
#A5 INTEGERS 15 (2015)

REPRESENTATIONS BY CERTAIN OCTONARY QUADRATIC
FORMS WITH COEFFICIENTS 1, 2, 3, AND 6
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Abstract
We determine formulae for the representation numbers for certain octonary quadratic
forms with coe�cients 1, 2, 3 and 6. We use a modular form approach.

1. Introduction

Let N, N0, Z, Q and C denote the sets of positive integers, nonnegative integers,
integers, rational numbers and complex numbers respectively. For a1, . . . , a8 2 N
and n 2 N0, we define

N(a1, . . . , a8;n) := card{(x1, . . . , x8) 2 Z8 | n = a1x
2
1 + · · · + a8x

2
8}.

Clearly N(a1, . . . , a8; 0) = 1. Without loss of generality we may suppose that

a1  · · ·  a8 and gcd(a1, . . . , a8) = 1.

Formulae for N(a1, . . . , an;n) for the octonary quadratic forms

(x2
1 + · · · + x2

i ) + 2(x2
i+1 + · · · + x2

i+j)
+3(x2

i+j+1 + · · · + x2
i+j+k) + 6(x2

i+j+k+1 + · · · + x2
i+j+k+l) (1.1)

under the conditions i + j + k + l = 8 and i ⌘ j ⌘ k ⌘ l ⌘ 0 (mod 2) appeared in
literature. See [1], [2], [3], [4], [7] and [8]. In this paper we determine formulae for
N(a1, . . . , an;n) for the octonary quadratic forms (1.1) under the conditions

i + j + k + l = 8 and i ⌘ j ⌘ k ⌘ l ⌘ 1 (mod 2). (1.2)
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There are ten such octonary quadratic forms namely

(i, j, k, l) = (1, 1, 3, 3), (1, 3, 1, 3), (1, 3, 3, 1), (3, 3, 1, 1), (3, 1, 3, 1),
(3, 1, 1, 3) (1, 1, 1, 5), (1, 1, 5, 1), (1, 5, 1, 1), (5, 1, 1, 1). (1.3)

We write N(1i, 2j , 3k, 6l;n) to denote the number of representations of n by an
octonary quadratic form (i, j, k, l) listed in (1.3). We use a modular form approach.
For q 2 C with |q| < 1 we define

F (q) :=
1Y

n=1

(1� qn). (1.4)

The following eight infinite products are defined in [1]. The extra q factors in the
products are due to the slightly di↵erent definition of F (q) in this paper.

A1(q) :=
1X

n=1

a1(n)qn = qF 4(q2)F 4(q4), (1.5)

A2(q) :=
1X

n=1

a2(n)qn = qF 2(q)F 2(q2)F 2(q3)F 2(q6), (1.6)

A3(q) :=
1X

n=1

a3(n)qn =
qF 5(q2)F (q3)F 2(q4)F 5(q6)

F 3(q)F 2(q12)
, (1.7)

A4(q) :=
1X

n=1

a4(n)qn =
q2F (q)F (q2)F 9(q6)

F 3(q3)
, (1.8)

A5(q) :=
1X

n=1

a5(n)qn = q2F 2(q2)F 2(q4)F 2(q6)F 2(q12), (1.9)

A6(q) :=
1X

n=1

a6(n)qn = q3F 4(q6)F 4(q12), (1.10)

A7(q) :=
1X

n=1

a7(n)qn =
q4F (q2)F (q4)F 9(q12)

F 3(q6)
, (1.11)

A8(q) :=
1X

n=1

a8(n)qn = q4F 2(q4)F 2(q8)F 2(q12)F 2(q24). (1.12)

For q 2 C with |q| < 1 Ramanujan’s theta function '(q) is defined by

'(q) =
1X

n=�1
qn2

.

