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Abstract. We use the method of norms on possibilities to answer a qu-
estion of Kunen and construct a ccc o ideal on 2% with various closure
properties and distinct from the ideal of null sets, the ideal of meager sets
and their intersection.

0. Introduction. In the present paper we use the method of norms on
possibilities to answer a question of Kunen (see 0.1 below) and construct
a ccc o ideal on 2% with various closure properties and distinct from the
ideal of null sets, the ideal of meager sets and their intersection. The method
we use is, in a sense, a generalization of the one studied systematically in
[13] (the case of creating pairs). However, as the main desired property
of the forcing notion we construct is satisfying the ccc, we do not use the
technology of that paper (where the forcing notions were naturally proper
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not—ccc) and our presentation does not require familiarity with the previous

part.

The following problem was posed by Kunen and for some time stayed

open.

Kunen’s Problem 0.1 (see [8, Question 1.2] or [9, Problem 5.5]). Does

there

exist a ccc o—ideal Z of subsets of 2% which:

has a Borel basis, is index—invariant, translation—invariant
and is neither the meager ideal, nor the null ideal nor their
intersection?

We give a positive answer to this problem and, in fact, we construct a

large

family of ideals with the desired properties. Naturally, these ideals are

obtained from ccc forcing notions. However, the construction presented in
Section 4 is purely combinatorial and no forcing techniques are needed for

it.

Let us recall the definitions of the properties required from Z in 0.1.

Definition 0.2.

1.

If (X,+) is a commutative group then the product space X% is equ-
ipped with the product group structure. The Cantor space 2% carries
the structure of Polish group generated by the addition modulo 2 on
2 = {0,1}. We equip the Baire space w* with a group operation
interpreting w as the group Z of integers.

. An ideal 7 of subsets of a group (X, +) is translation—invariant if

Vze X)VAeT)(A+2 Y {at+z:ae A} €T).

An ideal Z of subsets of the product space X% is index—invariant if for
every embedding 7 : w =1 L and every set A € T we have

W*(A)d;f{IEXWIJ?Oﬂ'EA}EI.

The ideal 7 as above is permutation—invariant if it satisfies the demand
above when we restrict ourselves to permutations 7 of w only.

. An ideal Z on a Polish space X has a Borel basis if every set A € 7 is

contained in a Borel set B € 7.

[In this situation we may say that Z is a Borel ideal.|

A Borel o-ideal 7 on a Polish space X is ccc if the quotient Boolean
algebra BOREL(X')/Z of Borel subsets of X modulo Z satisfies the ccc.
(Equivalently, there is no uncountable family of disjoint Borel subsets
of X which are not in Z.)



NORMS ON POSSIBILITIES II: MORE CCC IDEALS ON 2% 105

There has been some partial answers to 0.1 already. Kechris and Solecki
[7] showed that ccc o-ideals generated by closed sets (i.e. with ¥9-basis)
are essentially like the meager ideal. It was shown in [12] how Souslin ccc
forcing notions may produce nice o—ideals on the Baire space w* (those
notes were presented in [1, pp 193-203]). That method provided an answer
to 0.1 if one replaced the demand that the ideal in question is on 2% by
allowing it to be on w*. It seems that the approach presented there is not
applicable if we want to stay in the Cantor space. Our method here, though
similar to the one there, is more direct.

Notation: Our notation is rather standard and compatible with that of
classical textbooks on Set Theory (like Jech [5] or Bartoszynski Judah [1]).
However in forcing we keep the convention that a stronger condition is the
larger one.

Notation 0.3.

1. RZ¥ stands for the set of non-negative reals. The integer part of a real
r € RZ¥ is denoted by [r].

2. For a set X, [X]SY, [X]<¥ and P(X) will stand for families of
countable, finite and all, respectively, subsets of the set X. The family
of k-element subsets of X will be denoted by [X ]k The set of all finite
sequences with values in X is called X <% (so domains of elements of
X <Y are integers).

3. The Cantor space 2% and the Baire space w* are the spaces of all
functions from w to 2, w, respectively, equipped with natural (Polish)
topology.

