n — 2 2 -1 2 2
ai — f7 ai — ff

Since 2 | n+1 and 2 | n—1, we can write this as
A, = ﬁn+1(_P27 Q) - QQAflanfl(_P% Q)

In what follows we will use @,, and o, to denote @, (— Py, Q), U, (— P», Q) respectively.
If 21 n, it is easy to verify that

an+1 + Qﬂn_1 = Unp,
Ups1 — Qlp—1 = .
It follows that

whenever 2 {n. If we put B,, = As,41, then
Bn+2 = _(P2 + 2Q)Bn+1 - Qan.

Thus, {B,} is a second order linear recurring sequence, and Ward [10] (also proved
earlier by Pélya [5]) has shown that if such a sequence is not degenerate (in this
case a2 /3% is not a root of unity), then {B,} has an infinitude of distinct prime
divisors.

Ifweput C; = 1+QA_1, Cy = 1—-QA_1, then since By = —(P,+2Q) — Q%A _1,
we see that QC1, QCy € Z. Let C = max{2,|Q|, |QC1|,|QCx|}.

We have 245,11 = C102,,41 + Caliznt1 and it is easy to verify that

V3(2n+1) = Van41(—Po03, 1 — 3Q*" 1)
Ug(2n41) = Uznt1(—Pal3, 1 — Q*" 1)

hence Azont1) = —(Pa03, 1 + Q¥ 1) Agnpy — Q2" Chvan 1.

If {A,} is to be a divisibility sequence, we must have Az, 41 | Az2p41). Hence

Aopta | Q2n+101172n+1~

We next suppose that C7 and Cs are nonzero and let p be a prime such that
p > C and p | B,. Such a prime must exist by Ward’s result. Since p { @ and
p1QC, and p is odd, we must have p | Ua,,41, but since p | QB,,, we must also have
p | QColigp+1 and p | Uopy1. Since any common prime divisor of Ug,41 and tgy,4+1
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must divide 2@, this is impossible. It follows that if {A,} is to be a divisibility
sequence, we must have C; or Co = 0.

If Cy =0, then Agp,qq1 = lant1, Aapn = Aslia,. We see that in this case {A,} is
an odd divisibility sequence. If Cy = 0, then Ag,11 = Uopr1, A2n = Astia,. The
sequence {A,} is a divisibility sequence, but because A_(2,41) = A2ny1 /@t

and A_g, = —As,/Q?", it is neither an odd nor an even divisibility sequence when
Ag # 0.
An example of such a sequence occurs as A005013 in [7], where Q = —1, P, = —1

and A, = L,, (the Lucas number) when 2 { n and A,, = F,, (the Fibonacci number)
when 2 | n.

If Ao =0 = Py, then {A,} is the even divisibility sequence {U,}.

If o?/B? is a root of unity, then there are only finitely many possible prime
divisors of B,, (see §6 of [10]). As this is a case of little interest to us, we exclude it
from our study.

We have seen that it is possible to have a non null divisibility sequence with
characteristic function F(x) given by (2.2) which is neither even nor odd. In the
next sections we will consider the possible existence of such divisibility sequences
when P; # 0. It is useful at this point to define S and G to be those squarefree
integers such that

A=SV2 E=QGU? (3.2)
and U, V € Z.

4. Some Preliminary Results

We first discuss the conditions that are necessary and sufficient for {A4,,} to have no
null divisors. The following result is a special case of more general work of Ward
8, 9.

Proposition 4.1. The sequence {A,} will have no null divisors if and only if
(PlaP27Q) = 17 (A37P27Q) =1 and (A27A37Q) =1

Proof. If p is a prime and either p | (P, P2, Q) or p | (A3, P2, Q) or p | (43, A3, Q),
then it is easy to see from (2.3) that p | A, for n > 4 in the first case, p | 4, for
n > 3 in the second case and p | A, for n > 2 in the last case. Thus in any of these
cases p is a null divisor of {A,}.

