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Abstract
Graph compositions are related to compositions of positive integers and partitions
of finite sets, and have applications in electrical networks. This paper provides
extensions of a previously known result which states that

C(Ky) = B(N) - B(N —2),

where B(N) represents the N'!' Bell number and C(K ) is the complete graph on
N vertices with one edge deleted.

1. Introduction

Graph compositions were introduced by Knopfmacher and Mays in [3]. Their work
defines graph compositions and develops formulae for the number of compositions
of a few families of graphs (e.g., paths, cycles, trees, etc.). A study on the number
of compositions of unions of graphs was conducted by Ridley and Mays [5]. Graph
compositions were used in [2] to gain additional insight into series-parallel graphs
(which are relevant to the study of electrical networks) and were connected to flats
of matroid cycles by Mphako-Banda [4]. Graph compositions are also related to
compositions of positive integers and partitions of finite sets. Specifically, the num-
ber of compositions of the path P, is equal to the number of compositions of the
positive integer n, and C(K,,) is the number of set partitions of S, where |S| = n.
Let G be a graph and E(G) and V(G) represent the edge set and vertex set
of G. A composition of G is defined as a partition of V(G) into vertex sets of

IThe authors would like to thank the referee for his suggestions.
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connected induced subgraphs of G. Hence, a composition of G yields a set of con-
nected subgraphs of G, {G1,Ga,...,Gy,}, with properties iban(Gi) = V(G) and

Before discussing results, some concepts, notation, and previous results used
throughout the paper are introduced. For all that follows, let G be a graph on
n vertices, C be a composition of G, and H be a subgraph of G. Then C =
{V(G1),V(Ga), ..., V(Gyp)} such that Z_QV(Gi) = V(G) and V(G;) NV (G;) = 0 for
i # j. Every V(G;) € C will be referred to as a component of C and will be denoted
as G; when there is no chance of confusion (given in [3]). Furthermore, G=# will
be used to denote the graph with vertex set V(G) and edge set E(G)\E(H). We
will refer to this graph as “the deletion of H from G” and refer to the process of
obtaining the graph as “deleting H from G.” Any e € E(G) is said to be contained
in a composition C if there exists a component of G which contains both vertices
of e. Additionally, if G™¢* = G~ for every ej,es € E(G), then we denote G~¢
as G~ for all e € E(G). The composition number of G is the number of distinct
compositions of G and will be denoted as C(G) (given in [3]). C(Ky) is known to
be B(N) (given in [3]), where B(N) is the N*" term in the Bell number sequence
[1]. Finally, for N € Z™", let G be a subgraph of Ky, C be a composition of Ky,
and G; be a component of C. If V(G;) C V(G) and the complement of G|g, is
disconnected, then G; will be referred to as a bad component of KR,G. Otherwise,
G; will be referred to as a good component of K;,G.

The theorems in this paper were motivated by this larger problem: for any graph
G, is there an efficient method for locating an edge e; such that C(G~%) < C(G™°)
for all e € E(G) (other than calculating C(G~¢) for every e € E(G))? Efforts to
solve it have led to insights about graph compositions that perhaps would not have
been obtained otherwise.

The focus of this paper is on the composition number of “dense graphs” (i.e.,
graphs whose complements have small edge sets); more specifically, we concern
ourselves with the composition number of deletions of certain families of graphs
(e.g., paths, cycles, stars, etc.) from complete graphs. The motivation for this
study came from a result in [3] which states C(K ) = B(N) — B(N —2) for N > 2.
The article goes on to state that adjacency of the edges must be taken into account
when deleting more than a single edge from K,,, but does not

Theorem 1. Let G be a subgraph of Ky for N € Z*, |V(G)| = n, and bj i,
represent the number of ways of choosing k disjoint bad components of KIQG such
that the cardinality of the union of vertices of all components is j. Define b;,, =

2 (ZD* - bjn. Then C(KyN©) = Y bin BN = J).
= ]:

Proof. Let C be a composition of K. Then C will not be a composition of K&G
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if and only if C contains a bad component of K K,G. Utilization of the sieve method

shows
ZZ jk:n N_J)

k=05=0
We begin by denoting the set of all compositions of K by I'. Then, for all v € T,
denote the number of disjoint bad components contained in v by B(v). We have

B(v) B(7)
1= = —1)k
D 1= 2 1+ X0 ZZU)(k)
yel’ yel’ yel’ v€l' k=0
B(v)=0 B(v)=0 B(7)#0

since the alternating sum of the k' row of Pascal’s Triangle is 0 for k¥ > 0 and
1 for Kk = 0. Note that (BEJ)) will count the number of times 7 is counted as a
composition of Ky with at least k disjoint bad components for a fixed v and k.

