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Abstract
In this paper we introduce a version of multivariable Laguerre polynomials irre-
ducible over the rationals. We also prove, for such polynomials in two variables, a
congruence property, which is similar to the one obtained by Carlitz for the classical
Laguerre polynomials in one variable.

1. Introduction

The generalized Laguerre polynomials in one variable are defined for an arbitrary
integer n > 0 and a parameter a > —1 by Rodrigues’ relation (see, for example, [4],
Section 1.4.2):

Ln(x)zae:c D" (e"*a"**),  where D =

In this paper we will consider only non-negative integer values for the parameter
o, i.e., we assume from now on that a € Ny = NU {0}. Expanding the definition
of L%(z) using the n-fold product rule and the Pochhammer symbol defined for all
x € R by

n

()0 =1, (x)n:H(x—Fi—l) for all neN,

i=1
one immediately comes to the following explicit formulas ([4], Section 1.4.2):

n

L2(x) :Zw oy (—_1.)J | <n+q> o "

= (a+1);-n! J! n—j
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It was established by Schur in 1929 (see [8]) that L, (x) = L?(x) are irreducible
over the rationals for all n € N. Recently this result was generalized by Filaseta and
Lam who proved that for all but finitely many n € N, the polynomials L% (x), where
« is a rational number which is not a negative integer, are irreducible over Q (see
[6]). Note that reducible L% do exist, for example, L3(x) = 1/2(z—2)(z—6). One of
the key characteristics of the Laguerre polynomials L%(z) (with a fixed o > —1) is
that they are orthogonal over the interval (0, c0) with respect to the weight function
w(z) = e *z (see Chapter 1 of [4]). They also satisfy other interesting properties,
including the one due to Carlitz (see [3]), who proved in 1954 that for all n,m € N,
and a rational number « that is integral (mod m),

(n+m)'Ly . (x) = nlLy (x) - m!Ly, (z) (mod m). (2)

There are various examples of families of orthogonal polynomials in several vari-
ables, and certain properties of the following multivariable Laguerre polynomials
have been studied in [4] and [2]:

Lo (xy, ..., mp) = Lyt (w1) - L2 (22) - ... - Ly (). (3)

yeery

Such multivariable Laguerre polynomials are orthogonal with respect to the weight
function, which is the product of the corresponding weight functions z7* ...z -
e~ (@1++21) gver the domain, which is the cartesian product of the corresponding
domains RY = {(z1,...,2,) | 0 < z; < o0, j € {1,2,...,7}} (see [2] and [4],
Section 2.3.5). It is also clear from (3) that such multiple Laguerre polynomials are
reducible as soon as they have more than one variable.

In this paper, we introduce a version of multivariable Laguerre polynomials
Ly,...n.(%1,...,2,), which are irreducible over the rationals and prove that such
Laguerre polynomials in two variables satisfy a congruence relation similar to (2).

The rest of this paper is divided up as follows. In Section 2, we introduce our
version of Laguerre polynomials in z and y using Rodrigues’ formula with partial
derivatives and derive the corresponding explicit formulas similar to (1). In Section
3, we establish several auxiliary lemmas and use them to give another proof of
the congruence (2) of Carlitz. Section 4 contains a proof of the corresponding
congruence for two-variable Laguerre polynomials (see (12) below). In Section 5,
we offer our version of multivariable Laguerre polynomials in an arbitrary number
of variables and discuss their irreducibility over Q.

2. Laguerre Polynomials in Two Variables

As we already wrote, the Laguerre polynomials in x are defined for an arbitrary

integer n > 0 and the parameter @ = 0 by Rodrigues’ relation L,(z) = %ew .



INTEGERS: 16 (2016) 3
D™ (e~*z™). We apply this approach to define the Laguerre polynomials in two
variables as follows.

Definition 1. For all n,m € Ny let

Le(ery)/Z . Dyt (e(fmfy)/%rnym) ’

Ln,m(xvy) = n' . m'

where Dy (f(z,y)) = fa(z,y) + fy(x,y).

Note 1: Since e #¥)/2. Dy (el 92 f(2,y)) = fu(a,y) + fy(a,y) — f(z,y), if it
happens that f(x,y) depends only on a single variable x, we obtain

—x— d T —x
e@tv)/2 . p, (e( y)/zf(%y)) — %f(x) —f@)=¢" D (e " f(x)),
and hence naturally

1 —r— n
Loo(w,y) = —oiel= /2 Dy (er0/2m0) = Lu(@), Lo(.y) = Ln(y):

n!-0!