Next, suppose that p is a prime null divisor of {4, } such that p | A, for all
n > k, where k > 0 is minimal. Since A; = 1, we cannot have k = 0,1. If k = 2,
then since p | 4, (n > 2) and

As = PiAs — (P2 +2Q) A5 + PLQA> — Q% A4
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we see that p | Q and p ‘ (A27A35Q)' If k > 3, then p | Ak» p | Ak+1a p | Ak+27
p | Agys, but pt Ap_q. Since

Apys = PrAjio — (Po+2Q)Api1 + PIQA, — Q* A4
we see that p | Q. Also, since
Apy1 = PiAy — (P2 +2Q) A1 + PIQA_2 — Q*Aj_3

we get p | PoAg—_1; hence p | Py and p | (43, P>, Q) when k = 3. If k > 3, then
A = PrAg_1 (mod p) and p | (P1, P2, Q). U

In the case of {U,} in [12], we have Uy = P;, U3 = P} — P, — 3Q. Hence, since
(P1, P2, Q) =1, we see that (Us, P», @) =1 and (Us, U, Q) = 1. It follows that the
single condition that (Py, Ps, Q) = 1 ensures that {U,} has no null divisors.

In what follows, we shall investigate the possibility that a non null divisibility
sequence {A,} could be neither even nor odd when both S and G are not 1. A
very useful tool which we utilize heavily in this study is a paper of Hall [1]. We will
modify Hall’s argument to apply to our particular case of using F'(z) given by (2.2),
but we will not repeat his arguments when there is no need and we simply refer the
reader to [1] to fill in any gaps that we will leave in our presentation. In the sequel
we will consider {4,,} to be a non null divisibility sequence having characteristic
polynomial given by (2.2) with nonzero discriminant.

Lemma 4.2. Under the above conditions on {A,}, suppose that a prime p is such
that p | Q and p | A, (n > 0). Then there exists a finite N (independent of n and
the choice of p) and a factor r of n such that 1 <r < N.

Proof. We use the same reasoning as Hall in his proof of his Lemma 1, together
with Proposition 4.1. O

Lemma 4.3. Let D be the discriminant of F(x) (see (2.4)). If p is a prime divisor
of A, (n > 0) and p | D, then there exists a finite N (independent of n and the
choice of p) and a factor r of n such that 1 <r < N.

Proof. This follows exactly as the proof of Lemma 2 of [1]. |

Lemma 4.4. Let N be defined as in Lemma 4.8 and q be a prime such that ¢ > N,
then Ag = A32 = Aéa =1 (mod q).

Proof. Let p be any prime divisor of A,. Since ¢ > N, we know that p t+ D by
Lemma 4.3. If oy, 51, ag, B2 are the zeroes of F(z) over the splitting field K of
F(z) € Fp[z], then
4 4 4 4
azlo 1:6110 1:a12J 1:62 1:1

in K. It follows that for any n > 0, we have A, ,«_; = A, in K. Since {4, } C Z,
we must have A,,1_; = A, (mod p). The result now follows by using Hall’s
reasoning in the proof of his Lemma 3. O
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In what follows we will attempt to determine the values of ¢1, co, c3, ¢4 in (2.6)
such that {A,} will be a divisibility sequence.

Lemma 4.5. If there exists an infinitude of primes q such that (%) = (%) = -1,
then

crag +caffy +e3f Feaar = €
11+ oo +e3fo +caan = €
c1B2 + caap +c3ar +caft = €3

where €} = €5 = €3 = 1.
Proof. It (%) = (%) = —1, then F(z) is irreducible modulo ¢ and we have
2 3 q4

ar=al, /=, f=af, a=af, (mod q)

where ¢ is a prime ideal lying over ¢ in the maximal order of Q(ay, as). It follows
that

— q q q q
Ay = cof+ b +czad +caf

= aax+ e +e3fi + e (mod q).
By Lemma 4.4 we get
(crag + caflo + 3B +caar)* =1 (mod q).
Since there exists an infinite number of possible primes ¢, we see that
(crag + c2f2 + 31 + csan)t — 1
is divisible by an infinite number of distinct prime ideals, which can only mean that
(cras + cofs + 3B + cay)? =11

or
crag + caffy + 3 + cuy = €

where €f = 1.
The other equations follow on employing similar reasoning on A,z and A s. O