4. For a forcing notion P, I'p stands for the canonical P-name for the
generic filter in P. With this one exception, all P-names for objects in
the extension via P will be denoted with a dot above (c.g. 7, X).

Basic Notation: In this paper H will stand for a function with domain w
such that (Vm € w)(|JH(m)| > 2). We usually assume that 0 € H(m) (for
all m € w). Moreover, we assume that at least H € H(R;) (the family of
hereditarily countable sets) or, what is more natural, even H(7) € w U {w}
(for i € w).

1. Semi—creating triples. In [13] we explored a general method of
building forcing notions using norms on possibilities. We studied weak cre-
ating pairs and their two specific cases: creating pairs and tree—creating
pairs. For our applications here, we have to modify the general schema
introducing an additional operation. In our presentation we will not refer
the reader to [13], but familiarity with that paper may be of some help in
getting a better picture of the method.
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The definition 1.1 of semi—creatures and semi—creating triples is not co-
vered by the general case as presented in [13, 1.1]. But one should notice
a close relation of it to the case discussed in [13, 1.2] under an additional
demand that the considered creating pair is forgetful (see [13, 1.2.5]).

Definition 1.1. Let H: w — H(Xy).

1. A quadruple t = (dom, sval, nor, dis) is a semi creature for H if
dom € [w] <\ {0},
e sval C [[ H(i) is non-empty,
i€dom
nor € R=" U {co},
dis € H(X;), and
sval= [] H(:) if and only if nor = cc.

i€dom

The family of all semi—creatures for H will be denoted by SCR[H].

2. In the above definition we write dom = domt], sval = sval[t], nor =
nor(t] and dis = dis[t].

3. Suppose that K C SCR[H]. A function ¥ : [K]<% — P(K) is a
semi—composition operation on K if for each S € [K]< % and t € K
(a) if for each s € S we have s € X(Sy), S5 € [K]< ¥, then ¥(S) C

2(U Sp),
JeS

(b) t € X(t), X(0) = 0, and
(c) if t € X(S) (so X(S) # 0) then
(o) domlt] = SLEJS dom|s],

(B) vesvallt] & s€S = LC[doml]f] € sval[f], and
(7) s1,82 €S & [ # [e = dom[[s]Ndom[[c] = 0.
4. A mapping ¥+ : K — [K]<%\ {0} is called a semi-decomposition
operation on K if for each t € K:
(a)J- it S ={/,... ,f”} € EJ‘(I_l) and S> € EJ‘(f>) (for i < k) then
S/U...USH € EL(U),
(b): {t} € (1),
(c)t if S € £ (1) then
(a)* dom[t] = U doml]s],
s€S

(Bt {ve I H@E): (Vs S)(C|dom[/f] € sval[f])} C sval[Ll].

iedomlt]

5. If ¥ is a semi-composition operation on K C SCR[H] and X% is a
semi-decomposition on K then (K,X,X1) is called a semi—creating
triple for H.

6. If we omit H this means that either H should be clear from the context
or we mean for some H.
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Remark 1.2.

1. In the definition of semi—creatures above, dom stands for domain, sval
for semi values, nor is for norm and dis for distinguish. The last plays
a role of an additional parameter and it may be forgotten sometimes
(compare [13, 1.1.2]). One should notice that the difference with [13,
1.1.1, 1.2.1] is in dom (which in case of creatures of [13, 1.2] is always
an interval). This additional freedom has some price: we put a slightly
more restrictive demands on val, so we have sval here. We could have
more direct correspondence between val of [13, 1.1] and sval here, but
that would complicate notation only.

2. Note that in 1.1(3) we allow X(S) = @) even if S # (). In applications we
will say what are the values of 3(S) only if it is a non-empty set; so not
defining ¥(S) means that the value is (). The demand 1.1(3c) appears
to simplify 1.3 below only; we could have used there pos, defined like
in [13, 1.1.6].

3. The main innovation here is the additional operation ¥+, which will
play a crucial role in getting the ccc. If it is trivial (i.e. ¥ (¢) = {{t}})
then we are almost in the case of creating pairs of [13, 1.2].

Definition 1.3. Assume (K,Y¥, Y1) is a semi creating triple for H. We
define forcing notions Qy(K, X, %+) and QL (K, ¥, 24) as follows.