We have
1X

n=0

N(a1, . . . , a8;n)qn = '(qa1) · · ·'(qa8). (1.13)
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The infinite product representation of '(q) is due to Jacobi [4] namely

'(q) =
F 5(q2)

F 2(q)F 2(q4)
. (1.14)

For k 2 N the sum of divisors function �k(n) is defined by �k(n) =
X
d|n

dk, where

the sum is over the positive divisors of n. If n 62 N, we set �k(n) = 0. For q 2 C
with |q| < 1 the Eisenstein series E4(q) is defined by

E4(q) = 1 + 240
1X

n=1

�3(n)qn. (1.15)

We now state our main result. We prove it in Section 3.

Theorem 1.1. Let n 2 N. Then

(i) N(13, 23, 3, 6;n) =
13
10

�3(n)� 13
10

�3(n/2) +
27
10

�3(n/3)� 26
5

�3(n/4)

�27
10

�3(n/6) +
416
5

�3(n/8)� 54
5

�3(n/12) +
864
5

�3(n/24) + 3a1(n)

+27a1(n/3) +
17
10

a2(n) + 8a2(n/2) +
256
5

a2(n/4) + 3a4(n)� 12a4(n/2)

(ii) N(13, 2, 33, 6;n) = �3(n)� �3(n/2)� 9�3(n/3) + 2�3(n/4) + 9�3(n/6)
�32�3(n/8)� 18�3(n/12) + 288�3(n/24)� 2a1(n)� 27a1(n/3) + 2a2(n)
+7a2(n/2)� 72a2(n/4) + 5a3(n)� 12a4(n) + 24a4(n/2)

(iii) N(13, 2, 3, 63;n) =
1
2
�3(n)� 1

2
�3(n/2)� 9

2
�3(n/3) + 2�3(n/4)

+
9
2
�3(n/6)� 32�3(n/8)� 18�3(n/12) + 288�3(n/24)� a1(n)� 9a1(n/3)

+
5
2
a2(n) + 12a2(n/2)� 32a2(n/4) + 4a3(n)� 9a4(n) + 12a4(n/2)

(iv) N(1, 23, 33, 6;n) =
1
2
�3(n)� 1

2
�3(n/2)� 9

2
�3(n/3) + 2�3(n/4)

+
9
2
�3(n/6)� 32�3(n/8)� 18�3(n/12) + 288�3(n/24)� 3a1(n)

�27a1(n/3) +
1
2
a2(n)� 64a2(n/4) + 4a3(n)� 9a4(n) + 12a4(n/2)

(v) N(1, 23, 3, 63;n) =
1
4
�3(n)� 1

4
�3(n/2)� 9

4
�3(n/3) + 2�3(n/4)

+
9
4
�3(n/6)� 32�3(n/8)� 18�3(n/12) + 288�3(n/24)� 3

2
a1(n)� 9a1(n/3)

+
3
4
a2(n) +

5
2
a2(n/2)� 28a2(n/4) +

5
2
a3(n)� 9

2
a4(n) + 6a4(n/2)
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(vi) N(1, 2, 33, 63;n) =
1
10

�3(n)� 1
10

�3(n/2) +
39
10

�3(n/3)� 2
5
�3(n/4)

�39
10

�3(n/6) +
32
5

�3(n/8)� 78
5

�3(n/12) +
1248

5
�3(n/24) + a1(n)

+9a1(n/3) +
9
10

a2(n) + 4a2(n/2) +
32
5

a2(n/4)� a4(n) + 4a4(n/2)

(vii) N(15, 2, 3, 6;n) =
13
5

�3(n)� 13
5

�3(n/2) +
27
5

�3(n/3)� 26
5

�3(n/4)

�27
5

�3(n/6) +
416
5

�3(n/8)� 54
5

�3(n/12) +
864
5

�3(n/24) + 2a1(n)

+27a1(n/3) +
12
5

a2(n) + 17a2(n/2) +
296
5

a2(n/4) + 3a3(n)� 24a4(n/2)

(viii) N(1, 25, 3, 6;n) =
13
20

�3(n)� 13
20

�3(n/2) +
27
20

�3(n/3)� 26
5

�3(n/4)

�27
20

�3(n/6) +
416
5

�3(n/8)� 54
5

�3(n/12) +
864
5

�3(n/24) +
5
2
a1(n)

