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Abstract
In this paper, we prove that for d = 3, ..., 8, every natural number can be written as
ty+ty+3t, +dty, where z, y, z, and w are nonnegative integers and ty, = k(k+1)/2
(k =0,1,2,...) is a triangular number. Furthermore, we study mixed sums of
triangular numbers and certain binary quadratic forms.

1. Introduction

Let N={1,2,3,...}, Ny = {0,1,2,3,...}, and denote the set of squares by {z? : x €
Z}. A triangular number is defined as t,, = x(x 4+ 1)/2, where z € Ny. Furthermore,
for positive integers j, k,n € N, let d; 1(n) denote the number of positive divisors d
of n such that d = j (mod k).

A well-known result of Gauss states that every n € N can be written as a sum
of three triangular numbers; that is, n = A + Ay + A3, where A; (1 < j <3)is a
triangular number. In 1862 and 1863, Liouville [7, 8] proved the following result:

Theorem 1.1. (Liouville) Let a, b, and ¢ be positive integers with a < b < ¢. Then
every n € Ny can be written as at, + bty + ct, for z,y,z € Ny if and only if (a,b, c)
18 among the following vectors:

(1,1,1),(1,1,2),(1,1,4),(1,1,5),(1,2,2),(1,2,3),(1,2,4).

In this paper, we prove that n = A; + As + 3A3 + dA4, where 3 < d < 8 and
A; (1 < j <4)is a triangular number. To prove this conjecture, we use the results
of Barrucand et al. [2] and Adiga et al. [1], which were obtained using Ramanujan’s
theory of theta functions. For ¢ € C such that |¢| < 1, we introduce

o
pla) = q", w(g) =D "2 a(g) = D g
n=0

ne”Z m,n€Z



INTEGERS: 15 (2015) 2

Note that Williams [10] determined the number of representations of n € Ny as
A1+ Ag + 2(As + Ay) using an entirely arithmetic method.
Our main theorems are as follows:

Theorem 1.2.

(1) Ford e N with3 < d <8, everyn € Ny can be represented as t,+1t,+3t,+dt,
for x,y, z,w € Ny.

(2) Let a, b, ¢, and d be positive integers with a < b < ¢ < d. Then every n € Ny
can be written as aty +bt, +ct, +dt,, forx,y, z,w € Ny if and only if (a,b, ¢, d)
is among the following vectors:

(17 17 17 d)7 (17 17 27 d)7 (17 1’ 47 d)7 (17 1’ 5) d)7 (17 27 2) d)7 (17 27 37 d)’ (17 27 4’ d)’
(17 17 37 3)7 (17 17 37 4)7 (17 17 37 5)’ (17 17 37 6)’ (17 17 37 7)7 (17 17 37 8)'
Theorem 1.3. For fized positive integers a and c, set
g% (2, y,2) = aty + c(y* +yz + 2%), with x € Ny, y,z € Z.
(1) The form g% represents all n € Ny if and only if (a,c) = (1,1).
the form g% represents n =1,2,4,8, 1t represents all n € Ny.
2) If the f @ 1,2,4,8, i 1 N
Theorem 1.4. For fized positive integers, a, b, and ¢ with a < b, set
9% (x,y, z,w) = at, + bt, + c(2* + zw + w?), with z,y € Ny, z,w € Z.
(1) The form g®® represents all n € Ny if and only if

Lb1), (beN),
27b’]' ) (b:273747576’778)7

(

(
(a,b,¢) = Elabﬂ . (b=1,2,3,4),
(
(

(2) If the form g&° represents n = 1,2,4,5,8, it represents all n € Ny.

The remainder of this paper is organized as follows. In Section 2, we introduce
notation that will be used throughout our paper. In Section 3, we prove Theorem
1.2 for d = 3,6,7,8, and in Section 4, we prove Theorem 1.3. In Section 5, we apply
Theorem 1.2 to obtain the sufficiency of Theorem 1.4(1). In Section 6, we prove
Theorem 1.4.
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Remark 1

For d = 4,5, Theorem 1.2(1) follows from Theorem 1.1 of Liouville.

Remark 2
For fixed positive integers, a, b, and ¢, set
FOPe(w,y, 2) = ax® + by? + ¢2®, fe(w,y,2) = ax® + c(y® +yz + %),

for x,y,z € Z. In [5, p. 104], Dickson proved that there exist no positive integers a,
b, and c such that f**¢ can represent all nonnegative integers. In [9], we showed
that there exist no positive integers a and ¢ such that f¢ represents all nonnegative
integers.

Remark 3
For fixed positive integers a, b, and ¢, set
fEP(z,y, 2) = az® + by® + c(2? + 2w + w?),

for 2,5, z,w € Z. In [9], we determined (a, b, c), where a < b, such that f° repre-
sents all nonnegative integers.

