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Abstract

For an arbitrary homogeneous linear recurrence sequence of order d with constant
coefficients, we derive recurrence relations for all subsequences with indices in arith-
metic progression. The coefficients of these recurrences are given explicitly in terms
of partial Bell polynomials that depend on at most d — 1 terms of the generalized
Lucas sequence associated with the given recurrence. We also provide an elegant
formula for the partial sums of such sequences and illustrate all of our results with
examples of various orders, including common generalizations of the Fibonacci num-
bers.

1. Introduction

Let d be a positive integer and let (a,) be a sequence satisfying the recurrence
relation
Gp = C10p_1 + -+ cqan_q for n >d, cq # 0. (1)

While it is not surprising that any subsequence of the form (@mn+r)nen, for fixed
m € N and r € Ng = NU {0}, also satisfies a linear recurrence relation of order d,
little is actually known about the structure of the coefficients of these recurrences.
In this paper, we answer this question in full generality and give explicit formulas
in terms of partial Bell polynomials in the coefficients c1,...,cq of the original
recurrence relation.
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To this end, we introduce the associated sequence

“~ (k—1)!
ag=d, a,= Z ﬁBmk(llcl,Z!c%...,d!cd,O,...) forn >1, (2)
k=1 ’

where B, , = By k(x1,22,...) denotes the (n, k)-th partial Bell polynomial in the
variables 1, xa, ..., Tn—k+1. These polynomials, introduced by Bell [1], provide an
efficient tool to work with linear recurrence sequences and their convolutions. For
the definition and basic properties, see e.g. [3, Section 3.3].

It can be shown that (a,,) satisfies the same recurrence relation as (a,). For the
special case of the Fibonacci sequence (F,,), where d = 2 and ¢; = ¢ = 1, the

associated sequence (F,,) is given by

n 3]
R . (k—1) n (n—k
Fy=2 F,=Y —LB..(1,2,0,...) = .
0 23 n P (TL — 1)|Bn,k( 72 707 ) —

This is precisely the Lucas sequence [9, A000032]. Moreover, if (a,) is the general-

ized Fibonacci sequence of order d (with ¢; = ¢y = -+ = ¢4 = 1), then (a,) is the
corresponding generalized Lucas sequence studied in [6]. For this reason, we call
the sequence defined by (2) the Lucas transform of (c1,...,cq). One of the main

features of a,, is that it can be written as

d
dn:Za? for n >0, (3)
j=1
where the ;s are such that (1 — agt) -+ (1 — agt) = 1 — et — -+ — cgt?. The

equivalence of (2) and (3) was observed by the authors in [2].

The main result of this paper (see Theorem 1) is that for an arbitrary linear
recurrence sequence with constant coefficients ¢q,...,¢q, as given in (1), and for
any fixed m € N and r € Ny, the subsequence (Gntr)nen satisfies the linear
recurrence relation

Cmntr = V1 Gm(n—1)+r T V2 Cm(n—2)+r T T Vd Am(n—d)+r for n > d,

with 7 = S C By (0, D, .., (k — §)age—jraym) for k = 1,....d,
where (a,) is the Lucas transform of (cq,...,cq).

In Section 2, we will prove this result and will illustrate our formula with examples
of recurrences of order 2 and 3. We will also consider convolved Fibonacci sequences
whose characteristic polynomials have roots of higher multiplicity. For brevity in
our exposition, the number of examples discussed in this section is rather limited.
However, all of the results presented in this paper are valid for homogeneous linear
recurrence sequences of arbitrary order with constant coefficients over any integral
domain.
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In Section 3, we turn our attention to the partial sums of a general linear recur-
rence sequence (a,) with characteristic polynomial ¢(t) = 1 — ¢yt — - -+ — c4t¢, and
give an elegant formula for Z;.L:O a; in terms of ap41,. .., an4+q, see Theorem 2. To
this end, we first consider the sequence (y,) with generating function 1/¢(t) and
find a formula for its partial sums. The sequence (y,) is the INVERT transform

of (c1,...,¢cq), and together with the sequences with generating functions #//q(t)
for j = 1,...,d — 1, they generate a basis for the space of linear recurrence se-
quences of order d with coefficients ¢y, ..., ¢q, cf. [2] or [10]. The formula provided

in Theorem 2 is carried out for several basic examples.