Lemma 4.6. If there exists an infinitude of primes q such that (%) =1 and

(%) = —1, then ciaq + 281 + c302 + caas = €4, where 63 =1.
Proof. 1f (%) =1 and (%) = —1, then without loss of generality we have

af=m, pl=0, =P, p5=ar (modq)
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where q is a prime ideal lying over ¢ in the maximal order of Q(a1, a2). The result
can be derived by following the reasoning employed in the proof of Lemma 4.5. O

Lemma 4.7. ]fd = (O{l — 61)2 + (()(2 — ﬂ2)2 = 0, then 4FE = —APlz

Proof. We have d = p? + p2 — 8Q = P? — 2P, — 8Q. The result now follows from
(2.5). |

5. The Caseof S # 1 and G # 1

We have seen in [13] that if S # 1 and G # 1, then there exists an infinitude of
primes ¢q such that (%) = (%) = —1 and (%) = (%) = —1. We are now able to
prove the following theorem.

Theorem 5.1. If S # 1, G # 1 and S # —G, then {A,} must be either even or
odd.

Proof. Since Ag =0 and A; = 1, by Lemma 4.5 and (2.6) we have

ci+ca+te3+cea=0
crag +caff +ezar ey =1
crag + e + 3B + caar = €
c181 + caan + c3fB2 + car = €2
c102 + caap + ez + 4B = €3 (

where €] = €5 = €3 = —1. If we add equations (5.2), (5.3), (5.4) and (5.5), we get

—~ o~ —~
Gt ot oot
U i W N =
NSNS AN NI

(ateteata)a+bta+f)=1+e+e+e
and from (5.1), this means that

14+e+e+e3=0. (56)
If we add (5.2) and (5.4) we get

(c1 +c2)(on + B1) + (c3 +ca)(az + B2) = 1 + €.
If we put 6 = oy + 1 — aa — B2 = p1 — p2 (# 0), then, by (5.1), we find that

C1 +02:(1+62)/67 03+C4:—(1+62)/(5. (57)
If e = —1, then ¢; = —cg, ¢3 = —c4 and {A, } must be odd by Theorem 2.2.

Set A; = a; — 3; (i =1,2). On subtracting (5.4) from (5.2) we get
(c1 —co)M1 4+ (c3 —cg)da=1—€9
and on subtracting (5.5) from (5.3) we also get
(c1 — ca)da — (c3 — cg) A1 = €1 — €3.

On solving these two equations for ¢; — ¢ and ¢35 — ¢4, we find that
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(01 — CQ)d = (61 — €3>)\2 + (1 - 62))\1, (58)
(63 — C4)d = 7(61 - 63))\1 + (1 - EQ)AQ. (59)
Since S # —G, by Lemma 4.7 we cannot have d = 0.
If e = 1, then by (5.6), ¢; + €3 = —2. Since €1,e3 € {1,—1,4,—i}, where

i? +1 = 0, we can only have ¢; = e3 = —1. By (5.8) and (5.9) this means that
€1 = ¢g, 3 = ¢4 and {A,,} must be even by Theorem 2.2.

We next consider the case of €3 = —1. By (5.6) we can only have ¢; = —1,
€3 = —€x 0r €3 = —1, € = —€9. Hence €1 —e3 = n(1 —€2), where n € {1, —1}. From
(5.7), (5.8) and (5.9) we get

2c; = (1—e2)(nAa+A1)/d+ (1+€2)/,
2c = (1—e)(—nAa—A1)/d+ (1+€2)/d,
2c3 (1 —e2)(—nA1 + A2)/d — (1 + €2)/6,
2cs = (1—e€2)(nA1 — A2)/d — (1 +€2)/6.

On substituting these values of ¢;, ca, c3, ¢4 into (2.6) we get
24, = (1 —€2) (A} + A3 X0 + [01AT + p2A3 + nAida(pr — p2)]Ya) /d + (14 €2)U,.

Put C = p1 A} + p2)3 = P1(P? — 3P, — 4Q) € Z. Since A2A\3(p1 — p2)? = AE, we
have nA1\2(p1 — p2) = £VAE.
Since As must be an integer and

245 = (1 — €)(C £ VAE)/d+ (1 — &) P,

we get

2dAy — dP, — C = £VAFE — €,C — e3(+VAE).
If we put M = 2dAs — dP; — C € Z, then
M 4+ VAE = —;(C + VAE — Pyd).
Squaring both sides, we find that, since €2 = —1,

M? + (C — Pid)? + 2AF = ¥2(C — Pid — M)VAE.