Next, let By, ,, denote the set of all compositions of K which contain at least k
disjoint bad components. We can write

Bl =Y bjknB(N = j),
j=0

and

veT' k=0

and therefore

C(KRS) =Y (=1)"|Bin| = ZZ *b; kn B(N — 7)

k=0 k=05=0
=D > (DFbnB(N —j) =Y bjaB(N -
7=0k=0 =0

O

Remark 1. It should be noted that by, = 1 (since we can choose zero vertices
exactly one way) and by, = 0 (since there is no way to choose one vertex to be a
single component) for all n € Z*. Also, b; ,, is undefined for j > n (since we cannot
choose more than n vertices from a set of n vertices).

1.1. Deletions of Families of Graphs from Complete Graphs
1.1.1. Paths

Theorem 2. Let P, be a subgraph of Kn for N € Z*. Define pj ., to be the

number of ways of choosing k disjoint bad components of KX,P” such that the number
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of vertices of all bad components is j and pj, = > (—1)*-pjxn. Then C(Ky') =
k=0

n
> pinB(N —j) and pjn = Pjn-1 — Pj—2,n—2 — Pj—3n—3 for j,n > 3.
i=o

Proof. We have C(K ™) = 3. pjnB(N — j) by applying Theorem 1 to K. Let
j=0

Pu it and only

C be a composition of K. Then C will not be a composition of K
if C contains a bad component of K.

Note that if we delete a subpath of length ¢ > 3 from P, in Ky, then the com-
plement is necessarily connected. The endpoints of P41 will be adjacent and every
interior point of the path will be adjacent to both endpoints. Hence, the only bad
components that exist when deleting P, from Ky are subpaths of P, of length 1
and 2.

Next, define S;,, = > pjgrnand Lj, = > pjin. Notethat S;, repre-
k is even k is odd
sents the number of ways of choosing an even number of disjoint bad components

from V(P,) where the cardinality of the union of bad vertices is j, and L;, anal-
ogously represents the number of ways of choosing an odd number of disjoint bad
components from V(P,,) where the cardinality of the union of bad vertices is j. We
can write p; , = Sjn — Ljn.

Let u represent one of the terminal vertices of the deleted path and fix the
component, C, which contains u. Then one of three cases occurs:

1. Cis not a bad component. Then there are S ,,—1 [L;,—1] ways of choosing
an even [odd] number of disjoint bad components from V' (Py) (with the cardinality
of the union of vertices equal to j) which do not include C.

2. C'is a 2-element bad component. Then there are L;_o ,—2 [Sj—2n—2] Ways
of choosing an even [odd] number of disjoint bad components from V' (P,,) (with the
cardinality of the union of vertices equal to j) which include C.

3. C is a 3-element bad component. Then there are Lj_3,,_3 [S’j,g,n,g] ways
of choosing an even [odd] number of disjoint bad components from V(P,,) (with the
cardinality of union of vertices equal to j) which include C.

The above “world encompassing” cases give us

Sj,n = Sjynfl + Lj*Q,TL*Q + Lj73,n73
Lj,n = Lj,n—l + Sj_g,n_z + Sj—3,n—3

which yields p; , = Pjn—1 — Pj—2,n—2 — Dj—3,n—3- O

A table of values for p;,, is given below.
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n\jlo|1]2|3|4]|5]|6]7
0 | 1|-[--[-1-1-7T-
T (1o -]-[-1-1-71-
2 [1]o|1]-]-[-[-1-
3 (1o 2] -]-1]-1-
4 [1]o[32]1 1
5 [1]0|4]|3[3]2]-]-
6 |10 5|4]6]6]0]-
7 [1]0|6]|-5]10]12]-1]|-3

Remark 2. We have p; , = —(n—1) for j = 2 since this implies the bad component
being chosen from V(P,) is an edge and there are n — 1 ways of choosing an edge
from P,.