2. Notation and Preliminary Results

2.1. Notation

For fixed positive integers a, b, ¢, and d and each n € Ny, we define

Tape(n) =t{(z,y,2) € Z®|n = az® + by? + c2*},
Tapedn) =t{(z,y, z,w) € Z* |n = ax® + by? + cz* + dw?},
abe(n) =t{(z,y,2) € N} |n = at, +bt, +ct,},
tabcd(n) =t{(z,y,2,w) € N§ |n = at, + bt, + ct, + dt,},
Ma-b,e(n) =4 {(z,y,2) € Z x Nj|n = az® + bty +ct.},
Mg p-c(N) ﬁ{(x y,2) € Z* x Ng |n = az? + by? —|—ct}
Al(n) =t{(z,y,2) € Z®|n=az” + c(y* + yz + 2°)},
AP (n) =1 {(z,y,2,w) Y€ Z | n = ax® + by + ¢(2® + 2w + w )}
Bf(n) =t {(z,y,2) € Ng x Z* | n = at, + c(y* + yz + %)},
B*®(n) =t {(z,y,z,w) € xNj x Z* | n = at, + bty + c(z* + zw + w?)} .
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2.2. Ramanujan’s Theory of Theta Functions

From Baruah, Cooper, and Hirschhorn [3], recall that

e(q) = o(q*) + 2qv(¢®), (2.1)
0(0)® = o(¢*)? +4qv(q*)?, (2.2)
e(v(e?) = ¥(9)?, (2.3)
e(@)p(q®) = alqg*) + 2q1(¢*)(¢°), (2.4)
a(q) = (@)e(q®) + 4qv(¢*)¥(¢°), (2.5)

a(q) = a(q*) + 64 (¢*)1(¢°) (2.6)

3. Proof of Theorem 1.2

3.1. Preliminary Results

Using Ramanujan’s theory of theta functions, Adiga, Cooper, and Han [1] proved
the following theorem:

Theorem 3.1. Let n € Ng. Then,
r1,1,3(8n + 5) = 16¢1,1 3(n).
Proof. For a detailed proof, see Barrucand et al. [2] and Adiga et al. [1]. O
Dickson [5, p. 112-113] proved the following result:
Theorem 3.2.

(1) A nonnegative integer n € No can be written as ¥ + y? + 322 for x,y,2 € Z
if and only if n # 9%(91 + 6) for k,l € Ny.

(2) Everyn € Ny can be written as 2 + y* + 322 + 3w? for x,y,z,w € Z.
Using Theorems 3.1 and 3.2, the following theorem is obtained:

Theorem 3.3. A nonnegative integer n € Ny can be written as t; +t, + 3t. for
x,y,z € Ng if and only if n satisfies one of the following conditions:

(1) n #5,8(mod9),

(2) n = 5(mod9), 8n+5 = 9¥(8N +5), and N # 5,8 (mod9) for k € N and
N € Ng.

Proof. From Theorems 3.1 and 3.2, note that n = t, +t, + 3t, for z,y,2z € Ny if
and only if 8n +5 # 9%(9] 4 6) where &, € Ny. Moreover, 8n+5 = 0 (mod 9) if and
only if n =5 (mod?9).
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First, consider the case when n # 5 (mod 9). From Theorem 3.2, condition (1) is
obtained because 8n 4+ 5 = 6 (mod 9) if and only if n = 8 (mod 9).

Next, we consider the case when n = 5(mod9) and n = 9N + 5 for N € Ny,
which implies 8n + 5 = 9(8N + 5). Therefore, we set 8n +5 = 9*(8N’ + 5) for
k € N, N' € Ng, where N’ # 5 (mod9). From Theorem 3.2 and the discussion in the
first paragraph, we obtain condition (2). O

3.2. Proof of Theorem 1.2 (1) for d = 3

3.2.1. Preliminary Results

Before proving Theorem 1.2 (1) for d = 3, we first obtain a useful number theoretic
property for ¢11 3 3(n).

Theorem 3.4. Let k € N and n, N € Ny. Then,
t1,1,3,3(2"N 4+ (28 — 1)) = 2711 5 3(N),
which implies t1 1 33(n) = 0(mod 2%) if n = —1 (mod 2¥).
Proof. Multiplying both sides of (2.6) by %(¢?)(q%) yields
D(*)¥(a®)ale) = ¥(a*)e(d®)alg") + 6av(a®)*¥(d°)?,

which implies

> B g =Y Byt (N)¢N +6 ) tiasa(NeN L (3.0)
n=0 N=0 N=0

Multiplying both sides of (2.5) by (q?)1(¢%) yields

V(@*)(q®)alq) = o(@)e(d®) (v () + 4qp(¢?) ¢ (¢°)>.

From (2.3), we obtain

which implies

Z B%’G(n)qn = Z t171,373(n)q” +4 Z t17173,3(N)q2N+1. (32)
n=0 n=0 N=0

From (3.1) and (3.2), note that

B%’G(QN + 1) = 6t1’1’3’3(N) = t1’1’3’3(2N + ].) + 4t1’1’3,3(N),
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which implies
t1717373(2N + 1) - 2t1717373(N). (3.3)

Using induction, we complete the proof of the theorem. Clearly, for k = 1, the
theorem holds. Now, suppose the theorem holds for k. In this case,

11,8328 N 4 (28 1)) =133 (28 2N +1) + (28 - 1))
=2"1 1 332N +1)
=281 1 55(N).