Because of the explicit nature of our two theorems, they can be easily combined
to find formulas for sums of the form Z?:o Gmj+r- This is discussed at the end of
Section 3 for recurrence sequences of order 2 and 3. For illustration purposes, we
finish the paper with a few examples concerning the Tribonacci sequence.

2. Indices in Arithmetic Progression

Let (a,) be a sequence satisfying the recurrence relation (1), and let (a,) be the

Lucas transform of the coefficients (cy,...,cq), as defined in (2). We start this
section by showing that a,, admits the representation (3). Let a1, ..., aq be defined
by (1—aqt) - (1 —agt) =1—cit — - — cqt?, and let snzzgzlag‘ for n > 0.

In [2, Proposition 7], the authors showed that for n > 1,

n

k—1)!
Sp = Z(—l)nJrkﬁBmk(l!el, 2les, ..., dleg,0,... ),
k=1

where e1, ..., eq are the elementary symmetric functions in a1, ..., aq. Since e; =
(fl)jﬂcj for every 5 = 1,...,d, the homogeneity properties of the partial Bell
polynomials give

B x(lle, 2les, ..., dleg,0,...) = (—=1)" B, 1 (1ley, 2lca, . . ., dcq, 0, . .. ),

which implies

"L (k—1)!
Sp = Z En—l%'Bn’k(llcl’Q!CQ""’d!cd’o"") = a, forn > 1.
k=1 ’

Since sy = ag, we conclude that s, = a, for all n, as stated in the introduction.
Using the representation (3), it is clear that (&,) satisfies the same recurrence
relation as (an,).

Theorem 1. Let (a,) be a linear recurrence sequence of order d > 1, satisfying
the relation a, = c1ap—1 + -+ + cqan—q for n > d, cq # 0. Let (a,) be the
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Lucas transform of (c1,...,cq). For any fived m € N and r € Ny, the subsequence
(@mntr)neN satisfies the linear recurrence relation

Amn+r = V1 Gm(n—1)+r T V2 Gm(n—2)+r T * T Vd Am(n—d)+r forn >d,
where each 7y is given by

k .
—1)i+1 R R L
T = Z %B;w-(O!am, Nagm, ..., (k= j)ag—jr1ym)-
= "

Proof. Since the sequences (@mntr)nen and (Gmn)nen satisfy the same recurrence
relation, it suffices to consider the latter. Using the representation (3), for m € N,

we get
d

d
dmn = Za;nn = Z(a;rL)n’
j=1

Jj=1
thus for n > d, (Gmn)nen satisfies the recurrence relation

dmn = e(lm)&m(n—l) - egm)&m(n—@ ot (71)d+16l(jm)&m(n—d)7

where egm), ey e&m), are the elementary symmetric functions in of*, ..., al".
For every k=1,...,d, let 7, = (fl)kﬂe;m). Once again, by [2, Proposition 7],
we have

- kE—1)! m m m
amn:Z(—w%uBn,k(ueg Jael™ L de™ 0, )

— (n— 1)!
" (k—1)!
— Z En — 1;!Bn,k(1!’71a 2!’723 ceey d!’yfbo’ te )’
k=1 ’

and therefore
(n = Dlagmn = > (k= 1)!Bni(1ly1, 219, .., da,0,...).
k=1

Finally, Lagrange inversion gives
k .
(-1 5 1pa Apa
Y = Z TBk,j(O!ama Uagm, - -, (k= 5)at—jr1ym)-
j=1 '

This proves the claimed recurrence relation for the sequence (@, )nen, and therefore
for any sequence of the form (@mn4r)nen- O

Remark. Clearly, v, = d,,, and g = (—1)@FDm+Dem gince 4, = (—1)d+1efim).



INTEGERS: 16 (2016) )

Here is a basic example:
Example 1 (k-Fibonacci). For k € N let (Fj,)nen be the sequence defined by
Fro=0, Fr1=1, and Fjpy1 =kFipn + Fino1 forn > 1.