By the same argument we also have

Lym(z,x) =

o@+y)/2 . putm (e(f:rfy)/2xn+m) = <n+ m) “Lnim ().
n

n!-ml!
Before giving the explicit formulas for L,, ,,(z,y) we prove the following formula.
Lemma 1. For all n, m, t € Ng we have

min(t,m)
(wtv) (co=y) o t m! Ct—i (3 m i
e 2 -Dg(e T "y ): Z (>—)'(6 D' (e :l:))y , (4)

— \i (m —1i)!

where D = d% s as in the definition of the classical Laguerre polynomials.
Proof. We use induction on t; so suppose ¢t = 0. Hence

Tt/ D (TP gty = 2ty

and the right-hand side of (4) also yields a single term x"y™. Now assume that (4)
is true for t = k — 1. Then, by the induction hypothesis, we obtain

(z+y) (—z—y) (z+y) (—z—y) _ (—z—y)
e 2 'D§<e 2 m”ym):e 2 ~D3(e 2 oe(m+y)/2~Dgl(e 2 :c"ym)>

(e+9) (o (ME™ m!
Ty —z—y - . zk—1—1 —x_n m—i
=D () e o))




INTEGERS: 16 (2016) 4

Since

(w+y) (= r y)

Dy ( g(x)yl) =(g'(x)—g(x))y'+lg(z)y' " =e"D(e " g(x))y' +ig(z)y' "

for all [ € N, the above summation can be rewritten as

min(k—1,m)

z+y —z—y k—1 ! ) )
G%Dg (e%xnym) _ Z ( . )(mni Z)'<61Dkz (6zxn)>.ymz

=0

min(k—1,m)+1

TR )

i=1
where the expression m!/(m — i)! is to be interpreted as 0 if i = m + 1 in the last
sum. Using the identities

(0= ) G0 e (5) (2) () vz

and combining the coefficients of terms that have the same degree in y in the last
two summations, we see that the identity (4) holds true for ¢ = k, which finishes
the induction. O

The next theorem gives the explicit formulas for Ly, ,,(x,y) (compare with (1)).

Theorem 1. For all n,m € Ny we have

i i m-+n i i " (1) /n+m s s
Lnm(2,y) Z ( i)'%(ﬂf)@ —yo ! s,) -(n_s>~Lm(y)-w , and
=0 s=0 '
m n ; .
(=) /m+n n+1i s
Lnm(@,y) = st \m—i) \n=s) ® Y (5)

i=0 s=0
Proof. Using Lemma 1 and Formula (4) we can write

m
e (J.+y) Dn+m (6(71; )xnynz) :Z (m + n) (L" (eaner_j (e—wxn)> ym_j7
m

S\ )l

which implies that for i :=m — j € {0,...,m},

1 " (mAn\ m! i ,
L) = S ~Z<mi>7<emD” Heran) )y
=0

=S () (e e o ©
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Since for Laguerre polynomials in a single variable x (see [4], Section 1.4.2)

d (o7 « (o2

(Li(@) = -Lit(2) and L{(z) = Ly (2) = L7 ()

= DL @) = (-1) - L ()
we can continue Formula (6) and write

L mAn\ (L PN~ (D mAn i
Ln,m(xvy) - ; 5 (m _ Z) (e D (6 Ln(x))>y - ; T (m _ Z)Ln(x)y )

which gives the first formula in (5). The second formula follows either from the
symmetry or from an argument similar to the one we just gave. To obtain the third
formula recall that by (1),

- (14

and hence

- (CD) fmtn) (it s i
as was required. -

It is well-known (see [4], Sections 1.4.2 and 2.3.5) that Laguerre polynomials in
one variable satisfy the differential equation

d? d
L 1—x) Lo CLo(z) =
v —sLa(@) +(e+1-2) —Li(z) +n- Ly(z) =0, (7)
and the multiple Laguerre polynomials Lyt (21, . . ., z,) (recall (3) above) satisfy

the partial differential equation

s 82 T a

§ L. Ap,y...,Q . _ ) . Q1,...,Q . QL yeees Qo
i 81‘2 Lnl ----- n: + ((al +1 ‘rl) or. Lnl ----- n:) tn Lnl »»»»» ’ﬂ: -

i=1 g i=1 v

Here is the corresponding analog for the Laguerre polynomial Ly, ,,(z,y).

Claim 1. For all n,m € Ny, L, n(x,y) satisfies the following system of partial
differential equations

(e 2) ) (5 2) 6G20) (6 1) ()= 6)

where we wuse the mnotation L for Ly, m,(x,y), Ly for %Ln’m(:p,y), Ly, for

82
3oy Ln.m (2, y), and so on.