Theorem 3. Let F(x,y) = j;ongopjmx y). Then F(z,y) = TR Ty p—

Proof. Using our recurrence relation for p; , we get

2 j—2

n_ J n—1_ 7 2 2 n— 3
Pin®" Y =T - pjp1x" Y — Y P22 7Y

j—3

3,3 n—
—2°y” - pj_gn—sz" Y’

for j,n > 3. This in turn yields

S pina™ =) Y pina™y — 2Py 0> pina”y’ —2%y*D 0D piaamy.

j=3n=3 j=3n=2 j=1ln=1 j=0n=0
If we consider p;, = 0 for j > n, we have
oo o0 oo o0 oo o0 oo o0
DD pint"y =aY 3 pind"y = a?y?Y Y pina"y’ —a’y"y ) pina"y’
Jj=3n=0 7j=3n=0 j=1n=0 7=0n=0
Rewriting the entire equation in terms of F(x,y) then yields

o0 o0 o0
F(z,y) =Y pona™ =Y praz"y— Y panz"y’
n=0 n=0

n=0

0o oo oo
= x(F(x,y) - Zpo,nxn - Zpl,nxny - sz,n$ny2)
n=0 n=0

n=0
o0
—2?P(F(2,y) = > pomz™) — 2y’ F(a,y).
n=0
Application of Remark 1 and manipulation of the equation yields

Fa,y)1 -z +a2%y? +2%y°) = 1,
which leads directly to the desired result. O
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1.1.2. Cycles

After examination of C(Ky"™), it is natural to consider C'(K ") (since any path
can be made into a cycle by connecting its terminal vertices). Hence, this section
is concerned with the study of C’(KX,C").

Theorem 4. Let C, be a subgraph of Kn where N € Z and p;,,, be the coefficients
as defined in Theorem 2. Define c; in to be the number of ways of choosing k disjoint
bad components of K;[C" where the number of vertices of the bad components is
n n
4, and cjn = S (=1)* - ¢jpm. Then C(Kx") = Y. ¢;jnB(N —35) and ¢;, =
k=0 j=0
Djn—1— 2 Pj—an-2— 3 Dj—3n-3 forj >3, n>3, andn #j forn=3,4.

Proof. That C’(K;,C") = Y ¢;jnB(N — j) follows from the application of Theorem
i=0

1 to KX,C". Let C be a composition of K. Then, C will not be a composition of
K ;,C" if and only if C contains a bad component of K ;,C".

Next, we describe the bad components of KX,C". Since there is always some
P, CC,, KX[C" will inherit subpaths of length 1 and 2 of C,, as bad components.

Consider a composition of Ky for which all of C), has been deleted. It is easily
verified that if n > 4, then the composition is good. Given this, we also classify any
component which contains a 3 or 4 element cyclic component as bad.

Define S;, = Y ¢jgnand Lj, = > ¢jrn. Then S;, represents the

k is even k is odd
number of ways of choosing an even number of disjoint bad components from V(C,,)

where the cardinality of the union of vertices is j and L; ,, analogously represents the
number of ways of choosing an odd number of disjoint bad components from V(C,,)
where the cardinality of the union of vertices is j. Note that ¢j, = Sjn — Ljn.

Let w € V(C),) and fix the component C,, € C which contains w. Then one of
four cases occur:

1. Cy, is not a bad component. Then there are S; ,,—1 [L; n—1] ways of choosing
an even [odd] number of disjoint bad components from V(Cy) (with cardinality of
the union of vertices j) which do not include C,,.

2. Cy is a 2-element bad component. Then there are 2-L;_5 2 [2:Sj_2 n—2]
ways of choosing an even [odd] number of disjoint bad components from V(C,)
(with cardinality of the union of vertices j) which include C,,.

3. Cy is a 3-element bad component. If C,, is comprised of just a path (n > 3),
then there are 3-Lj_3,_3 [3-Sj_3n—3] ways of choosing an even [odd] number of
disjoint bad components from V(C,,) (with cardinality of the union of vertices j)
which include C,,. If C, is a cycle, then there is exactly one way of choosing an
odd number of bad components and no way of choosing an even number of bad
components.

4. Cy, is a 4-element bad component. Then there is exactly one way of choosing
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an odd number of bad components and no way of choosing an even number of bad

components.

The above “world encompassing” cases give us

Sin=98jn-1+2 -Lj_on-2o+3-Lj_3n-3

L

which yields ¢; , = p;

Jm

,n—1

—2pjon-2—3"

=Ljn-1+2-Sj2n-2+3-Sj-3n-3

Pj—3,n-3- O

The first few values of c;,, are shown in the table below.

n\j|O|1]|2 |3 4|5 |67

0 1]-1-1-1- - - -
1 110 -1 -] - - - -
2 110(-1|-1] - - - -
3 110]-3|-1] - - - -
4 110|441 |- |-1]-
5 110555 |5 |-]-
6 110|-6]-6|9 [12]1] -
7 110|-7|-7|14|21]0]-7

Remark 3. We see c3,, = —n for n > 2, since ¢y, is the number of ways of

choosing a single edge from C,.

