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Abstract
In this paper, we propose an alternative approach for the determination of the
Fibonacci numbers and some results of Foata, Ramanujan and other results on
Tchebychev polynomials of the first and second kinds. This approach is based on
the action of the symmetrizing operator L}, ., on the series Y27 a;z7. Obtained
results confirm the effectiveness of the proposed approach.

1. Preliminaries and Notation

Here, we recall some basic definitions and theorems that are needed in the sequel.
Given two sets of indeterminates A and B (called alphabets), we define a symmetric
function S;(A — B) as in [1]:
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where S;(A — B) =0 for j <O0.
If A= B, then formula (1) can be written as

1= ZSJ(A)zj ZS’j(—A)zj;
=0 =0
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therefore,

1O —
prd 3 5;(—A)d

§=0
On the other hand, if A = ® and F'= B + D, then formula (1) becomes

D Si(=F)2 =% 5;(=B)27 Y 5;(~=D),
=0 j

j=0 Jj=0
which can be rewritten as

J
Sj(=F) =Y _S;_k(~=B)Sk(~D), for all j € N.
k=0

Definition 1. [7] Given a function g on R™, the divided difference operator is
defined as follows:

a _ g(xlv oy Tgy L1, mn) - go(mh oy Tgy L1, xn)
Ii$i+1(g) - )
Ti — Ti41
where g% 1is given by
(o8 J—
g (1‘1,"' 795i733i+17"'$n) = g(xl,'"mi—1,$i+1,$i,$i+2"'l‘n)~

Definition 2. [2] The symmetrizing operator Lﬁy is defined by
Jfk+1f _ yk+1f0'

LF f=
oyt pr—"

, forallk € N. (2)

2. The Main Results

Proposition 1. [2] Let E be an alphabet such that E = {e1,e2}. The operator
L is defined as follows:

Lk fler) = Sp—1(e1 +e2)f(e1) + €50e,e, fer), for all k € N.

Theorem 1. Given an alphabet E = {e1,ea}, and two series Z;io ajz? and
E;io b;jz? such that (Z;‘;O ajzj)(ziio bjz7) =1, we have

oo
Z a;jSk+j—1(e1 + e2)2’
=0
k—1 L ) ) .
bjelesSk—j_1(e1 +e2)zd —ebebzH T 3" by p1S;(e1 + eg)2d
== = 3)
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> bjetzd Y bz
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Proof. Let Y ajz? and Y b;z? be two sequences such that > a2/ = =1—.
=0 j=0 j=0 '20 bjzJ
i=

The left-hand side of the formula (3) can be written as:
L’;e?f (e1) = L§162 Zaje{zj = ZajSkH,l(el + e9)27,
Jj=0 j=0
while the right-hand side can be expressed as:

Sr—1(e1 +e2)f (e1) + 6’53@1@2 f(e1)

Sr_1(e1 +e 1
= kool( - ) 2) +e§ae162 o )
> bjeqzd > bjejzd
=0 i=0

b 'S'_1(€1 + BQ)Zj
Sk—1(er+e2) 7

> bjerzd
i=0
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Z bj [eéSk_l(el + 62) — GIQCSj_l(el + 62)} P2
=0

. o0 .
) 5 o) i
bje1zd Y bjelz

e

=0 =0

k—1 . .
Z bj [eéSk_l(el + 62) - eéSj_l(el + 62):| 27
j=0

. bjerzl 3 bjeps?
i=0 j=0

Z bj {eéSk_l(el + 62) — ESSj_l(el + 62)] P
j=k+1

> bjerz? ) bjeps!
i=0 i=0

k—1 L o)
1 k k k+1 1
bjetesSk—j1(e1 +e2)z) —efesz® 1 37 b 18i(er + e2)2

7=0 j=0

(Z bje{zj> (Z bjeng)
7=0 7=0

and the proof is complete. O
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3. Applications

3.1. The Case ) 72,27 = 1=

1—=z
Corollary 1. Given an alphabet E = {e1,ea}, we have

Si—1(e1 + €2) —e1eaSp_2(e1 + €2)z
(1—2ze1)(1— zes)

Z Sk+j_1(61 + eg)zj =

Jj=0

, for all k € N.

If k = 1, then

= 1
;Sj eLt )2’ = (1= zep) (1 —zeg)’ )

Replacing ez by (—e2) in (4), we obtain

;SJ et [Fe])d = (1 —zep) (14 zep)” (5)

Choosing e; and ey such that

€1€2 = ].,
€1 — ey = ].,

and substituting in (5) we end up with

o=
ZSJ et 1—2—22’
j=0

which represents a generating function for Fibonacci numbers, such that F; =
Sj(er + [—e2]).