Proof. The proof is a straightforward computation using our first two explicit for-
mulas in (5) and the differential equation (7). O
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3. Another Proof of the Congruence of Carlitz

In this section we prove several auxiliary results. Note that (p,q) stands for the
greatest common divisor of p and ¢, and (x), =x-(x+1)-... - (z+n—1) denotes
the Pochhammer symbol.

Lemma 2. Let p, q, u, v and n be integers such that either p or q is non-zero and
n>0. Then

() = (x +up+vq)n, (mod (p,q))

Proof. Since (p, q) divides both p and ¢ we have x+i = x+up+vg—+i (mod (p,q)),
for all integer i > 0. O

Lemma 3. For all m,n € Ng, ¢ € N, p € Z\ {0}, and i € {q,...,m + q} we have
the following congruence modulo the ged of p and q.

m m+4+n
. P D (ieey = ) (i—qg— D)o (i 8
<m+q_i> (n+p+7’ q+ ) (i—9q) (m+q_z) (7’ q p+ ) v —(i—q) ( )

Proof. Lemma 2 implies that, modulo the ged of p and ¢, that

" (n+p+i—q+1)m_i_g) = " (n+i—q+1)m_q
m+q i p q m—(i—q) = m+q i q m—(i—q)»
and also

( S '>'(i_q+1)m(“’)5< no >'("—q—p+1)m<z‘q) (mod (p, q)).

m+q—1 m+4q—1i

Since
m+n i o (m+n)! i Cm

<m+q—i> ( q+1)m—(z—q) (m—(i—q))!(i—q+n)! ( q+1) ( )
B ml-(m+1)-...-(m+n) i .
*(m—<i—q)>!(¢_q)!.(i—q+1).....(¢—q+n)( 4+ Dm—ti-

m .
= (m g z) (i — g+ n+1)m_(i—q), we see that the lemma holds.

O

Corollary 1. For allm,s € Ny, ¢ €N, and i € {q,...,m+ q} we have, modulo g,
that

. m m—+ s _ . m—+q m-+s—+q
(m+ql)!'<m+q—i>’<m+q—i> _(erqZ)!'<m+q—z‘>’(m+q—z’>' ©)
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Proof. Using the notation from Lemma 3, and assuming that p = —gand n = s+g¢q
with s € Ny, we obtain

. . m—+ s
(n+p+z—q+1)m+q—i=(m+q_z)!'<m+q—i>’and

. . m—+q
—q— 1m —7 = —i)!- .-
(l=q=p+ Dmiq-i = (m+q—1i) ( +q)

Hence we can rewrite Lemma 3, modulo ¢, as

(m+q—i)!'( " )( m+8.>z(m+q—i)!.( m+q_>.<m+3+?>’
m+q—1 m+q—1 m+q—i m4q—i

which is what we had to show. O

Please notice that, for example if m = 3, ¢ =6, s =5, and i = 6, then for the
binomial factors from (9) we have

() (5)- (39 €57 i

so the factor (m + ¢ —4)! in (9) is necessary to guarantee the equality.

Lemma 4. For alln,m € Ny and g € N,
n!L™ 9 (z) = n!L"(z) (mod q).

Proof. Using Formula (1) we obtain

nlLy 9 (x) = i e (n A q> @, nlLy () = e (n ! m> ™

s J! n—j = J! n—j

and since we also have

i!(”+m+q> - (?)-<m+q+j+1>nj and g<n+m> = <?)-(m+j+1)nj7

4! n—j '\n—j

we see that this lemma follows from Lemma 2 that implies (m + ¢+ j+1),—; =
(m+j+1),—; (mod q). O

Now we give a direct proof of Carlitz’s identity for the classical Laguerre poly-
nomials.

Corollary 2. (see [3]) For alln,i € Ny and p € N the following congruence holds.

(n+ p)!L;ﬂ,(m) = n!Lfl(x) ~p!L;(x) (mod p)
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Proof. First observe that p!L? () = (=1)?2* (mod p) (compare with (4.6) of [3]).

Indeed,

P | .

