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Abstract
We prove that an infinite class of Copeland-Erdés numbers is not strongly normal
and provide the analogous result for Bugeaud’s Mahler-inspired extension of the
Copeland-Erdés numbers. After the presentation of our results, we offer several
open questions concerning normality and strong normality.

1. Introduction

Up to the year 1909, problems of probability were classified as either “discon-
tinuous” or “continuous” (also called “geometric”). Towards filling this gap, in
that year, Borel [2] introduced what he called countable probabilities (probabités
dénombrables). In this new type of problem, one asks probabilistic questions about
countable sets. As a (now very common) canonical example, Borel [2] consid-
ered properties of the frequency of digits in the digital expansions of real numbers.
Specifically, he defined the notions of simple normality and normality.
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A real number z is called simply normal to the base b (or b-simply normal) if each
of 0,1,...,b— 1 occurs in the base-b expansion of z with equal frequency 1/b. This
number z is then called normal to the base b (or b-normal) provided it is b™-simply
normal for all positive integers m.

As part of his seminal work in the area, Borel [2] showed that almost all numbers
are normal to every positive integer base, but it was not until 1933 that Champer-
nowne [4] gave an explicit example; he showed that the number

&nj10 1= 0.1234567891011121314151617- - -,

produced by concatenating the digits of the positive integers, is normal to the base
10. He also claimed that the number

0.46891012141516182021222425- - - |

produced by concatenating the digits of the composite integers, is normal to the base
10, though he did not provide a proof. Such a proof was provided by Copeland and
Erd6s [5], who showed that if b > 2 is an integer and aq,as, as, ... is an increasing
sequence of positive integers such that for every ¢ < 1 the number of a,, up to N
exceeds NV for N sufficiently large, then the number

£A’b = 0‘(a1)b(a2)b(a3)b ce

is b-normal, where (a,); denotes the base-b expansion of the integer a,, and A :=
{a1,a9,as,...}.

In the present day, normality is a property that one presumes a “random” number
must have. But, of course, just because a number is normal to some base, does not

mean this number is in any way “random.”

Champernowne’s number &y 19 is by
no means “random.” In order to more formally (and quite simply) differentiate
normal from “random,” Belshaw and Borwein [1] introduced a new asymptotic test
of pseudorandomness based on the law of the iterated logarithm, which they call
strong normality. Specifically, let £ € (0,1) and my,(§;n) denote the number of
times that k appears in the first n b-ary digits of the base-b expansion of £&. The
number ¢ is called simply strongly normal to the base b (or b-simply strongly normal)
provided both
. mep(&sn) —n/b  Vb—1 o empp(§n)—n/b Vb —1
im sup = and liminf =— ,
n—oo V/2nloglogn b n—oo\/2nloglogn b
for every k € {0,1,...,b — 1}. This number £ is then called strongly normal to
the base b (or b-strongly normal) if it is b™-simply strongly normal for all positive
integers m.
To illustrate the value of their new asymptotic test of pseudorandomness, Belshaw
and Borwein [1] showed that a strongly normal (resp. simply strongly normal) num-
ber was also normal (resp. simply normal). They also showed that Champernowne’s
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number &y 2, produced by concatenating the positive integers written in binary, is
not strongly normal to the base 2. They commented that this was true for every
base b, and a slight modification of their proof indeed gives this result.

In this paper, we show that an infinite class of Copeland-Erdés numbers is not
strongly normal. In fact, our result addresses Bugeaud’s Mahler-inspired generaliza-
tion of the Copeland-Erdés numbers. Recall that for a real number z, |z] denotes
the greatest integer which is less than or equal to z, and {z} denotes the fractional
part of z; that is, x — {#} = |z]. To ease the exposition, before stating our result,
we introduce a piece of notation in the following definition.

Definition 1. Let ¢ > 1 be a real number, b > 2 be an integer, and a, a9, as, ...
be an increasing sequence of positive integers. For each n > 1, let (a,)p denote the
base-b expansion of the integer a,,. We define the real number

Eape=0.(a1)p- - (a1)p(az)y - (a2)s(az)y---(as)y-- -,

where A := {a1,as,as,...} and each block of b-ary digits (ay )y is repeated |cf() |
times; here ¢, (a,,) is equal to the length of the integer a,, written in base b.

We prove the following theorem.