+27a1(n/3) +
7
20

a2(n) +
5
2
a2(n/2) +

276
5

a2(n/4)� 3
2
a3(n) +

15
2

a4(n)

�18a4(n/2)

(ix) N(1, 2, 35, 6;n) =
1
5
�3(n)� 1

5
�3(n/2) +

39
5

�3(n/3)� 2
5
�3(n/4)

�39
5

�3(n/6) +
32
5

�3(n/8)� 78
5

�3(n/12) +
1248

5
�3(n/24) + 2a1(n)

+15a1(n/3) +
4
5
a2(n) + 5a2(n/2) +

72
5

a2(n/4)� a3(n) + 8a4(n/2)

(x) N(1, 2, 3, 65;n) =
1
20

�3(n)� 1
20

�3(n/2) +
39
20

�3(n/3)� 2
5
�3(n/4)

�39
20

�3(n/6) +
32
5

�3(n/8)� 78
5

�3(n/12) +
1248

5
�3(n/24) +

1
2
a1(n)

+3a1(n/3) +
19
20

a2(n) +
9
2
a2(n/2)� 28

5
a2(n/4) +

1
2
a3(n)� 5

2
a4(n)

+6a4(n/2)

2. Preliminary Results

Let N be a positive integer and k an integer. We write Mk(�0(N)) to denote the
space of modular forms of weight k with trivial multiplier system for the modular
subgroup �0(N) defined by

�0(N) =
⇢✓

a b
c d

◆
| a, b, c, d 2 Z, ad� bc = 1, c ⌘ 0 (mod N)

�
.
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The Dedekind eta function ⌘(z) is the holomorphic function defined on the upper
half plane H = {z 2 C | Im(z) > 0} by the product formula

⌘(z) = e⇡iz/12
1Y

n=1

(1� e2⇡inz). (2.1)

Throughout the remainder of the paper we take q = q(z) := e2⇡iz with z 2 H so
that |q| < 1. By (1.4) and (2.1) we have

⌘(z) = q1/24
1Y

n=1

(1� qn) = q1/24F (q). (2.2)

An eta quotient is defined to be a finite product of the form

f(z) =
Y
�

⌘r�(�z), (2.3)

where � runs through a finite set of positive integers and the exponents r� are any
integers. By taking N to be the least common multiple of the �’s we can write the
eta quotient (2.3) as

f(z) =
Y
�|N

⌘r�(�z),

where � runs through positive divisors of N . When all of the exponents r� are
nonnegative, f(z) is said to be an eta product.

The following lemma follows from [5, Theorem 5.7, p.99] and[6, Corollary 2.3,
p.37]. We use it to determine if a given eta quotient f(z) is in Mk(�0(N)).

Lemma 2.1. Let N be a positive integer and let f(z) =
Y

1�|N
⌘r�(�z) be an eta

quotient which satisfies the following conditions:

(i)
X

1�|N
� · r� ⌘ 0 (mod 24),

(ii)
X

1�|N

N

�
· r� ⌘ 0 (mod 24),

(iii)
Y

1�|N
�r� is the square of a rational number,

(iv) For each d | N ,
X

1�|N

gcd(d, �)2 · r�

�
� 0,

(v) The weight k =
1
2

X
1�|N

r� is an even integer.

Then f(z) is in Mk(�0(N)).
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It is shown in [1] that
�
E4(qk) (k = 1, 2, 3, 4, 6, 8, 12, 24), Ak(q) (1  k  8)

 
(2.4)

is a basis for M4(�0(24)). We use Lemma 2.1 to prove the following theorem.

Theorem 2.1. Let i, j, k, l be nonnegative odd integers such that i + j + k + l = 8.
Then 'i(q)'j(q2)'k(q3)'l(q6) are in M4(�0(24)).

Proof. We just present the proof for '3(q)'(q2)'3(q3)'(q6) as all the other
cases can be proved similarly. From (1.14) and (2.2) we obtain

'3(q)'(q2)'3(q3)'(q6) =
⌘13(q2)⌘13(q6)

⌘6(q)⌘6(q3)⌘(q4)⌘2(q8)'(q12)'2(q24)
.