From Baruah, Cooper, and Hirschhorn [3], recall the following result:
Theorem 3.5. (Baruah, Cooper and Hirschhorn) For every n € Ny,
1 o
~r11,33(n+1) if nis even,
t1,1,33(n) =
g{r1,1’3}3(2n + 2) — r1,173,3(n + 1)} if nis odd.
3.2.2. Proof of Theorem 1.2 (1) for d = 3
Proof. From Theorem 3.2, first note that for every N € Ny, r,133(N) > 0. If
n € Ny is even and n = 2N for N € Ny, by Theorem 3.5, we obtain

1
t1717373(n) = t1717373(2N) = ZT17173’3(2N —+ ].) > 0.

Suppose that n € Ny is odd and n +1 = 2¥(2N + 1) for k € N and N € N.
Then,
n=2%.(2N)+ (2" - 1).

From Theorems 3.4 and 3.5, it follows that

2k
tia33(n) =t (28 (2N) + (28 — 1)) = 2%t 1 33(2N) = ZT1,17373(2N+1) > 0.

O

From the proof of Theorem 1.2 (1) for d = 3, we can improve Theorem 3.5 of
Baruah, Cooper, and Hirschhorn [3] when n is an odd number.

Corollary 3.1.

(1) Suppose that n € Ny is even and n = 2N for N € Ny. Then,

1
ti1,33(n) = 17“1,1,3,3(2N +1).
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(2) Suppose that n € Ny is odd and n+1 = 2¥(2N + 1) for k € N and N € Ny.
Then,

t1,1,33(n) = %7‘1,1,3,3(2N +1).
Corollary 3.2. For k € N and N € Ny,
r1.133025(2N +1)) =7r1133(22N + 1)) + 42" = 1)r1 1 332N +1).
Proof. For k,n € N and N € Ny, set
n+1=2F2N+1),

which implies n = 2¥ - (2N) + 2% — 1.
By Theorem 3.5 and Corollary 3.1 (2), it follows that

1

ti,13,3(n) :é{r1,1,373(2n +2)—ri133(n+1)}

1
=§{T1,1,3,3(2k+1(2N +1)) = r1,1,33252N + 1))}

2k
:ZT1’1’3’3(2N+ 1),

which implies
11,332 2N + 1)) = 1113328 2N 4+ 1)) + 251 5 3(2N + 1),

Solving this recurrence relation with respect to k& completes the proof. O

3.3. Proof of Theorem 1.2 (1) for d = 6

Proof. From Theorem 3.3, we only need to prove that n € Ny can be written as
ty +ty + 3t. + 6ty for z,y,z,w € Ny if n = 5or8(mod 9).
When n = 8(mod 9), taking w = 1 yields
n—6t; =8—6-1=2(mod9),
which implies from Theorem 3.3 that n — 6t; can be expressed as ¢, + t, + 3t, for

z,y, 2z € Np.
When n = 5(mod 9), by Theorem 3.3, we assume that

8n+5=9%8N +5), k, N €N, N =8(mod9).
Taking w = 2, note that n — 6t =n — 6 -3 = 5(mod 9) and
8(n —6ty) +5=8n+5—-8-2-9
=9*(8N +5)—-8-2-9
=9{9" '8N +5) —8-2}

k=1 .5 _
=9 {8 (9k‘1N+ 98$ —2) +5}.
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When k =1,

9k—-1.5_5

o1 N
+ 8

—2=N-2=8-2=6(mod9),

which implies n — 6t, can be expressed as ¢, +t, + 3t, for z,y, 2z € Ny.
When k£ > 2, we obtain

9k-1.5 -5

9N
s

—2=-8-5—2=3(mod9),
which implies n — 6t can be expressed as t, +t, + 3t for x,y, 2z € Np. O

3.4. Proof of Theorem 1.2 (1) for d =7,8

Proof. By Theorem 3.3, we are reduced to proving that n € Ny can be written as
ty +ty, + 3t +dt, for z,y,z,w € Ny if n = 50r8(mod 9).
Taking w = 1, we have

n—d-t; #5,8(mod9),
which implies n — d - t; can be expressed as t, + t, + 3t, for z,y, z € Ny. O

3.5. Proof of Theorem 1.2 (2)

Proof. Suppose that every n € Ny can be expressed as at, + bty + ct, + dt,, for
z,y,z,w € Ny. Taking n = 1, 2 yields

(a7 b) = (13 1)7 (17 2)
First, we consider the case when (a,b) = (1,2). Choosing n = 4 implies
(a" b? C? d) = (]" 27 27 d)7 (1’ 27 37 d)7 (1’ 2’ 47 d)'

Next, we consider the case when (a,b) = (1,1). If n = 5, then ¢ = 1,2,3,4,5,
which implies

(a,b,c, d) = (1, 1, 1,d), (1, 1, Q,d), (1, 1,3,d)7 (1, 1,4,d)7 (1,1, 5,d).
When (a, b, c,d) = (1,1, 3,d), taking n = 8 yields
(a,b,c,d) =(1,1,3,3),(1,1,3,4),(1,1,3,5),(1,1,3,6),(1,1,3,7), (1,1, 3,8).