Theorem 1. Let ¢ > 1 be a real number, b > 2 be an integer, A C N, A(x) be the
number of elements in A that are at most x, and « be a real number satisfying

1 1 logb
-1 1)
a<( b+b(bc—1)) 2

If for large enough x
Az) € « x

logz’
then &\ ap,c 18 not b-simply strongly normal.
Theorem 1 contains the result of Belshaw and Borwein [1] that each Champer-

nowne number £y, = &Enp,1 i not b-strongly normal. It also yields the following
corollary.

Corollary 1. The number
0.46891012141516182021222425- - - |

produced by concatenating the digits of the composite integers, is not strongly normal
to the base 10.

Remark 1. Bugeaud, in his monograph, Distribution Modulo One and Diophan-
tine Approximation [3, p. 87, Theorem 4.10], was the first to prove the b-normality
of the generalized Copeland-Erdés numbers (with the multiplicities as given in Def-
inition 1); the special case of the b-normality of £y, was proved by Mahler [7].
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2. Non-strong Normality and Generalized Copeland-Erdés Numbers

In this section, we prove Theorem 1. Our proof is inspired by Belshaw and Borwein’s
proof [1] of the non-b-strong normality of the Chapernowne numbers &yp1. The
main idea is to define an increasing sequence (in the index k) of positive integers
dp,c,k, and consider the number of 1s in the number 4,4, up to the dp ¢ p-th b-ary
digit. We will show that there is an excess of 1s.

To this end, we start with some properties about the special sequence over which
we will eventually take limits.

Lemma 1. Let ¢ > 1 be a real number. For the integers b > 2 and k > 1, let
dp 1. denote the number of b-ary digits in the non-decreasing concatenation of the
first 201 — 1 positive integers written in the base b, where each integer is repeated
|t (@n) | times. Then

dbck—LC blc 1+Z anbn 1 )

Moreover, we have

_chb+b—2 & 1
db,qk = m ]’C(Cb) (1 + 0 (E)) .

Proof. The first assertion of the lemma is immediate.
For the second, note that |¢"| = ¢™ — {¢"}. Thus

k—1
dp ek =R bt (b 1) — <{ck}kbk Ly Z{c”}nb" Yb— 1))

n=1 n=1
Now
k—1 PR =,
c(b—1) Zn c(b—1)- . {Zx”}
n=1 n=0 z=cb

d (zF-1
-1
(b ) dw{xl}x_cb

k(ch)*=1(eb — 1) — ((eb)k — 1)
(cb—1)2

k(cb)* — k(cb)k=1 — (eb)F + 1
(cb—

1)2
- (Cc(bb— 1)2 (1 - lb Tk k(clb)k>

B bElc)b_ll (1 o < ))

=cb-1)

=c(b-1)
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so also,

k—1
{FHRbF 4> {em b (b — 1) = 6.0 (kb"),

where . = 0 if ¢ € N and 1 otherwise; this accounts for the fact that this term does
not appear if ¢ is an integer.
Hence

dp.ek = % - k(cb)* + % - K(cb) - (1 +0 (%)) + 6.0(kb™)

cb+b—2 & 1
=——— k() -[1+0| = . O
s et (140 ()
As our proof will use the comparison of m1 5 (§n A,p,¢; db,c,k) With mi b (Enp,c; dbc,k)s

we now provide two lemmas. The first provides a way for us to compare these quan-
tities, and the second gives the value of m1 (&N .b.c; db.c.kc)-

Lemma 2. If A CN and A(x) is as defined in Proposition 1, then
(e doei) = map(Eupeidoer) — [FR(ARV —1) — ABF ! — 1))

k—1
=Y [ n(AQ" —1) — A@" " - 1).
n=1

Proof. The number d; ., was defined to be the number of b-ary digits in the con-
catenation of the first 26F~1 — 1 positive integers written in the base b, where
each integer is repeated [c®(9")| times. For n = 1,...,k — 1, there are exactly
A" —1) — A"~ —1) integers in A of length n and there are a total of A(2bF~! —
1) — A(b*=1 — 1) of length k. The maximal contribution these numbers could have
is if each of the numbers in A had all of its b-ary digits equal to 1. The inequality
in the lemma follows immediately from this observation. O

Lemma 3. Let dp 1 be as defined in Lemma 1. Then for large enough k

dp.c b—1 1 1
ma,b(ENb.c; e k) — % = (cb)" < 2 TRw—n 0:0 <C_k>> ’

where . = 0 if c € N and 1 otherwise.