+1
|L2 — t p . (p )I’t
P+ _
=p- Z t+1)p 1t (pt>xt + (=1)P2? = (=1)P2z? (mod p).
Therefore it is enough to show that
(n +p)!L§l+p(x) = (=1)Pz? - n!L: (z) (mod p). (10)

We do it by comparing the coefficients of z‘ on both sides of (10). Suppose first
that t € {0,...,p — 1}. Then, the coefficient on the right-hand side of (10) is zero.
The corresponding coefficient on the left-hand side of (10) is

PR () (RPN T =0 (nod )

t! n+p—t n+p—t

Assume now that t € {p,...,n+p}. Using (1) again, we see that the coefficients of
x! on the left and right-hand sides of (10) are respectively

(_1)t.(n+P)!_<"+p+i> and (_1)p.(_1)t—p.”7!.( nti ) (11)

t! n+p—t (t—p)! \n+p—t

Canceling (—1)! on both sides we can rewrite these coefficients as

n+p n+p+i n n-+1
—t)!- - d —t)!- : .
(ntp—1) (n—l—p—t) (n—|—p—t> and - (n+p=t) <n+p—t> <n+p—t>

Applying Corollary 1 with n = m, p = ¢q, t = i, and i = s we deduce that these
coefficients are congruent (mod p). This finishes our proof of the Identity (2). O

4. Main Theorem

Theorem 2. For all n,m € Ny and p,q € N we have the following congruence
modulo the ged of p and q (compare with (2) above).

(n 4+ ) (m + @) Lntpmrq(@,y) = nlm! Ly (2, y) - plg!Ly, o(z,y) (12)

Proof. We will compare the corresponding coefficients of 'y’ on both sides of the
congruence. Similarly to the one variable case we have plg!L, ,(z,y) = (—1)PT92Py4
(mod (p, q)). Indeed, using our third formula in (5) we have

q p ; .
(=) plg! (p+a\ (p+7\ 4
Py glo) = 303 GO (PEO) (04

—1
=0 t=0 q
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so if i +t < p+ ¢ then ged(p, q) | plg!/ilt! since either i < g or t < p. If i = ¢ and
t = p, the coefficient of zPy? equals (—1)P7%, and hence

nIm!Ly, (2, y) - plg!Ly o(x,y) = (—1)PTagPyd. n!m!Ly, o (z,y) (mod (p,q)). (13)

If we take the coefficient of z'y’ in (n + p)!(m + ¢)! Lyt pm+q(@,y) with t < p or
1 < q we will have

(e nEpm gt fm+q+ntp) (nEpti
! m+q—i n+p—t)’

and if, for example, ¢ < p then the integer @

ged(p, q). Since w, (m:;‘_f;fjp), and (Zigfi) are all integers, ged(p, q) divides
m-+q)!
Al

the coefficient of xty®. If t > p but i < ¢ the proof is similar since q | (z— So to
prove Theorem 2 it is enough to show that the coefficients of z‘y* on the left-hand
side and the right-hand side of (12) are congruent (mod (p,q)) forallp <t <n-+p
and ¢ <1< m+gq.

Thus we assume from now on that t € {p,...,n+p} and i € {q,...,m + ¢}.
According to the first formula from our Theorem 1, the coefficient of 3° on the
left-hand side of (12) is

is divisible by p, and hence by

7!

m+p)lm+g)! fm+q+n+p i
(cay (R AN o)

which is, due to the Identity (2),

=(— i+pM MAqEnEpN i 2P
=(-1) F Mg n!L! (z) - 2P (mod p).

Now, let us fix j =i—q € {0,..., m}. Then the coefficient of y?77 on the left-hand
side of (12) is

= (_1)q+j+p% (m +nci4_- 7]1 +p> LI (2) - 2P (mod (p,q)).

Using (13), modulo (p, g), the coefficient of y?*7 on the right-hand side of (12) is the
product of (=1)P*7. z7 - n! - m! with the coefficient of 37 in Ly m(x, y). Therefore,
according to Theorem 1, this coefficient of y477 is

(c1) g gt oy D (m+n> L ().

J! m—j

By Lemma 4 then, it suffices to show that

Gnt af(mt an ) BN o )
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which can be rewritten as

(g+n+p+j+1)m
(m —j)!

(ﬂ +,7 + 1)m—j

=7 (mod (p,q))-

=+ Dm—j

To prove this last congruence we note that the product of any NV consecutive integers
is divisible by N!so (j + 1)m—;/(m — j)! € Z and apply Lemma 2 twice to write,
modulo (p, q)

(g+n+p+j+1)mj (g+n+p+j+1)mj

q+7+1)m—; . =+ Dm—y ‘
I Dm0 i R (]

, J+Dm—j . J+ Dm—j
:(q+n+p+]+1)m_jﬁE(n-ﬁ-]-‘rl)m_jﬁ (mod (p, q)),
and the theorem follows. O

5. More Variables, Irreducibility, and Other Related Questions

First let us generalize our Definition 1 from Section 2 to more than two variables.