Theorem 5. Let G(z,y) = > > c¢jna"y’. Then

j=0n=0

G(z,y) =1+ 22y + 2233

P x — 222y — 3233

1+ a3y +22y? —

Proof. Given that ¢;, =0 for j > n and c1, =0, it is easily established that

[ee] oo
- Zco,nl‘n - yQZCQ,nl‘"
n=0 n=2
(oo}
= ZCj’3$3yj +
j=3
= 633£E y +C441‘ Y —|—y3263nz +ZZCJH$ y.

oo 0
E E Y
CjnT Y

j=3n=3

>y

j=3n=4

Sl d
CinT Y

Jj=4n=>5

Substitution of known values and sums lets us write the right hand side as

fx3y3+x4y4+

(1-

(39: -

F3D ey

j=4n=5
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Now application of Theorem 4 lets us write this as

—x3y3+x4y4+ ( Sx— +xZZp]n1: Y’ —QzQyQZZpJ nx"y’

j=4n=4 j=2n=3
SIS
3,3 n, j
=32%° > pjna"y’
j=2n=2

5.3, 44, YriBz—4) .- T
— n n
—rty” +avyt + (-2 + z[F(z,y) — Zpo,nﬂﬂ -y sz,niv
oo
—y* Py
n=3

= —2.1‘ QZPQ nx + F l‘ y Zpo nx - 3$ (CC7 y) - Zp(),nxn]
n=0

n=3

The above equation along with substitution and algebraic manipulation gives

(1 —2?)(22%y? + 323y — 22%y?)
(1—x)

Glz,y) =1 — 2%y — 2% + 2*y* +

+ F(z,y)[ - 22%y° - 32°y]
x — 2x%y? — 333
1 —x+ 22y? 4 23y3

=1+ 2%y +223y° — 2ty +

1.1.3. Star Graphs

Recall that a star graph on n+ 1 vertices (denoted S,1) is a graph of n+1 vertices
and n edges where exactly one vertex (which we call the central vertex) is incident
to all other vertices.

Theorem 6. Let N,n € Zt withn+1 < N. Then

Proof. Let C be a composition of K. Then C is not a composition of K;,S"“ if and
only if C contains a bad component of K X,S”’“. Note that all bad components will be
isomorphic to some Si41, £ < n and the vertex sets of all distinct bad components
will have intersection that is exactly the central vertex of S,,+1. This implies that it
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is impossible to choose more than 1 unique disjoint bad component simultaneously.
The number of compositions which contain exactly one bad component, GG;, where
V(G| =k+1,is (}) - BIN — (k+1)). Hence,

cty ) = ) = () BO - -+ 1),

k=1

O

n
Remark 4. Note that C’(K];S"“) can be written as Y s; ,B(N —j), where s; 5, is
§=0
undefined for j > n, so., = 1 for all n, s;,, =0 for all n > 0, and s;,, = 7(?:11) for
J,n > 2 and j < n. Having an explicit formula for s;, makes it trivial to establish
that sjn = Sj—1.n—1 + 8j,n—1 for j,n > 3. This allows us to recover a generating

function as before.

Remark 5. Note also that C(Ky"Y) = B(N — 1) since K" 2 Ky _;. Setting

N = N+1yields C(Ky3Y*") = B(N) and applying Theorem 6 gives C(Ky 3 ™) =
N

B(N+1)- > (]Z)B(N — k). Setting the two equations equal yields B(N + 1) =

N N

B(N)+ > (IZ)B(N —-k)=> (]Z)B(N — k), a well-known recursion of the Bell
k=1 k=0

numbers.

11—z —ay — 2%y?

Theorem 7. Let S(z,y) = ];]ngosj,nx"yi Then S(x,y) = T m——

Proof. Using Remark 4, algebraic manipulation, and known values for s; ,,, we get

oo 00
L d
2D sint"y

oo oo
2
S(z,y) — E Sont" —y E S2.nx"
n=0 n=0

j=3n=3
oo o0 [e.olNe )
n,.J n,.J
= xyg E sjnT Yy + E E 55Ty’
j=2n=2 j=3n=3

— 2y (S(ey) — 3 s0.na")
n=0

0 [e%e]
- (S(a,y) =Y somr" =y Y sona).
n=0 n=2
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This yields

S, yl—z—ay=1-2z— xy)Zso,nx" + 921 — .T)ZSQ’“Z'”

1—x—zy — 2%y?