In this case, (F\km)neN is the k-Lucas sequence denoted by (L, )nen in the existing
literature (see e.g. [5]). By means of Theorem 1, we then get

Fk,mn—i—r = kam Fk,m(nfl)Jrr + (_1)m+1Fk‘,m(n72)+r for n > 2. (4)

Moreover, the representation (2) gives the identity

m

(j—1)! ! m m—j Y
L = E =~ B, (11k,21.0,...) = g — m=zj.
km (m —1)! m.j (1%, 21,0,..) m—j i K

=1 =0 J

The recurrence relation (4) coincides with the one given in [5, Lemma 3]. It is easy
to check that Ly, = Fiom—1 + Fioomt1-

Remark. An interesting consequence of Theorem 1 is that the structure of the
recurrence relation satisfied by any arithmetic subsequence of a given linear recur-
rence sequence with constant coefficients only depends on the order of the given
recurrence. For example, for any linear recurrence sequence (a,) of order 2 with
coefficients c1, co, we always have

~ 1
Amn+r = Qm Om(n—1)+r + (_1)m+ C;nam(n72)+r for n > 2,

and for a linear recurrence of order 3 with coefficients ¢y, co, 3, we get

. 1/» .2 m
Amn+r = Qm Om(n—1)+r + §(a2m - am) Am(n—2)+r +c3 Am(n—3)+r for n > 3,

where (a,) is the Lucas transform of the coefficients of (a,). Thus the key is to
understand the terms a,,, Gom, - . ., Ggm, for which the representation in terms of
partial Bell polynomials may be useful.

In order to illustrate the use of (2), we now consider two examples of linear
recurrence sequences of order three. They both use the following identity:

J . .
Bm,j(xlvx%x& 07 .- ) = Z Tjn_"(]ié) (mi;f27) (%)é (%)SJ_m_Qe (-"f))_i!s)m_23+£ .
=0

Example 2 (Tribonacci, A000073 in [9]). Let (¢,) be defined by

to=1t1 =0, ty =1,
tn = tn—l +tp—o+ tn_g for n Z 3.
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Theorem 1 gives the recurrence relation
tmntr = bm tinn—1)1r + 5 (Eom — o) tmn—2)1r + tmn—3)+r forn >3, (5)

where (f,,) is the Lucas transform of (1,1,1). By (2), we have

- 1 J m—7j ¢

; B (11,21,31,0 JZ”%;Q]m ( , )(jg).
This is sequence [9, A001644] and can also be described by

to=3,t=1,1t,=3, and t, =tp_1 +t,_o+1t,_3 for n>3.
The recurrence relation (5) is consistent with the one obtained in [7, Theorem 1].
Example 3 (Padovan, A000931 in [9]). Consider the sequence defined by

Po=1, P =P, =0,
P,=P,_ 9+ P,_3 forn>3.

Theorem 1 gives the recurrence relation

Pmn+r = ﬁm Pm(n—l)-{—r (P2m - P2)Pm(n 2)+r + Pm(n 3)+r for n > 3 (6)

where (P,) is the Perrin sequence [9, A001608]. It satisfies the same recurrence
relation as (P,,) but with initial values Po =3, P1 =0, and P2 = 2. Moreover, by
(2), we have

J—1 W om (m—j

(0,2!,3.0,...)= _ .

Z Bng(0,263,0,.) = 3 m—j(%—m)
el j=Tm/2]

Example 4 (Narayana’s cows sequence, A000930 in [9]). Let (IV,,) be defined
by

No=Ny =Ny =1,
Nn = Nn—l + Nn—3 for n > 3.

Once again, by Theorem 1, we get the recurrence relation
Nmn—H” = Nm Nm(n—l)—i—r + %(]/\}Qm - Nyi)Nm(n—2)+r + Nm(n—3)+r for n > 37 (7)

where

m j—l lnv/2)
Z (Brmj(1,0,3,0..) = > ( , )

le par J
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While (N,,) counts the number of compositions of n into parts 1 and 3, it can be

shown that (Ns,_1) counts the number of (”;‘1)—color compositions of n. Since

j\}3 =4 and ]\76 = 10, this subsequence satisfies the relation

Ny=1, Ns =4, Ng=13,
Nint2 = 4N3(n—1)42 — 3N3(n—2)12 + N3(n—3)42 forn > 3.