If G # S, then AF is not a square and VAFE ¢ Q. Hence M = C — Pid and
2M? +2AE = 0. But if M2 + AE = 0, then G = —S, which is not possible; hence,
we must have G = S. In this case R = [C' + nA1A2(p1 — p2)]/d € Q and

24, = X, + Uy + RY, + (U, — X,, — RY,).
Since e3(U,, — X,, — RY,,) ¢ Q, we must have

U, = X, + RY,,.



INTEGERS: 15 (2015) 13

Putting n = 2, we see that R must be P;. Putting n = 3, we must have
Us=P!—P,—-3Q=X3+PYs=-Q—P,+ P}

which means that @ = 0, a contradiction. Hence €3 # —1 and we have proved

Theorem 5.1. O

Theorem 5.2. Under the conditions of Theorem 5.1, we cannot have {A,} odd
unless S = G.

Proof. We have already seen in the proof of Theorem 5.1 that {A,} can be odd
only when €3 = —1. From (5.2) and (5.3) we get

Cl)\l + 03)\2 = ].,
01)\2 — 63)\1 = €1.
It follows that ¢; = ()\1 —|—€1)\2)/d, c3 = ()\2 — /\161)/d, and since ¢; = —cg, €3 = —¢4

when €3 = —1, we get dAs = p1A? + p2A3 + (p1 — p2)Midaer = C + e VAE from
(2.6). Since dAs — C € Z, we must have VAE € Z, which means that S =G. O

We next deal with the case where G = —S and S # 1, G # 1. Here we still
have equations (5.1), (5.2), (5.3), (5.4) and (5.5) and by Lemma 4.6 the additional
equation

craq + e + c3fz + can = €4 (5.10)
where €} = 1.

Theorem 5.3. If S #1 and G # 1 and G = =S, then {A,} is either even or odd.
Proof. If we subtract (5.10) from (5.2) we get

63)\2 — C4/\2 =1- €4.
Thus, from (5.7) we deduce

203 = (1764)/)\2*(14’62)/5,
24 = (ex—1)/Aa—(1+e€)/d.

Also, since ciag + 201 =1 —czas —caffa = (1 +€4)/2 4+ (1 + €2)p2 /26, we get

201 = (64—62)/)\1+(1+62)/(5,
2c0 = (e2—eg)/ M+ (1+e€)/0.
Hence

242 = (1 +e2)(af + 6 — a3 — B3)/0 — (e2 — ea)pr + (1 — €)p2
or 2A2 = (1+€2)P1 — (1764)54’(1762)1)1.
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We have already shown in the proof of Theorem 5.1 that if e = —1, then {A,}
must be odd. Suppose €2 = 1. In this case

2(142 — Pl) = (64 — 1)5
If we square both sides, we get
(€2 41— 2e4)A = 4(Ay — Py)2

If €2 = —1, then ¢4A € Q, which is impossible. Thus, €2 = 1. If ¢4 = 1, then

€4 = €2 = 1 and ¢; = ca, c3 = ¢4; hence {A,} is even. If ¢4, = —1, then Ay =P, — ¢
and therefore A is a square. However, this means that S = 1, which is not possible.
Thus, if {A,} is neither even nor odd, we must have €3 = —1.

Suppose €3 = —1 and ¢4 = 1. In this case we get

2, =(14+e)PL+ (1 —e)p1
and
245 — Py =ep2+ p1 (P1 = p1+ p2).
Thus (e2p2 + p1)? = Pi(p1 — p2) + 262 P2 € Z; consequently,
(Pl(pl —p2) —|—2€2P2)2 = P12A+4€2P2P1(p1 —pg) —4P22 S/
and
462P1P2(p1 — pg) e 7.

It follows that —16P2P#A is a square, but this means that S = —1 and G =1, a
contradiction.
If ¢4 = —1, then

2A2 = (1 +€2)P1 — 26+ (1 - Eg)pl = p2(3 + 62).

Since 3 + €2 # 0, we get pa = 245/(3 + €2). We also recall that p3 — Pypy + Py = 0;
hence by substitution of this value of P, we get

4A3 — 6P Ay + 8P + (6P — 2Py As)ey = 0.