We take N = 24. We have

�1 = 1, r1 = �6, �3 = 3, r3 = �6, �6 = 6, r6 = 13, �12 = 12, r12 = �1,
�2 = 2, r2 = 13, �4 = 4, r4 = �1, �8 = 8, r8 = �2, �24 = 24, r24 = �2.

It can be easily seen that conditions (i)–(iii) and (v) of Lemma 2.1 are satisfied. We
show that (iv) is also satisfied for each positive divisor d of 24. We just show it for
d = 3 as the remaining cases can be done similarly. Note that

X
0<�|N

gcd(d, �)2 · r�

�
=

12 · (�6)
1

+
12 · 13

2
+

32 · (�6)
3

+
12 · (�1)

4

+
32 · 13

6
+

12 · (�2)
8

+
32 · (�1)

12
+

32 · (�2)
24

= 0.

Thus by Lemma 2.1 we have '3(q)'(q2)'3(q3)'(q6) 2 M4(�0(24)). 2

3. Proof of Theorem 1.1

We first prove the following theorem from which we deduce the proof of Theorem 1.1.

Theorem 3.1.

(i) '3(q)'3(q2)'(q3)'(q6) =
13

2400
E4(q)�

13
2400

E4(q2) +
9

800
E4(q3)

� 13
600

E4(q4)� 9
800

E4(q6) +
26
75

E4(q8)� 9
200

E4(q12) +
18
25

E4(q24)

+3A1(q) +
17
10

A2(q) + 3A4(q) + 8A5(q) + 27A6(q)� 12A7(q) +
256
5

A8(q)

(ii) '3(q)'(q2)'3(q3)'(q6) =
1

240
E4(q)�

1
240

E4(q2)� 3
80

E4(q3) +
1

120
E4(q4)
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+
3
80

E4(q6)� 2
15

E4(q8)� 3
40

E4(q12) +
6
5
E4(q24)� 2A1(q) + 2A2(q)

+5A3(q)� 12A4(q) + 7A5(q)� 27A6(q) + 24A7(q)� 72A8(q)

(iii) '3(q)'(q2)'(q3)'3(q6) =
1

480
E4(q)�

1
480

E4(q2)� 3
160

E4(q3) +
1

120
E4(q4)

+
3

160
E4(q6)� 2

15
E4(q8)� 3

40
E4(q12) +

6
5
E4(q24)�A1(q) +

5
2
A2(q)

+4A3(q)� 9A4(q) + 12A5(q)� 9A6(q) + 12A7(q)� 32A8(q)

(iv) '(q)'3(q2)'3(q3)'(q6) =
1

480
E4(q)�

1
480

E4(q2)� 3
160

E4(q3)

+
1

120
E4(q4) +

3
160

E4(q6)� 2
15

E4(q8)� 3
40

E4(q12) +
6
5
E4(q24)

�3A1(q) +
1
2
A2(q) + 4A3(q)� 9A4(q)� 27A6(q) + 12A7(q)� 64A8(q)

(v) '(q)'3(q2)'(q3)'3(q6) =
1

960
E4(q)�

1
960

E4(q2)� 3
320

E4(q3) +
1

120
E4(q4)

+
3

320
E4(q6)� 2

15
E4(q8)� 3

40
E4(q12) +

6
5
E4(q24)� 3

2
A1(q) +

3
4
A2(q)

+
5
2
A3(q)�

9
2
A4(q) +

5
2
A5(q)� 9A6(q) + 6A7(q)� 28A8(q)

(vi) '(q)'(q2)'3(q3)'3(q6) =
1

2400
E4(q)�

1
2400

E4(q2) +
13
800

E4(q3)

� 1
600

E4(q4)� 13
800

E4(q6) +
2
75

E4(q8)� 13
200

E4(q12) +
26
25

E4(q24)