Proof. Recall that the number d; ., denotes the number of b-ary digits in the non-
decreasing concatenation of the first 2b6F~1 —1 positive integers written in the base b,
where each integer is repeated |c¢®(*) | times. Note also, that in the set of numbers
of length n with any single leading b-ary digit, the frequency in the non-leading
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digits of any specific b-ary digit is exactly 1/b. Thus

k—1 n—1
(€ pes dben) = D L") 5 + g
n=1 the number of leading 1s
the number of non-leading 1s from length n numbers
from length n numbers
k—1
+|_ij (k_ 1>b + bk—l
b ~~—~
— N the number of leading 1s

the number of non-leading 1s

from numbers in [bF 71, 208~ — 1]
LR T e b (b — 1)
b
_ k
[k JpE T R [ b (b — 1) " (1
—~ = + Z:: Ui

from numbers in [b¥ 71, 26871 — 1]

n=1

Applying the first assertion of Lemma 1, we have

. k=1 SR et - 1) E -
ml,b(£N7b,c;db7c,k) _ Gbek _ _L J Zn_lL J ( ) +ZLanbn 1

b b
k—1
|k bkrfl 1— 1 1 n bnfl
n=1
1 c k—1 1 k—1
= I_CICka_1 (1 — 5) + E Z(Cb)n_l =+ E Z{Cn}bn_l
n=1

n=1

1 bkt —1
= Ckbkil (1 — g) + g <(Cc>b7—1> + 5c0(bk)

= (ch)* (b;) + big (C(Ifb_)kl - cbcf 1) +3.0(0")

= (cb)" <bb_21 + b2(cblf p o0 (%)) 7

which proves the lemma. ]

The next lemma provides a sufficient (but not necessary) condition for the non-
b-simple strong normality of the number & ap.c-

Lemma 4. Let ¢ > 1 be a real number, A C N, dy . be as defined in Lemma 1,
and suppose that for large enough k, we have

d
m1 p(Em\ A,b,c; db,e k) — % > r(cb)*

for some positive constant r. Then §m ap,c s not b-simply strongly normal. In
particular, {y\ ap,c 18 not b-strongly normal.
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Proof. Using the assumptions of the lemma, we have

m1p(EnA,b,ci db,e,k) = dbe /b S r(cb)*
V/2dy ¢ loglog dy . i ~ /2y loglogdy e p,

Now using the second assertion of Lemma 1, for any € > 0 and large enough k,

dp.c blbe — 1) \ V/?*e 1/2+¢
V/2d, .1 loglog dy ¢ < ( b’2’k : cb(—l—b—)2> < (k(ch)") e

Thus
m1p(En A,b,c; db,e,k) — dbe,k /b > i r(cb)*
hooo  \/2dpcploglogdyer koo (f(cb)k)/2HE
whence the bound on the limit supremum in the definition of b-simple strong nor-
mality cannot hold for the number &\ 45 O

= 00,

In addition to the above results, we will need the following classical result, which
is an easy exercise for the curious reader.

Lemma 5 (Abel Summation). If a,,b, € C for all n € N, then for allk > 1

k

an(bn+1 - bn) = ak+1bk+1 —aib; — Z bn+1(an+1 - an)~
1 n=1

]~

n

We make use of Abel summation in the following way.

Corollary 2. If ay,b, = 0 for all n and {an}n>0 is non-decreasing, then

k
Z an(bn+1 - bn) < ak+1bk+1-
n=1
With all of the above preliminaries finished, we are now able to present the proof
of Theorem 1.

Proof of Theorem 1. Applying Lemmas 2 and 3 along with Corollary 2 and the
removal of some positive terms, we have

k-1
ma b(EmAp,e; dbek) = M1 p(ENp,e; dbek) — Z An(AD™ —1) — A" — 1))
n=1

— cFER(AQDF Y — 1) — ADFT - 1))
dp ek rf(b—1 1 1
> 0 N —
> ok (ap) (  EE T mo(ck))

—RAM T 1) = FE(AQRVT - 1) — AR - 1))
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Thus

dp.c cb)F 1 1 _
m1p(En A b,c; db,e k) — b’b’k > (bQ) (b o 5.0 (c_k>) — "RA20F ).