Since €3 ¢ Q, we must have Ay = 3P,/P; (P # 0) and 443 — 6P Ay + 8P, = 0,
which means that 36 Pf = 10P2P.

If P, = 0, then A = P2, which is not possible. Hence P, = 5P?/18 and
A = —P?/9, which means that S = —1 and G = 1, an impossibility.

Thus, if €2 = —1, we must have €5 = —1 and €4 = +ea. If €4 = €3, then

245 = (1 + 62)P1 — (1 — 62)5 + (1 — 62)p1



INTEGERS: 15 (2015) 15

and
245 — P = e2p1 + pa.
If ¢4 = —e€9, then
2A2 = (1 —+ EQ)Pl — (1 + 62)5 —+ (1 — Eg)pl
and

245 — Py = €2(2p2 — p1) + pa.

By using the same kind of reasoning as that employed above, we find that, since
S#1,G#1 and S = —G, neither of these cases can occur. m]

Theorem 5.4. Under the conditions of Theorem 5.3 we cannot have {A,} odd.
Proof. From the proof of Theorem 5.3 we have
2A2 = (1 + 62)P1 - (1 - 64)5+ (1 - 62)[)1.

We know from the proof of Theorem 5.1 that {A,,} can be odd only when es = —1.
Under this condition

2A5 = P; + €40
and if €} = 1, then (245 — P;)? = +A which implies that S = 1 or S = —1 and
G =1, both of which are excluded by the conditions of Theorem 5.3. O

6. Some Cases When S or Gis 1

We have seen that if S # 1 and G # 1, the only divisibility sequences {4, } must
be either even or odd. We now briefly consider the cases where S =1 or G = 1.

If S=1and G # 1, we have A = V2 (V € Z), p1 = (PL+V)/2 € Z,
pa= (P, —V)/2 € Z. Put R; = p? —4Q (i = 1,2). Then E = R1Ry. Since R; Ry
is not a square, if neither R; nor Ry is a square, there must exist infinite sets of
primes ¢ such that either

(2= ()= ()= (2) - (3) 2 (2) -

Also, if p is a prime and (%) = —1 (¢ = 1,2), then in the maximal order of
Q(a1, a2) = Q(v Ry, vV Rz), we have
o/ = (modp), B=a, (modp) (i=1,2)

P=q;, (modp), A'=p (modp) (i=1,2).
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By (2.6) we see that
Apipr1 = A, (mod p)
for any prime p such that p 12D for any n > 0. It follows that Ag =1 (mod q) if ¢
is any prime such that ¢ > N (Lemma 4.3).
We also find that if {A,} is to be a divisibility sequence, we must have

ci+cec+ces+ey = 0
crag + e tezan teafBp = 1
crag + e te3fe +aar = €
181 + c20n + ez +caffa = e
a1 +coon +e3fe + gz = €3

where €2 = €2 = €2 = 1. We can then deduce that 1+ €3 = €1 + € and

261:(€1+62)/67(6271)/>\1, 202 (€1+€2)/6+(6271)/>\1,
2c3 = —(e1+€)/0 — (a1 = 1) /X2, 2ca = —(e1 +€2)/d + (e1 — 1)/ .

Since 1 + €3 = €1 + €2, we can only have ¢ = e = 1 or € = —e5. In the former
case we get ¢; = ca, c3 = ¢4 and {A,} must be even. In the latter case we get
€1 = —¢a, 3 = —c4 and {A,} must be odd.

Thus, if G # 1, A = V2, and neither of P2 2V P, + A — 16Q is a square, then
{A,} is either even or odd. We also note in this case that we have

crar + 2B +esfo +esas =€ (] =1).
If {A,} is odd, then since ¢; = —ca, c3 = —cq, We get
A1+ c3ho =1, A1 —c3ho = €.

Thus, 2c1A\1 = 1 4+ €1, 2c3 s = 1 — ¢1. It follows that either ¢; = 0 or ¢3 = 0 and
therefore A,, is one of the Lucas functions u,(p;, @) (i =1 or 2).