+A1(q) +
9
10

A2(q)�A4(q) + 4A5(q) + 9A6(q) + 4A7(q) +
32
5

A8(q)

(vii) '5(q)'(q2)'(q3)'(q6) =
13

1200
E4(q)�

13
1200

E4(q2) +
9

400
E4(q3)

� 13
600

E4(q4)� 9
400

E4(q6) +
26
75

E4(q8)� 9
200

E4(q12) +
18
25

E4(q24)

+2A1(q) +
12
5

A2(q) + 3A3(q) + 17A5(q) + 27A6(q)� 24A7(q) +
296
5

A8(q)

(viii) '(q)'5(q2)'(q3)'(q6) =
13

4800
E4(q)�

13
4800

E4(q2) +
9

1600
E4(q3)

� 13
600

E4(q4)� 9
1600

E4(q6) +
26
75

E4(q8)� 9
200

E4(q12) +
18
25

E4(q24) +
5
2
A1(q)

+
7
20

A2(q)�
3
2
A3(q) +

15
2

A4(q) +
5
2
A5(q) + 27A6(q)� 18A7(q) +

276
5

A8(q)

(ix) '(q)'(q2)'5(q3)'(q6) =
1

1200
E4(q)�

1
1200

E4(q2) +
13
400

E4(q3)� 1
600

E4(q4)

� 13
400

E4(q6) +
2
75

E4(q8)� 13
200

E4(q12) +
26
25

E4(q24)
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+2A1(q) +
4
5
A2(q)�A3(q) + 5A5(q) + 15A6(q) + 8A7(q) +

72
5

A8(q)

(x) '(q)'(q2)'(q3)'5(q6) =
1

4800
E4(q)�

1
4800

E4(q2) +
13

1600
E4(q3)� 1

600
E4(q4)

� 13
1600

E4(q6) +
2
75

E4(q8)� 13
200

E4(q12) +
26
25

E4(q24) +
1
2
A1(q) +

19
20

A2(q)

+
1
2
A3(q)�

5
2
A4(q) +

9
2
A5(q) + 3A6(q) + 6A7(q)�

28
5

A8(q)

Proof. Let i, j, k, l be nonnegative odd integers such that i + j + k + l = 8.
By Theorem 2.1, 'i(q)'j(q2)'k(q3)'l(q6) 2 M4(�0(24)). By (2.4) we have that�
E4(qk) (k = 1, 2, 3, 4, 6, 8, 12, 24), Ak(q) (1  k  8)

 
is a basis of M4(�0(24)). Thus

'i(q)'j(q2)'k(q3)'l(q6) can be expressed as a linear combination of E4(qk) (k =
1, 2, 3, 4, 6, 8, 12, 24) and Ak(q) (1  k  8). Using MAPLE we obtain the asserted
coe�cients. 2

We now use Theorem 3.1 to prove Theorem 1.1.
Proof of Theorem 1.1. We just present the proof of (ii) as all the other cases can
be proved similarly. By (1.13), Theorem 3.1(ii), (1.5)–(1.12) and (1.15) we have

1X
n=0

N(13, 2, 33, 6;n)qn = '3(q)'(q2)'3(q3)'(q6)

=
1

240
E4(q)�

1
240

E4(q2)� 3
80

E4(q3) +
1

120
E4(q4) +

3
80

E4(q6)� 2
15

E4(q8)

� 3
40

E4(q12) +
6
5
E4(q24)� 2A1(q) + 2A2(q) + 5A3(q)� 12A4(q)

+7A5(q)� 27A6(q) + 24A7(q)� 72A8(q)

= 1 +
1X

n=1

⇣
�3(n)� �3(n/2)� 9�3(n/3) + 2�3(n/4) + 9�3(n/6)� 32�3(n/8)

�18�3(n/12) + 288�3(n/24)� 2a1(n)� 27a1(n/3) + 2a2(n) + 7a2(n/2)

�72a2(n/4) + 5a3(n)� 12a4(n) + 24a4(n/2)
⌘
qn.

Equating coe�cients of qn yields the result. 2
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