Thus, the necessary conditions are obtained; sufficiency follows from Theorems 1.1
and 1.2 (1). O
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4. Proof of Theorem 1.3

4.1. Preliminary Results

First, note that for each positive integer n € N,
#{(z,y) € Z%n = 2® + 2y + y*} = 6(d13(n) — d2,3(n)). (4.1)

To prove this formula, we refer to Berndt [4, p. 79]. Formula (4.1) implies n =
2,5,6,8 cannot be expressed as 2% + zy + y? for x,y, 2 € Z.

Next, note that every n € Ny can be expressed as x2 + 3y + t, for (z,y,2) €
Z? x Ny, which was proven by Guo, Pan, and Sun [6].

Finally, consider the following formula from Baruah, Cooper, and Hirschhorn [3]:

a(q) = p(@)e(q®) + 4qy (v (d°), (4.2)

where

2 > 2 2
pl@) =Y " v =Y a" " alq) = Y gt
n=0

ne”Z m,neZ

4.2. Proof of Theorem 1.3
Proof. If n =1, then a =1 or ¢ = 1. Taking n = 2, we obtain
(a,c) =(1,1),(1,2),(2,1).

Choosing n = 4 implies (a, ¢) # (1,2); choosing n = 8 implies (a,c¢) # (2, 1).
From (4.2), we have

¥(Q)alq) = e(@)e(d®)v(a) + dav(@)v(a®)(d°),

which implies
o0 (o) o
> Bln)g" =) mizai(n)g” +4)  toe(N)gV
n=0 n=0 N=0

From a result of Guo, Pan, and Sun [6], it follows that m4 3.1(n) > 0. Therefore,
Bi(n) > 0, which means that every n € Ny can be expressed as t, + (y* + yz + 2?)
for (z,y, z) € Ny x Z?; thus, Theorem 1.3 (1) holds.

Theorem 1.3 (2) follows from the above discussion. O

5. Applications of Theorem 1.2

Theorem 1.2 is used to prove the following theorems; in particular, to prove Theorem
5.1, we use the fact that every n € Ny can be written as t; +t, + 3(t, + t,,) for
z,Y,z,w S NO'



INTEGERS: 15 (2015) 10

Theorem 5.1. Let b € N and 2 < b < 8. Then every n € Ny can be expressed as
2t, + bty + (22 + 2w + w?) for (z,y,2z,w) € N x Z2.

Theorem 5.2. Letb € N and 1 < b < 4. Then every n € Ny can be expressed as
ty + bty + 2(22 4+ zw + w?) for (z,y,z,w) € N3 x Z2.

Theorem 5.3. Fvery n € Ny can be expressed as t; + 2t, + 3(2% + 2w + w?) for
(z,y,z,w) € Ng x Z2.

Theorem 5.4. Let b = 1,2. Then every n € Ny can be expressed as t, + bty +
4(2% + 2w + w?) for (z,y,2,w) € N3 x Z2.

Theorem 5.5. Every n € Ny can be expressed as t, + t, + 5(z% + zw + w?) for
(z,y,2,w) € Ng x Z2.

5.1. Proof of Theorem 5.1

5.1.1. Preliminary Results

Consider the following result by Dickson [5, p. 112-113]:

Lemma 5.1. A nonnegative integer n € Ny can be written as x% + 4y* + 1222 for
x,y,z € Z if and only if n # 4l + 2, 41 + 3, 9%(91 + 6), where k, 1 € Ny.

Lemma 5.1 gives rise to the following proposition:

Proposition 5.1. A nonnegative integer n € Ny can be written as x> +4(y>+yz+22)
for x,y,z € Z if and only if n # 4l + 2, 41 + 3, 9%(91 + 6), where k,l € N.

Proof. Replacing ¢ by ¢* in (2.6) and (2.5) yields

a(q"®) + 64" (¢*)(¢*h),
a(q"%) + 24" (¢*)(¢*).

Multiplying both sides of these equations by ¢(g) results in

e(q)alq") =p(q)a(q"®) + 6¢* 0(q)v(¢®)y(¢**), (5.1)
o(a)e(a)e(a"?) =p(a)alq"®) + 2q*p(a)v(q®) v (¢*),

a(q*)
o(q*)e(q"?)

which implies

D Ain)g" =D Alg(n)g" +6¢" > mas2a(N)g",
n=0 n=0

N=0
oo oo [e.e]
D rrana(n)g" =Y Alg(n)g" +2¢* Y misau(N)g"
n=0 n=0 N=0
Therefore, it follows that n # 41 + 2, 41 + 3, 9¥(91 4+ 6) , where k, [ € Ny, if and only

if r1.412(n) > 0, if and only if Alg(n) > 0 or myg24(n —4) > 0, and if and only if
A}(n) > 0, which proves the proposition. O
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Using Proposition 5.1, we can prove the following proposition:

Proposition 5.2. A nonnegative integer N € Ng can be written as 2t, + (y> +yz+
22) for (z,y, 2) € Ng x Z? if and only if either of the following occurs:

(1) N#2,8(mod9),
(2) N=2(mod 9) and4N+1 = 9*(4N'+1), N’ # 2,8(mod 9), k € N, N’ € Ny.