Definition 2. For all r € N and n; € Ny with i € {1,2,...,r} let

T

1 T ,
Ly, (x1,...,2) = (H m) ces/T Dg (e / H (a:z)n’> ,

i=1 i=1
where
r r " of(x yeees Ly
S::Zfl'i, d::Zni and Da(f(:cl,...,fl?r)) ::Z%'
i=1 =1 = l

Note 2: Here we have

es/r : Da (eis/rf(l'l,"'axr)) = i M - f(xla"'axr)

i=1 Oui
and if it happens that f(z1,...,z,) depends on less than r variables, say only on
variables z1,...,z,_1, we obtain (for the same s as above)
s/r . o (e=sIT . e Of(n )
e a(e f(xh...,xr,l)) —i_zl oz, flxr, .. xr_q)

— ls=en)/=1) L p, (e—<s—zr>/<r—1> fla, ... ’xr_l)) 7
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and hence naturally

r—1 r—1
1 1 Ss/Tr —S/T n;
Lm,---,nr_ho(wl’ s ax?’) - (H F ’ O') € / Dg (6 " H(%) e :L‘?)
i=1 v ’

=1
= Lnl»--~7n7‘—1(x17 e axr—l)'

By a similar argument for 1 = 2 = - -+ = x, = x, we also obtain

-1
Lo, m(zz,...,2)= <H ) .es/". DY (e*S/T . a:d) = (n1,n2,...,n.)! - Lg(z),

!
where
| (n1+ne+...4+mn,.)!
(n1,ng,...,n.)l = ' ' '
niy!-nol ... on,!
is the multinomial coefficient.
Now we discuss the irreducibility of Ly, .. n, (1,...,2.).

Lemma 5. For all 7 € N and n; € Nog with i € {1,...,r} the polynomials
Ly,,..n.(z1,..., %) are irreducible over the rationals.

Proof. We will use the strong principle of mathematical induction on the number
of variables r. The base case when r = 1 is due to Schur (see [8]), so let’s assume

that the corresponding Laguerre polynomials in & variables will be irreducible over
T

Qforall k€ {1,...,r —1}. Suppose further [[ n; #0 and Ly, .. n, (T1,...,2,) =
i=1

flz, .. xp) - g(x,. .., z), where deg f(z1,...,2,) > 0,degg(x1,...,2z,) > 0, and

both f and g are polynomials with rational coefficients. Then, according to our

Note 2 above, substituting 1 = ... = x, = = we get

flz,...,z)-g(x,...,x) =Ly, n.(z,...,2) = (n1,...,n,)! - Lg(z).

Since Ly(z) is irreducible for all d € N we must have either deg f(x,...,z) =0 or
degg(z,...,z) = 0. Assuming without loss of generality that deg f(z,...,z) = 0 we
get degg(x,...,x) = deg Lg(x) = d. Since degg(x,...,z) < degg(z1,...,z,) we
deduce from the last equality that deg Ly, . n, (21,...,2,) =d < degg(z1,...,z,),

yeus

which contradicts the assumption that deg f(z1,...,z,) > 0. If one of n; = 0, our
polynomial Ly, .. . (Z1,...,2,) reduces to the one in number of variables less than
r, which is irreducible by the induction assumption. O

As we have mentioned in the introduction, this is the main distinction of our
version of multivariable Laguerre polynomials from those considered in [2] and [4].
Laguerre polynomials in one variable have many interesting combinatorial prop-
erties. For example, Even and Gillis in 1976 showed that an integral of a product
of the Laguerre polynomials and e~ can be interpreted as permutations of a set of
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objects of different “colors” (derangements). Using rook polynomials R, (z), Jack-
son gave a shorter proof of the result Even and Gillis obtained (see [5] and [7]).
These polynomials satisfy

R, (z) = Zrk caf =nla™ - L, (—1/2),
k=0

where 7 stands for the rook number that counts the various ways of placing k
non-attacking rooks on the full n x n board. We would like to close this paper with
a general question: Do L, ,,(z,y) have any combinatorial properties similar to
those of L, (z)? In particular, the two-dimensional rook numbers and their certain
properties can be generalized to three and higher dimensions (see, for example, [1]),
so one can ask if

nlz™ - mly™ - Ly, (=1/2,—1/y)

has a natural interpretation in terms of rook numbers for three-dimensional boards.
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