We finish this section with a linear recurrence sequence of order 4 whose gener-
ating function has roots of multiplicity 2.

Example 5 (Convolved Fibonacci, A001629 in [9]). Let (a,) be the sequence
obtained by convolving the Fibonacci sequence with itself. This sequence can be
described by

CLO:(Ll:O, a2:1, a3:2,

ap = 20p_1 + Qp_o — 2ay_3 — ap_y4 for n > 4.

In this case, the Lucas transform a,, of (2,1, —2, —1) satisfies a,, = 2L,,, where (L,,)
is the Lucas sequence [9, A000032]. By Theorem 1, for n > 4 we then get

Amn = Y10m(n—1) + V20m(n—2) + V30m(n—3) + V4Qm(n—4)

with
o= = 2L, = —1,
Y2 %(&Qm — &fn) = Loy, — 2L72n — 2(71)m+1 - L?m
8 = L (agm — Bamasm +@2,) = 2(Lam — 3L Lom + 2L3,) = (—=1)™2L,,.

Here we have used the known identities Lo, = L2, — 2(—~1)™ and Ls,, = L3, —
3(—1)™L,,. In conclusion, for n > 4 we have

Amn = 2L, Om(n—1) — (2(—1)m + Lfn)am(n,g) + (—1)m2Lmam(n,3) — Gm(n—4)- (8)
For the special cases m = 2,3,4,5, we have Lo =3, L3 =4, Ly =7, Ls = 11, and
SO

agn = 6as(n—1) — 1lag—2) + 6az(n—3) — Go(n—4),
azn = 8ag(n—1) — 14a3(n—2) — 8a3(n—3) — A3(n—4),

a4pn = 1day(n—1) — Slagm—_2) + 14ayn_3) — A4(n—4),

asp = 22a5(n—1) — 119a5(n—2) — 22a5(,—3) — A5(n—4)-
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3. Sums of Linear Recurrence Sequences

For fixed ¢y, ..., cq with ¢g # 0, let
qt) =1 —cit — cot? — - — ¢4t 9)

and let (y,) be the sequence with generating function Y'(¢) = 1/¢(t). Denoting
co = —1, we then have

a0 - (<) (S,

which implies Z?:o CiYyn—; = 0 for every n > 1. Therefore,

SRCED M1 O IERIES » SERES o O 0 I

=1 \i=0 n=0 i=0 7=0 \i=0
and so
d d-1 , j d-1 ,d—1-j
a(L)yo = _<Zci>y0 =1+ Z (Zcz)ydj =1+ Z ( Ci>yj+1~ (10)
=0 j=0 \i=0 J=0 N =0

This is the base case for the following statement.

Proposition 1. Let (y,,) be the linear recurrence sequence with generating function

1/q(t), where q(t) =1 — et — cat? — - -+ — cqt? with cq # 0, and let co = —1. Then
formn >0,
d—1—j
WL 1+z( > )i ()
i=0

Proof. We proceed by induction on n. The base case n = 0 was established in (10).
Assume that (11) holds for n — 1. Then

D) SURE) SETUTEES o

7=0

d—2 ,d—2—j
Yoy —cam =1+ 3 (3 nesoa — can

j=0 N i=0

d—1—j d—2
=14+> ( Ci> YUntjt1 — D Cd-1—jUntj+1 — Caln

d—

1—j
Z Cv>yn+j +q(1)yn

1=0

J=0
d—1—

d—1 1—j
ci>ynﬂ“ “Ynra =14 ( > ci>y”+j+1~

7=0 N\ i=0 7=0 \ =0

Hence the identity (11) holds for all n > 0. O
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Let ¢(t) be as in (9). For £ € {0,1,...,d—1} we let (y%)) be the linear recurrence
sequence with generating function Yy(t) = t*/q(t). Note that (yg,o)) is the sequence