Proof. Multiplying both sides of (2.1) by a(q*) yields

e(q)alq") = ¢(q")alq*) + 2qv(¢®)alq"),

which implies

o

Al = 30 AN +2 Y BN )
n=0 N=0 N=0

We then obtain
B%(N) > 0if and only if A}(4N +1) > 0.

Therefore, the proposition follows from Proposition 5.1 and the facts that
4N +1=0(mod 9)if and only if N = 2 (mod 9)

and
4N +1=6(mod 9)if and only if N = 8 (mod 9).

5.1.2. Proof of Theorem 5.1 for b # 3,6

Proof. Because of Proposition 5.2, we are reduced to proving that NV € Ny can be
written as 2t, +bt, + (22 + 2w+ w?) for (x,y, z,w) € N3 x Z* if N = 2 or 8 (mod 9).

Suppose b = 2. When N = 2(mod9), taking y = 2 results in N — 2.3 =
5(mod 9), which implies B?(N — 2 - t3) > 0. When N = 8(mod9), taking y = 1
results in N — 2.1 = 6(mod 9), which implies B(N —2-t1) > 0.

Next, suppose b = 4,5,7. Taking y = 1 yields N —b -1 # 2,8(mod9), which
implies B?(N —b-t1) > 0.

Suppose b = 8. When N = 2(mod9), taking y = 1 results in N — 8 -1 =
3(mod 9), which implies B?(N — 8 -t1) > 0. When N = 8,17, 26, 35, 44, we take

(x’ y? Z? w) = (07 1707 0)’ (07 17 3’ 0)7 (17 174’ 0)7 (07 1’ 37 3)7 (O’ 1’ 6) O)'

When N = 8(mod 9) and N > 44, taking y = 3 yields N — 8- 6 = 5(mod 9), which
implies B?(N — 8 -t3) > 0. O
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5.1.3. Proof of Theorem 5.1 for b = 3

12

Proof. By Proposition 5.2, it suffices to show that NV € Ny can be written as 2t, +

3ty + (2% + 2w + w?) for (z,y,2z,w) € N3 x Z? if N = 2or8(mod 9).

First, consider the case when N = 2( mod 9). By Proposition 5.2, we assume that
4N +1 =9%(4N’ + 1), where k € N, N’ € Ny, and N’ = 8(mod 9). Taking y = 2

results in
N-3-t0=N-3-3=2(mod?9).

We then obtain
4N —=3-t)+1=4(N-3-3)+1
=4N +1 - 36
=9(4N" +1) — 36

k—1
=9 {4 (leN’ + % - 1) + 1} .

9k—1 1
4
which implies B?(N — 3 - t3) > 0.
When k > 2, we obtain

When k£ =1,

9F 1IN’ 4 —1=8—1=7(mod?9),

9k 1 -1
4
which implies B?(N — 3 - t3) > 0.
Next, we consider the case when N = 8(mod 9). Taking y = 1 yields
N —-3-t1 =N —3=5(mod?9),
which implies B(N —3-t;) > 0.

9F—IN' 4 —1=2-1=1(mod?9),

5.1.4. Proof of Theorem 5.1 for b =6
Proof. Multiplying both sides of (2.5) by (g?)¥(q®) results in
U(a*)¥(a%)ala) = ¢(a)e(a’)v(a®)P(a®) + 4av(a®) ¥ (a%)*.
Using (2.3) we obtain
¥(a*)¥(a%)ala) = ¥(0)* () + 4qv(a®)*¥(a°),

which implies

oo 0 >
Y B (n)g" =) tiass(n)g" +4 > t11ss(N)g?N T
n=0 n=0 N=0

Theorem 1.2 implies ¢; 1 3.3(n) > 0, which proves Theorem 5.1 for b = 6.



INTEGERS: 15 (2015) 13

5.2. Proof of Theorem 5.2
5.2.1. Preliminary Results
Consider the following result by Dickson [5, p. 112]:

Lemma 5.2. A nonnegative integer n € Ny can be written as x% + 16y* + 4822 for
x,y,2 € Z if and only if n # 4l + 2,41 + 3,81 + 5,161 + 8,161 + 12, 9% (91 + 6), where
k,l € Np.

Proposition 5.3. A nonnegative integer n € Ng can be written as x?+16(y? +yz+
22) for x,y,z € Z if and only if n # 41 +2,41 + 3,81 + 5,161 + 8,161 + 12, 9¥(91 4 6),
where k,l € Ny.