1—=z

1—2—ay — 2%y? _ 1—2—ay — 22y?

H , S(x,y) = = .
ence, S(z,y) l-2)1l—-z—2y) 1-20+4+22—zy+ay

1.1.4. “Disjoint” Graphs

In this section, we refer to a graph of k£ disjoint edges on 2k vertices as a disjoint
graph and denote it as Dy.

Theorem 8. Let N,n € Z* such that 2n < N. Then

oty =30 (3)  Bov - 2n),

k=0

Proof. Let C be a composition of Ky. Then C is not a composition of K ;,D" if and
only if C contains a bad component of K R,D k

Let T" represent the set of all compositions of Ky and B(+) represent the num-
ber of bad components contained in v € I'. Also, let Ay, represent the set of
compositions of K with at least k bad components. Then, as in Theorem 2,

Dy =B
CKy"") = > S (=DF(Z).

~el' k=0

Using |Ag,n| = (7) B(N — 2k), we get the result

B(v) n n
CER) = ¥ 3 (DF(PY) = 3 (-1 = > (=1)*- () B(N — 2k).
~eT k=0 k=0 k=0
O
Remark 6. Setting d;,, = (—1) ( ) yields C(Ky Dny = Zdj n - B(N — j), where

d;n € Z for all j,n. As with Remark 4, having the exphc1t formula for d; , makes
it easy to establish that d;,, = d;n—1 — dj—1,n—1 for j,n > 1.

Theorem 9. Let D(z,y) = dinx™y’. Then D(x,y) = ————.
(z,y) ;Ongo n ™Y (@y) = g
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Proof. Using Remark 5, we obtain the result

D(:L'a y) - Zdo,nxnzzdj,nxnyj
n=0

j=1ln=1

oo oo ) oo oo )
=2)_ D dina"y —wyy > dina"y

j=1n=1 j=0n=0

.’E(D(l',y) - Zdo,nfn) —xy- D(.’E, y)

n=0

This implies that

o0
11—z
D(z,y)[1 -z +zy] = (1 —a:)Zdomxn =1 .= 1.
n=0

1
Therefore, we get D(z,y) = Fp—— O
—z+uay

2. Compositions of Subgraphs

We can compare the composition number of a graph with the composition number
of a subgraph.

Theorem 10. Let G be a graph and H be a proper subgraph of G. Then C(H) <
cG)

Proof. Since H C G, we know that E(H) C E(G). This implies that every compo-
sition of H will also be a composition of G (i.e., C(H) < C(G)). Also, there exists
an e € E(G)\E(H). Let C be a composition of G which has e as a component.
Then C cannot be a composition of H since e ¢ E(H). Hence, C(H) < C(G). O

Theorem 11. Let G be a graph and H be a proper subgraph of G such that |E(H)|+
k=|E(G)|. Then C(H) > %C(G).

Proof. We prove this theorem via induction. Let G be a graph and H a proper
subgraph of G such that |E(H)|+1 = |E(G)|. Then there exists an e € E(G)\E(H).
For every composition C of G that contains e, either C is or is not a composition of H.
Assume that there are exactly s compositions which contain e that are compositions
of H and t compositions which contain e that are not compositions of H. If C is
not a composition of H which contains e, then deleting e will yield a composition
of H which obviously does not contain e. This one-to-one correspondence yields
C(H)=s+tand C(G) =2t + s < 2t + 2s = 2C(H), which leads directly to the
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result of Theorem 11 for k = 1.

Assume that the theorem holds for & > 1. Consider a graph G and subgraph H
of G such that |E(H)|+ (k+1) = |E(G)|. Then, there exists e € E(G)\E(H). H C
G~ and |E(G™°)| = |E(H)| + k. By our induction hypothesis, C(H) > 5C(G~°).
Additionally, G™¢ C G and |E(G™%)|+1 = |E(G)| yields C(G~¢) > 1C(G). Hence,
C(H) > 3 C(G™%) > 5+ C(G) and Theorem 11 is true. O

3. Future Work

Bell numbers arise naturally in deleting graphs from the complete graph. What
happens when the base graph is chosen from another family, perhaps complete
bipartite graphs? One example would be to simply take the treatment of complete
graphs from this paper and apply it to another family of graphs with the hopes of
gaining more intuition about deleting families of graphs from any general graph.
Another problem is the following: assume that G is any graph such that |E(G)| = k
and k+1 < |[V(G)| < 2k. Is it possible to find some G; and G5 such that |[E(G1)| =
|E(G2)| = k and C(Ky%) < C(KR©) < C(Ky9?)?
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