(yn) introduced above, and for £ > 0 we have

y(()e) =...= y(gé_)l =0 and y,(f) = Yp—¢ forn > ¢.
Clearly, the sequences (yfio)), (yfll)), cey (ysldfl)) form a basis for the space of all
linear recurrence sequences of order d with coefficients cq, ..., cq.
More precisely, if (a,) is a linear recurrence sequence satisfying a,, = c¢1an—1 +
-+ 4 cqan_q with initial values ag,...,aq_1, then

an = Aoy + -+ Ag—1y(T, where

- 12
)\Ozaoand)\n:an—chan,jforn:L...,d—l. (12)
j=1
Theorem 2. Let (a,) be a linear recurrence sequence of order d satisfying
ap = C1ap—1 + -+ Cqan_q forn >d,
with initial values ag, . ..,aq—1, and let co = —1. For n > 0, we have
n d—1 ,d—1—j
i3 =3 (3 ) (nir )
j=0 j=0 N\ i=0
where g(1) =1—c¢; — -+ — ¢q.
Proof. We start by writing a; = )\Oy]('o) +- )\d_ly](-d_l) as in (12). Thus
n n d—1 d—1 n d—1 n—~{
¢
ZO)SUETE) 3 SEVAETII) R O DIVR) B SV (D SR
j=0 §=0£=0 £=0 j=¢ £=0 j=0

which by (11) becomes

=0 =0 j=0 \ i=0

a-1 d—1  d—1 ,d—1—j

= E Ao+ D> N E ( Ci>yn+j+1—é
=0 (=0 =0 i=0
-1 d—1 ,d—1—j < d—1

=> M+ ( Ci) AeYn+j+1—£
=0 j=0 N i=0 =0
d-1 d—1 ,d—1—j

=> M+ ( Cz’>an+j+1-
£=0 7=0 =0
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Now, by means of (12), we have

d—1 d—1 i d—1 d—1—j
E )\Z = - § ( § Ci)ad,1,J - = ( § Cz)a]a
=0 j=0 =0 7=0 =0

and therefore,

i
—~
—
S~—
3
s}
<
Il
T
—
/N
T
M-
d,
o
S
"
—
=)
3
+
<
+
=
<
SN—

as claimed. O
Example 6 (d-step Fibonacci). Let d € N with d > 2. Let (f,gd)) be defined by
0 == 10 =0 £ =1, f = D e £, forn > d

By Theorem 2,

U
—

n d—1
S A0 = g -2 =) (A~ 1) = (L= 2= a0 +1)

Jj=0 J Jj=0

I
o

Example 7 (d—step Lucas). Let d € N with d > 2. Let (E( )) be the L-sequence
associated with ( fn ) It satisfies the recurrence relation

g(()d) —d, g;d) =2 —1forj=1,...,d—1,
0@ = g;dzl F.. +£§Ld_)d forn > d.
By Theorem 2,
d—1
e Z (d—2-7) ( ndﬂﬂ _E(d))
j=0 J=0
which can be written as

n d—1
S — S (d) d(d—3)

é] —ﬁ( 2*.] En-‘r]-&-l 2 . (13)
=0

Jj=0

In particular, for d = 2 and d = 3, we get
n
2) 2) 3) 3
Z£§ =020, 1 and ZE( = (s - 62) = 36 + ),
which are sequences A001610 and A073728 in [9], and for d = 4,

ST = L 05+ 6D+ 2).
=0
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3.1. Subsequences with Indices in Arithmetic Progression

As discussed in Theorem 1, given a linear recurrence sequence (a,) with constant
coefficients, any subsequence of the form (@mn+r)nen also satisfies a linear recur-
rence relation with constant coefficients that depend on (a,,), the Lucas transform
of the coefficients of (a,). Consequently, Theorem 2 may be used to derive, in a
straightforward manner, formulas for the sums Z;;O mjtr-

In order to illustrate the combined use of these theorems, we will discuss some
examples for linear recurrences of order two and three. The higher the order of (a,),
the more terms of the associated sequence (a,,) are required to find the coefficients
of the recurrence relation satisfied by (@mntr)nen. However, the number of terms
needed is one less than the order. More precisely, if the order of (a,) is d, we will
only need to compute dm, a2m, - - -, G(d—1)m-