Proof. Replacing ¢ by ¢'® in (2.6) and (2.4) results in

%) =a(q®) + 69" (¢°*)¥ ("),

a(q®) + 24" (¢**)¥(¢").

a(q

o(q"®)

o(q")

Multiplying both sides of these equations by ¢(q) yields

o(q)a(q'®) =p(q)a(d®) + 6¢"%o(q)v(**)v(¢”®), (5.4)
e(q)a(q®) + 2¢" () (¢*) Y (¢”°),

which implies

(oo} o0 (oo}
D Alg(n)g" =D Aju(n)g" + 64" > mazz 06(N)g",
=0 n=0

n= N=0
o0 (o) o0
Z 71,16,48(n)q" = Z Agy(n)g" +2¢'° Z m1_32.06(N)g"
n=0 n=0 N=0

Therefore, it follows that

T1,16,48(n) > 0if and only if Aé4(n) > Oor m1_32)96(’n — 16) > 0,
if and only if A{4(n) > 0,
which proves the proposition. O
Proposition 5.4. A nonnegative integer N € Ny can be written as t, +2(y* +yz +
22) for (z,y,2) € Ng x Z? if and only if either of the following occurs:
(1) N #1,4(mod9),

(2) N = 1(mod9) and 8N +1 = 98N’ + 1),k € N, N’ € Ny, and N’ #
1,4(mod 9).
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Proof. Multiplying both sides of (2.1) by a(q'%) yields

e(@)a(q"®) = (g")a(q"®) + 2q1(¢*)a(q"®),

which implies

> Alg(n)g" = AUN)G*™N +2 ) By(N)g*N .
n=0 N=0 N=0

We then obtain
B3(N) > 0if and only if A75(8N + 1) > 0.

Therefore, the proposition follows from Proposition 5.3 and the facts that
8N +1=0(mod9)if andonlyif N =1 (mod 9)

and
8N 4+ 1 =6(mod9)if andonlyif N =4 (mod9).

5.2.2. Proof of Theorem 5.2 for b # 3

Proof. From Proposition 5.4, it suffices to show that if N =1 or 4 (mod 9), N € Ny
can be expressed as t, + bt, + 2(2% + zw + w?) for (z,y,2,w) € N3 x Z2. Assume
that N =1 or 4 (mod 9).

For b = 1,2, or 4, taking y = 1 yields N —b-t; # 1,4(mod9), which implies
BY(N —b-t;) > 0. O
5.2.3. Proof of Theorem 5.2 for b =3

Proof. Multiplying both sides of (2.6) by 1(g?)¥(q®) results in

(g*)v(g%)alq) = v(¢*)(¢%)alg") + 6q¥(q*)*¥(q%)?,

which implies

Y BIn)e" =Y By (NN +6 ) tiaaa()gN T (5.6)
n=0 N=0 N=0

Theorem 5.1 implies B;*°(n) > 0, which allows us to conclude that By*(N) > 0. [
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5.3. Proof of Theorem 5.3
5.3.1. Preliminary Results
Consider the following result by Dickson [5, p. 113]:

Lemma 5.3. A nonnegative integer n € Ny can be written as x% + 24y* + 7222 for
x,y,2 € Z if and only if n # 31 + 2,41 + 2,41 + 3,91 + 3,4%(81 +5), where k,| € Ny.

Proposition 5.5. A nonnegative integer n € No can be written as x2 + 24(y* +
yz + 22) for x,y,z € 7 if and only if n # 31 + 2,41 + 2,41 + 3,91 + 3,4%(8] + 5),
where k,l € Ny.

Proof. Replacing ¢ by ¢** in (2.6) and (2.4) implies

a(¢®*) =a(q”) + 6¢°* ¥ (¢"®)v(g"'*),
M) =a(q”®) + 2¢° (") ().

24)

v(q

Multiplying both sides of these equations by ¢(gq) results in

e(q)alq®) =p(q)a(q*®) + 64° o(q)¥ (¢ )v(q"**), (5.7)
* o(q)a(q”®) + 2¢°* (q) Y (¢**) v (¢"*),

©
—~
Q
~—
S
—~
L)
()
©
—
Q
Il
()
~—
Il

which implies

D An(n)g" =Y Afs(n)q" + 64> Y maas 1aa(N)g",
n=0 n=0 N=0
Z r1,24,72(n)q" = Z Ags(n)g™ + 2¢* Z myas14a(N)g™
n=0 n=0 N=0

Therefore, it follows that

r1,24,72(n) > 0if and only if Aéﬁ(n) > 0ormi.4g,144(n — 24) > 0,
if and only if A3,(n) > 0,

which proves the proposition. O
Proposition 5.5 gives rise to the following proposition:

Proposition 5.6. A nonnegative integer n € Ng can be written as t,+3(y*>+yz+22)
for (x,y,2) € Ng x Z? if and only if n # 2,5,7,8 (mod 9).

Proof. Multiplying both sides of (2.1) by a(¢??) results in

e(q)a(d®) = ¢(q")a(d®*) + 2¢1(¢%)a(g*),
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which implies
D ALn)g" = AUN)G*N +2 ) By(N)g*N T
n=0 N=0 N=0

We then obtain
Bi(N) > 0if and only if A3,(8N + 1) > 0.