On the other hand, when replacing e; and es by 2e; and (—2e3), respectively, in

(5), and under the condition 4e1es = —1, we obtain, for y = e; — ea,
i S;(2e1 + [~2e3])2? = ;, (6)
= i( 1—2yz + 22

which represents a generating function for Tchebychev polynomials of the second
kind, such that U;(y) = S;(2e1 + [—2e3]). Moreover, we deduce from (6) that

oo

Z 261 —|— 262]) — ij_l(Qel + [—262])] 2=
7=0

1—yz
1—2yz + 22’

which represents a generating function for Tchebychev polynomials of the first kind,
such that
T;(y) = [S;(2e1 + [-2€2]) — yS;j-1(2e1 + [-2e2])]. (7)
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3.2. The Case - = e
j=0 3T

Corollary 2. Given an alphabet E = {e1,es}, we have

J Y (1Y el ebSi—joa(er + e2)%r
Zsk+jfl(el te) = = -
= ale_IA (1 —aerz) ale_IA (1 —aeqz)

&, ; j
TeSzE T 30 (=17 LS (o1 + e2)
J:

, for all k € N.
ale'IA (1 —aeyz) ale'IA (1 —aeyz)
3.3. The Case 72 S;(A)z? =

-1
2520 Si(—A)=I
Corollary 3. Given two alphabets E = {e1,ea} and A = {aq, asg,

..}, we have

k—1
oo Z Sj(_A
> Si(A)Skrj1(er +e2)2?

)ele%Sk_j_l(el +e9)27
_ J=0
=0

acA

ale_IA (1 —aerz) I (1 —aesz)

52FHE S Siikg1(—A)Sj(er + e2)2
=0

- (8)
ale_[A (1 —aerz) ale_[A (1 —aeqz)
If k=1and A= {a1,az2}, then

ZSJ a1 + ag)S (61 + 62)
J

1 — aiagei€92?
— — ~ (9)
HQGA(l ae12)aca(l — aeqz)

Case 1: Substitutinge; = a3 =1, e = x and az = y in (9), we obtain the following
identity of Ramanunja [4]:

oo 1— 2
S5, 48,1+ ) =
7=0

T =2 (= 22) (- 29) (1 — zay)’
Case 2: Replacing es by (—e3) and ag by (

—ag) in (9) yields
> Sj(a1 + [~aa])Sj(er + [—ea])2
7=0

1-— 61620,1(1222

. 10
(I —are1z) (1+aze12) (1 4+ arezz) (1 — azesz) (10)
This case consists of three related parts
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Firstly, the substitutions of

Cl1+(l2:0, 61—62:1,
and
aias = 1, €1€2 = 1,

in (10) give

1— 22

1—2z—422 — 23 4 24
oo
5
> Fr,
Jj=0

which represents a generating function for Fibonacci numbers of second order (see
[6]), such that Fj2 = Sj(al + [—ag])Sj(el + [—BQD.
Secondly, the substitution of

Z Si(ar + [—az2])S;(er + [—e2])2! =

=0

€1 — € = 1,
erez =1,
4&1&2 = 71,

in (10) and set for ease on notations © = a; — ag, we reach

1+ 22
1—2xz+ (3 —4a2)2% 4 2x23 + 24

0 .
= Z F;U;(x)#’,
j=0

which corresponds to a generating function for the combined Fibonacci numbers
and Tchebychev polynomials of the second kind.
In the last case, recall that for y = e; — e5, the substitution of

dereq = —1,
4[11(12 = 71,

in (10) results in

(oo}
; 1—2?
U, (y)U;(2)27 =
jz::o i)V (@) 1 —dyzz + (422 + 4y? — 2)22 — 4yxz3 + 247

which represents a generating function for Tchebychev polynomials of the second
kind.
According to formulas (7), (8), and to the fact that

(2(11)j — (—2(12)j
2a1 + 2a9

)

Sj-1(2a1 + [-2as]) =
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we have

4 1—2yxz + (222 — 1)22
U;(y)Tj(x)z? =
i )T ()2 1 —dyzz + (422 + 4y? — 2)22 — dyxz3 + 24’

I

<
Il
o

which represents a generating function for the combined Tchebychev polynomials
of the second and first kinds.

Finally, we have

o0
- 1—3yzz + (222 + 2y — 1)2% — ya23
ZTj (y) Tj(x)2" = 2 2 2 34 40
1 —dyzz + (da2 + 4y? — 2)22 — dyxz3 + 2

which corresponds to a generating function for Tchebychev polynomials of the first
kind.
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