We next consider the case where S # 1, G = 1 and E = U? where U € Z. We
have seen in [13] that there must exist integers r1,79,q1, g2 satisfying r; > 0 and
(ri,q;) = 1 for i = 1,2, such that

Pl=riry, Pr=qra+q@r —4ae, Q=qq@, U=qr:—qr.

Here we have a3 = pipe, (1 =1ve, «ag=rvius and (o = pive,
where p; +v; = /i, pivi = ¢; (i =1,2). Also, A = didy, where d; = r; —4¢; (i =
1,2).

In the maximal order of Q(p1, 2) we have, for any prime p such that p { 2D,

IS

i (mod p) when ) =1

<Tg

&

v; (mod p) when ) =-1

33 3
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Hence

of =P, Bl =2, af =p1, ff =1 (mod p)
when (%) =1, (dzpm) = —1. Also

o =ag, B =P, ah =aq, f5 =01 (mod p)
when (%) = -1, (dgp”) =1 and

of =01, Bl =1, b =P, ff = (mod p)

when (dlrl) = -1, (M>
P P

(d—) — 1, we find that

= —1. In all possible cases, including (dlp“) =

P
2 2
o = Y =6 (modp) fori=1,2.

Hence, Ay2_14, = An, (mod p). It follows from Hall’s reasoning that if neither dyr;
nor dors is a perfect square, then we must have

ci+c+ces+cqs = 0
c1ag + c2f +e3ag +caffe =
c182 + caag + c3f1 + can €1
c1ag + c2fla + czar + ca €2
c181 + caon + c3fa + can €3

where €7 = €2 = €2 = 1. By adding these equations we get

1+e€14+e3+€e3=0.
We can also deduce that
01+CQZ—(61+62)/5, 63+C4=(€1 —|—62)/5.

If e3 = —1, then €1 + €2 = 0 and ¢; = —c¢g, ¢3 = —c4, which means that {4, } is
odd. If e3 =1, then ¢; = e = —1 and

(Cl — CQ))\l + (63 - C4)>\2 = 0,
(Cl — CQ))\Q =+ (Cg — 64))\1 = 0
Since A7 — A\ = Py # 0, we have ¢; = cp and ¢3 = ¢4 and {4,,} is even.
Now (P, +4Q —U)/2 = gor1 and (P, +4Q + U)/2 = q172; hence 11 = ¢1 (P2 +

4Q— U)/2Q, ro = QQ(PQ +4Q+U)/2Q Hence d1 = q1(P2 —4@— U)/QQ, dz =
q2(Py —4Q + U)/2Q. and

4Q%dyry = @ [(P, — U)? —16Q?], 4Q%*dary = ¢3[(P2 + U)? — 16Q2).
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Thus, if E = U? and neither of (P, +U)? — 16Q? is a square, then {A,,} is either
even or odd.
IfG=1,S5#1, and {4, } is odd, then since co = —c1, ¢4 = —c3, we get

AL+ c3ho =1, iAo+ c3h =€
where €2 = 1. It follows that
Cc1 :1/()\14-6/\2), 62:6/()\1+€/\2)

and we get

1 n n n __ Aan
A, = SVEESW (af = B +e(ay — B3))
(1t + el (uy — evy)

(1 + ev1)(p2 — eva)

Without loss of generality we can put € = 1 and we find that

Ay = Un(\/ﬁ, ql)un(\/av q2)/\/ﬁ'

If {A,,} is to be a divisibility sequence, we need A,, | A2, but this can only happen
if

Agn [An = (01 + 1) (13 +v3) = 2p1 07 (uy +v3) /(1) +0v7') € L.
Now since (4 + V) (i + v§) € Z, we must have 2g7 (3 + v3)/ (i} +7) € Z;
thus, if n = 1, then we need 2¢1+/r2/r1 € Z. Since (q1,71) = 1, this means that
2y/ro/r1 € Z. If we put
2 | n,

n={,]
2y/ra/r1 21{n.