Therefore, the proposition follows from Proposition 5.5 and the facts that
8N 41 =2 (mod 3) if and only if N = 2 (mod 3),

and
8N +1=3(mod9)if andonlyif N =7 (mod 9).

5.3.2. Proof of Theorem 5.3

Proof. From Proposition 5.6, it suffices to show that N € Ny can be expressed as
te +2t, + 3(2% + 2w + w?) for (z,y,2,w) € N§ x Z? if N =2,5,7or8(mod 9).
When N = 2,50r8 (mod 9), taking y = 1 yields

N—-2-t =0,3, or6(mod9),

which implies B3(N —2-t) > 0.
When N = 7(mod 9), taking y = 2 yields

N —2-t3 =1(mod9),

which implies B3(N —2-t5) > 0. O

5.4. Proof of Theorem 5.4
5.4.1. Proof of Theorem 5.4 for b =1
Proof. Multiplying both sides of (2.3) by a(q?) results in
v(9)?alq") =p(a)¥(q®)alq")
=(p(q") + 2q0(¢*)¥(¢*)alg"), by (2.1),
=o(q")¥(q*)a(q") + 20 (¢*)¥(¢®*)alq"),
which implies

oo

Y oBri gt =) MZH(N)Y +2 ) Byt (V)¢ (5.9)
n=0 N=0 N=0
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where
MFY(N) =t{(z,y,2,w) € Zx Ng x Z* | N = 22* + t, + 2(* + 2w + w?) } .
If n is odd and n = 2N + 1, by Theorem 5.2,
By (2N +1) = 2By (N) > 0.
Consider the case when n is even. By (5.9),
BY(2N) = MEY(N),

If N # 1,4(mod9), using Proposition 5.4, we obtain M3 1(N) > 0. If N =
lor4(mod9), taking x = 1 yields

N —22? =8or2(mod 9), giving Bi(N —2-1%) >0, which implies M3 (N) > 0.

O

5.4.2. Proof of Theorem 5.4 for b = 2
Proof. Replacing ¢ by ¢* in (2.5) yields
a(g") = ¢(g")p(a"?) + 44" (¢®)v(¢*).
Multiplying both sides of this equation by (q)1(¢2) results in
(@) (g*)alg") = v(a") (@) (@)v(d®) + 4a" P (@) (a®) ()b (d™),

which implies

oo > >
Z Bi’g(n)qn = Z my12-1,2(n)q" + 4q* Z t1’2’8’24(N)qN’
n=0 n=0 N=0

where

my12.1,2(n) =14 {(ac,y, zow) € Z2 x N2 |n = 42 + 12y +t, + 2tw} .

From Guo, Pan, and Sun [6], recall that every n € Ny can be expressed as
42% +2t, + t, for (z,y,2) € Z x NE, which implies that

ma,12-1,2(n) > 0, which gives Bi’Q(n) > 0.



INTEGERS: 15 (2015) 18

5.5. Proof of Theorem 5.5
5.5.1. Preliminary Results
Consider the following result by Dickson [5, p. 113]:

Lemma 5.4. A nonnegative integer n € Ng can be written as x? +40y? + 12022 for
x,y,2 € Z if and only if n # 41 + 2,41 + 3,9%(91 + 6), 257 (51 £ 2),4F (8] + 5), where
k,l € Np.

Using Lemma 5.4, we obtain the following proposition:

Proposition 5.7. A nonnegative integer n € Ny can be written as x?+40(y? +yz+
22) for x,y,z € Z if and only if n # 4l + 2,41+ 3,9%(91 + 6), 25% (51 £ 2), 4%(81 + 5),
where k,l € Ny.

Proof. Replacing ¢ by ¢*° in (2.6) and (2.4) results in

a(q"®) + 64"°%(d™) v (¢**),
a(q"®) +2¢"%(d*) v (¢**).

Multiplying both sides of these equations by ¢(q) yields

o(q)alq™) =p(q)a(q"®) + 64" ()1 (¢*)y(**°), (5.10)
120) = (q)a(q"%%) + 24" %(q)¥ (¢*) v (¢**°), (5.11)

a(g™)

o(q"*°)

o(q*)

which implies

Z Ajo(n) Z Algo(n)g" + 6¢* Z mi-s0,240(N)g",

n=0 N=0
Z 7'1,40,120 ( Z Afgo(n)g" + 2¢*° Z ma-so,240(N)g" .
N=0

Therefore, it follows that

7‘1,40,120(’/1) > 0if and only if A%Go(n) > Qor m1_807240(n — 40) > 07
if and only if Aj,(n) > 0,

which proves the proposition. O]

Proposition 5.5 gives rise to the following proposition:

Proposition 5.8. A nonnegative integer N € Ny can be written as t, + 5(y* +
yz + 22) for (z,y,2) € Ng x Z? if and only if 8N + 1 # 9¥(91 + 6),25% (51 & 2),
where k,l € Ny; in particular, N € Ny can be written as t, + 5(y* + yz + 22) for
(w,y,2) € Ng x Z2 if N # 1,4(mod 9), N # 2,4(mod 5), and N # 3(mod 25).
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Proof. Multiplying both sides of (2.1) by a(¢*°) yields

o(q)a(q") = ¢(q")a(q*) + 21 (¢%)a(q*),

which implies

Z A};o(")qn = Z A%O(N)QZLN +2 E Bé(N)QSNH-
n=0 N=0 N=0

We then obtain
B2(N) > 0if and only if Aj(8N + 1) > 0.