Example 8 (Linear recurrences of order 2). Let (a,) be defined by
Gp = C1ap—1 + C2ap—o forn > 2,

with initial values ag and a;. By Theorem 1, we know

~ 1
Amn+r = Qm Om(n—1)+r + (_1)m+ Cglam(n72)+r for n > 2,

where a,, is given by

=

m—

. N~ -1 B m (M= 5\ ez
Ay, = ;mBmJ(l!Cl,?!CQ,O,...) = Z mi—j i 1 C‘%

Jj=

Moreover, by Theorem 2,

S e = (Bntns21tr = mse) = om = Dfangusnr — o)
= mj+r &m + (71)m+165n -1

Am(n+1)+r — (*1)7”05” Amn+r + (dm - 1)ar — Qm+r
G — (—1)meqr — 1 '

For the special case of the k-Fibonacci sequence (cf. Example 1), we get

i F ) _ Fk,m(n+1)+r - <_1)ka:,mn+r + (Lk,m - 1)Fk,7‘ - Fk,err
ot k,mj+r Lk,m - (71)m -1 3

and for the k-Lucas sequence, we have

iL ) _ Lk,m(n-‘rl)-&-r - (71)mLk,mn+r + (Lk,m - 1)Lk,r - Lk,m+r
: k,mj+r Lk; o (_1)m 1 .
Jj=0 ’

These formulas are consistent with the ones given in [4, 5].
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Example 9 (Linear recurrences of order 3). Let (a,) be defined by
ap = C1ap—1 + C20p—2 + c3a,_3 for n > 3,
with initial values ag, a1, and as. By Theorem 1, we have

_ A 1/~ ~2 m
Umn+r = Qm Cm(n—1)+r + §(a2m - a’m) Am(n—2)+r + €3 Am(n—3)+r for n > 3,

m

where a,, = ijl %Bmﬂ-(l!cl, 2lcg, 3les, 0, ... ). Theorem 2 then gives
n 2 2—j
Cj(]-) Z Amj+r = Z (Z éz) (am(n+j+1)+r - aijrr)a (14)
=0 j=0 \i=0
where ¢g = —1, &1 = G, é2 = 2 (G2m —a2), and §(1) = 1 —ay, — 5 (a2m — a2) — .
For the special case of the Tribonacci sequence (cf. Example 2)
to=1t1=0,t2=1, t, =tn_1+ln2+1ln3s for n > 3,
the above formula (14) gives

tm(n+1)+r + (1 + %(£2m - fgl))tmn—&-'r' =+ tm(n71)+'r =+ Im,?"
tm + %(tQm - t%)

)

n
tmj+7“ =
j=0

where I, , = (fm + %(fgm —12) — 1)t,, + (tm — Dtmyr — tomir. Here are a few
values of the sequences (t,) and (£,), taken from [9]:

(A000073) ¢, 0,0,1,1,2,4,7,13,24, 44,81, 149, 274, 504, 927, . ..

(A001644) £, : 3,1,3,7,11,21, 39,71, 131, 241, 443, 815, 1499, 2757, . ..
Tribonacci numbers have been extensively studied, and some special cases of the

above formula can be found in the literature, see, e.g., citeKilicO8 and [7, Theo-
rem 3.

We finish this section with a short list of particular instances of the above sum:

n

Dt = 5(tnra Tt — 1),

=0

n n
Zt2j = 5 (tant1 + t2n), Zt2j+1 = % (ton+2 + tans1 — 1),
7=0 =0

n n
Z ts; = 5 (tan42 — tan — 1), Zt4j = 5 (tany2 + tan — 1),
7=0 =0
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n
Z t5j+7‘ = % (t5n+2+r + 8t5n+1+r + 5t5n+r + Ir)7
=0

where In = -1, 11 =-9, I, =7, Is = -3, and I, = —5.

Acknowledgement The authors would like to thank James Sellers for bringing
sequences with indices in arithmetic progression to their attention.
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