We see that Agy, /A, € Z if and only if

Up, (7‘1, ql) T Q{Ltnan (T27 Q2)-

Since (Up(r1,q1),q1) = (r1,q1) = 1, we see that {4, } is a divisibility sequence if
and only if
Un(ri,q1) | tnOn(ra,qg2) for all n > 0. (6.1)

It is easy to show that if p is a prime, p { 2¢, and p | T, (r, q), then there exists
a minimal p (> 0) such that p | 0,(r,¢) and if p | T,,(r,¢), then p | m. Also
p = w/2, where w is the rank of apparition of p in {@,(r,q)}. If we now define
m =m(p) = (‘11%)7 12 = n2(p) = (dz%), and 6 = 61 (p) = (%), we know from
results of Lehmer [2] that
P | Opni)s2(r1a1)
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when ¢; = —1. Note that n7y = (dlpd2> = (%) because r179 is a square. If we
suppose that r1¢; is not a square, then because (d1,q1) = (r1,¢1) = 1, there must
exist (see [13]) an infinitude of primes p (> t,,) such that 61(p) = —1, m(p)n2(p) =
—1 and p t 2g1g2. For such primes we see that for n = (p — 11)/2 we must have
D | Un(re,q2) by (6.1) if {4, } is to be a divisibility sequence. If p is the least value
of m such that p | ,,(r2,q2), then p | n. Now Lehmer [2] showed that if w is the
rank of apparition of p in {um,(re,¢2)}, then w must divide p — 2. This means
that p | (p — n2)/2, but since p | U, (r2,q2), we must have p | nor p | (p —m)/2.
Since 717 = —1, this is impossible unless p = 1, but in this case ©,(r2,q2) = 1, a
contradiction.

Thus, if {A,} is to be an odd divisibility sequence when G = 1 and S # 1, we
must have r1¢q; a perfect square. Since (r1,¢1) = 1, this means that both r; and
¢q1 must be perfect squares. Also, since r17sy is a square, we must have ro a perfect
square. We note that 0,(s%,¢) = v,(s,q) when 2 | n and 9,(s2,q) = v,(s,q)/s
when 2 { n. Thus, if we put 7; = s2, r, = s2, then, by (6.1), we must have

20,,(82,G2)/vn(s1,q1) € Z  for all n > 0. (6.2)

If S # 1, this seems most unlikely.

7. Conclusion

We now summarize some of our results. We let {A,} be any non null linear divis-
ibility sequence with characteristic polynomial F(x), given by (2.2) with nonzero
discriminant and P; # 0. We let S, G be defined by (3.2).

1. If S #1 and G # 1, {A,} can only be even or odd.

2. There is always one and only one even {4, } for any given F(z).

3. If S#1and G #1 and G # S, there can be no odd {4,}.

4. If S =1 and G # 1, then the only possible odd {4, } is the Lucas sequence
{un}.

This leaves us with several unanswered questions.

1. If G =1 or S =1, what are the conditions on Py, P>, Q for the existence
of an {A,} that is neither even nor odd? We have seen that if P, = 0
(G=1,5=1), such a sequence does exist, but are there any when P; £ 07

2. Do any odd sequences {A,,} exist when S = G # 17 No non-trivial example
of such a sequence is known. We do have the case of |Pi| = 1, P, = —1,
Q =1, |A3] = 1. In this case A = E =5, but {A,} is periodic with period
10 and |A,| =1 for all n € Z.
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3. Do any odd divisibility sequences exist when G = 1 and S # 17 If so, then
(6.2) must hold, and this seems very unlikely when S # 1.

4. What odd {4, } exist when S =G =17

In Section 2 we mentioned some odd divisibility sequences, and S = G =1 for
all of these. In fact, Oosterhout [4, §3.5.1] discovered an infinitude of odd {4,},
where, if R and W are integer parameters and R | W2, we put P, = W?2/R — 3W,
P, = W3/R—6W? +10WR —4R?, Q = R?*, Ay = —R? Ay =0, A = 1,
Ay =W?2/R—2W. Here A = (W2/R—5W +4R)?, E = (W3/R—6W?2+8RW)2.

After making some minor corrections, we get these sequences from hers by re-
placing her Q by W and her Q?/P by R. Also, if {A,} is to be non null, we must
have (R,W?2/R) =1 and |R| a perfect square.

Ifweput R=1, W =5, we get P =10, P, =21, Q = 1, Ay = 15. This
is A127595 in [7]; however, A215466 cannot be represented by any of Oosterhout’s
schemes. Thus it appears that there are more odd {4, } yet to be discovered, but
it seems that such sequences will have S = G = 1.
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