Supposing that A(z) < az/logz, we have

dp.c ch)* 1 1
ml,b(fN\A,b,c? db,c,k) - % = ( b2) (b -1+ m + 0.0 <C_k)>

Lk 20kt 1
TN logh \ 14 sz
& + (k—1)logb

(cb)* 1 2b 1
> - —a- ).
2 P T T ow T

Applying Lemma 4 to this last inequality, we have for any subset A C N such that

1 logb 1 1 logb
B U = R O IO .
a<@ +w—0 2 < b+MM—U> 2

the number &\ 4,5, is not b-simply strongly normal. O

3. Some Open Questions and Thoughts for the Future

In this paper, we showed that a large class of Copeland-Erdés numbers is not
strongly normal. The main thrust of our argument was the comparison of our class
with the Champernowne (or generalized Champernowne) number. This argument
yielded nice results, but there is a lot left to explore here. Indeed, it would be
reasonable to suppose that the decimal formed by the sequence of prime numbers
is also not strongly normal to the scale of ten, but of this we have no proof.

The following few avenues and questions may lead to some new understanding
of both normality and strong normality as well as their relationship.

First, our argument addresses & 4,5 Where A C N is a sufficiently thin set.
For example, if A is the set of primes our method works, but if A is larger than
that in any real asymptotic sense, then our argument fails. In contrast to this, the
Copeland-Erdds normality result holds for a much larger class of numbers.

Question 1. Do there exist strongly normal Copeland-Erdés numbers?

Second, Davenport and Erdds [6] proved that if f(x) is a (non-constant) polyno-
mial in «, such that f(n) € N for all n € N, then the real number

0.F(D)s(F2)s(F(3))s -

is normal to the base b. Their result was later generalized in many ways by Nakai
and Shiokawa [8, 9, 10, 11]. This begs the following question.
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Question 2. Let f(z) be a (non-constant) polynomial in z, such that f(n) € N for
all n € N. Can the number 0.(f(1))s(f(2))s(f(3))p - - - be b-strongly normal?

Nakai and Shiokawa [11] showed that if f(x) is a (non-constant) polynomial in
x, such that f(n) € N for all n € N, then the real number

a(f,b) = 0.(f(2)e(FB)s(f(5))p - (f ()b -,

where p runs through the prime numbers, is b-normal.

Question 3. Is the number a(f,b) strongly normal for any choice of f and b?

Finally, the following question, while not specifically about strong normality, is
certainly evident given the existing literature, though it has not explicitly been
formulated before.

Question 4. Let b > 2 be an integer and ay,as,as, ... be an increasing sequence
of positive integers such that the number 0.(a1)p(a2)p(as)p - -+ is b-normal. If f(z)
is a (non-constant) polynomial in z, such that f(n) € N for all n € N, then is the
number 0.(f(a1))s(f(az))s(f(as))p -+ b-normal?

References

(1]

2]

(4]

[5]

(8]

[9]

Adrian Belshaw and Peter Borwein, Champernowne’s number, strong normality, and the X
chromosome, In Computational and analytical mathematics, volume 50 of Springer Proc.
Math. Stat., pages 29-44. Springer, New York, 2013.

E. Borel, Les probabilités dénombrables et leurs applications arithmétiques, Palermo Rend.
27 (1909), 247-271.

Yann Bugeaud. Distribution Modulo One and Diophantine Approzimation, volume 193 of
Cambridge Tracts in Mathematics, Cambridge University Press, Cambridge, 2012.

D. G. Champernowne, The Construction of Decimals Normal in the Scale of Ten, J. London
Math. Soc. 8 (1933), 254—260.

Arthur H. Copeland and Paul Erdés, Note on normal numbers, Bull. Amer. Math. Soc. 52
(1946), 857-860.

H. Davenport and P. Erd8s, Note on normal decimals, Canadian J. Math. 4 (1952), 58-63.

Kurt Mahler, Uber die Dezimalbruchentwicklung gewisser Irrationalzahlen, Mathematica B,
Zutphen 6 (1937), 22-36.

Yoshinobu Nakai and Iekata Shiokawa, A class of normal numbers, Japan. J. Math. (N.S.)
16 (1990), no. 1, 17-29.

Yoshinobu Nakai and Iekata Shiokawa, A class of normal numbers, II, In Number theory and
cryptography (Sydney, 1989), volume 154 of London Math. Soc. Lecture Note Ser., pages
204-210, Cambridge Univ. Press, Cambridge, 1990.



INTEGERS: 16 (2016) 10
[10] Yoshinobu Nakai and Iekata Shiokawa, Discrepancy estimates for a class of normal numbers,
Acta Arith. 62 (1992), no. 3, 271-284.

[11] Yoshinobu Nakai and Iekata Shiokawa, Normality of numbers generated by the values of
polynomials at primes, Acta Arith. 81 (1997), no. 4, 345-356.