The second statement follows from the facts that
8N 4+ 1 = 0or6(mod 9) if and only if N = lor 4(mod 9),

8N + 1 = +2(mod 5) if and only if N = 2 or 4(mod 5),

and
8N + 1 = 0(mod 25) if and only if N = 3(mod 25).

5.5.2. Proof of Theorem 5.5

Proof. By Proposition 5.8, it suffices to show that n € Ny can be expressed as
te +ty, +5(2% + 2w +w?) for (z,y, z,w) € Ng x Z? if n satisfies one of the following
conditions:

(i) n = 1lor4(mod9),

(ii) n = 2or4(mod 5),

(iii) n = 3(mod 25).

First, suppose that n = 1(mod 9) and n = 9N + 1 for N € Ny. If N # 1, 3(mod
5) and N # 17(mod 25), taking x = 1 yields

n—t; =9N =0(mod9), £ 2,4(mod 5), # 3(mod 25),

which implies n — ¢, can be written as ¢, + 5(z22 + zw + w?) for (y, z,w) € Ng x Z2.
If N = 1(mod 5), taking = = 4 yields

n—ty =9N — 9 = 0(mod 9), = 0(mod 5),

which implies n — ¢4 can be written as ¢, + 5(z22 + zw + w?) for (y, z,w) € Ng x Z2.
If N = 3(mod 5), taking & = 2 results in

n—ty=9N — 2 =7(mod9), = 0(mod 5),

which implies n — t5 can be written as ¢, + 5(z22 + zw + w?) for (y, z,w) € Ng x Z2.
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If N =17(mod 25), taking « = 2 results in
n—ty=9N —2="7(mod9), = 1(mod 5),

which implies n — 5 can be written as t, + 5(2% + zw +w?) for (y,z,w) € Ng x Z2.

Now, suppose n = 4(mod 9) and n = 9N + 4 for N € Ny. In the same way, we
prove that n can be written as t, +t, + 5(2% + 2w + w?) for (z,y, z,w) € Ng x Z>2.
If N # 1,4(mod 5) and N # 0(mod 25), we take x = 1. If N = 1(mod 5), we take
x="7.1f N =4(mod5), we take = 4. Finally, if N = 0(mod 25), we take x = 3.

Suppose n = 2(mod 5) and n = 5N + 2 for N € No. If N # 0,6(mod 9), we take
x=1.If N =0or6(mod?9), we take z = 3.

Next, assume n = 4(mod 5) and n = 5N +4 for N € No. If N # 0,6(mod 9), we
take x = 3. If N = 0or6(mod 9), we take x = 7.

Finally, suppose n = 3(mod 25) and n = 25N + 3 for N € Ny. If N # 4, 7(mod
9), we take x = 2. If N =4or7(mod 9), we take x = 4. O

6. Proof of Theorem 1.4

6.1. Proof of Necessary Conditions

Proof. For fixed positive integers a, b, and ¢ with a < b, suppose every n € N can
be written as at, + bt, + c(2? + zw + w?) for (x,y, z,w) € NE x Z=.

First, assume that ¢ = 1. Taking n = 2 yields a = 1 or 2. If a = 1, by Theorem
1.3, we see that b is arbitrary. If a = 2, taking n = 8 yields 2 < b < 8.

Suppose ¢ = 2. Taking n = 1 results in @ = 1. The choice of n = 4 implies
1< <4,

Next, assume that ¢ = 3. Taking n = 1 results in ¢« = 1. Choosing n = 2 implies
b=1 or 2. Taking n = 8 implies b = 2.

Suppose ¢ = 4. Taking n = 1, we have a = 1. Choosing n = 2 implies b =1 or 2.

Assume ¢ = 5. Taking n = 1 yields a = 1. Choosing n = 2 implies b = 1 or 2,
and taking n = 4 implies b = 1.

Finally, suppose ¢ > 6. Taking n = 1 results in a = 1. Choosing n = 2 implies
b =1 or 2; taking n = 4 implies b = 1. On the other hand, n = 5 cannot be expressed
as ty, +t, + (22 + zw + w?) for (z,y,z,w) € N3 x Z?, which is a contradiction. [

6.2. Proof of Sufficient Conditions

Proof. Sufficiency follows from Theorems 5.1, 5.2, 5.3, 5.4, and 5.5. Note that
Theorem 1.4 (2) follows from the proof of the necessary conditions. O
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