1) Conditions in Qy(K, %, ") are sequences (w, to, t1,to,...) such that

(a) we [ H(i) is a finite function,

i€dom(w)
(b) each t; belongs to K and w = dom(w) U |J dom][t;] is a partition of w
IS
(so i < j < w implies dom(w) N dom[t;] = dom[t;] N dom(t;] = 0).
The relation <; on Qy(K,¥,X4) is given by:  (wy,t},t1,t3,...) <p
(wo,t3,t2,13,...) if and only if (wo,3,t3,43,...) can be obtained from
(w1,t§,t1,t3,...) by applying finitely many times the following operations
(in the description of the operations we say what are their legal results for
a condition (w, tg,t1,t2,...) € Qp(K, %, B1)).
Deciding the value for (w,to,t1,ta,...):
a legal result is a condition (w*,t},t5,t5,...) € Qg(K, X, X1) such that for
some finite A C w (possibly empty) we have
w C w*, dom(w*) = dom(w) U |J dom[t;], w*|domlt;] € svallt;] (for
1€EA
i€ A) and {t{,t],...} ={ti:icw\ A}.
Applying X to (w, to, t1,t2,...):

a legal result is a condition (w,t§,5,t5,...) € Qg(K, %, ¥1) such that for
some disjoint sets Ag, A1, A, ... € [w]<“ we have

t; €X(tj:je ;) foreachicw.
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Applying X+ to (w,tg,t1,ta,...):
a legal result is a condition (w,t§,t},t5,...) € Qg(K,X, %) such that for
some disjoint non-empty finite sets Ag, A1, As,... C w we have {t;‘ 1 j €
Az} S EJ‘(ti).
2) Ifp=(w,to,t1,t2,...) € Qp(K,X,51) then we let wP = w, t! =t;.

3) Finally we define QX (K, X, 1) as the collection of all p € Qy(K, %, ¥1)
such that

(¢) (Vi € w)(nor[t!] # c0) and lliglo nor|[t!] = oo,

and the relation < on QX (K, X, ¥4) is the restriction of <.

Proposition 1.4. If (K,X) is a semi—creating pair then Qy(K, %, ¥1), QL (K, %, B+
are forcing notions (i.e. the relation <y is transitive).

Remark 1.5.

1. Like in [13], one may consider various variants of the demand 1.3 (3)(c).

2. Note that in a condition in QX (K, X, ¥1) we allow only those t; € K
for which nor[t;] # oo. We could restrict K to semi—creatures with
finite norm, but presence of ¢ which give no restrictions will make some
definitions simpler.

3. One should notice a close relation of QX (K,X,%1) here to forcing
notions of type Qi (K,X) in [13, 1.2]. What occurs in applications
here, is that (in interesting cases) the forcing notion QX (K, X, X+) is
equivalent to some Q¥ (K',Y).

As in the present paper we are interested mainly in o—ideals on the real

line, let us show how our forcing notions introduce ideals on [][ H(7). Later
(S
we will look more closely at QX (K, X, X+) as a forcing notion.

Definition 1.6. Assume (K,YX,X4) is a semi-creating triple for H.
1. For a condition p € Q (K, X, ¥1) we define its total possibilities as

POS(p) = {z € H H(i) : w? Cz & (Vj € w)(z] dom[t]] € sval[t]])}.

(S
2. Let W be a QL (K, X, Y1) name such that

Formsmn W=Uw":p € Tog (ns)
(compare to [13, 1.1.13]).
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3. Let Io(K, %, Y1) be the ideal of subsets of [] H(i) generated by those
€W
Borel sets B C zle_{; H(i) for which Fot (x5t “Ii7 ¢ B’
[Remember that H() is countable (for each i € w); so considering the
product topology on [] H(i) (with each H(7) discrete) we get a Polish

1€EW
space.|

Proposition 1.7. Assume (K, X, %7) is a semi—creating triple for H.
1. If p,qg € QL(K,%,%1), p < ¢ then POS(¢q) € POS(p), POS(p) is a
non-empty closed subset of ] H(i) and pI-“W € POS(p)”.

1€W
2. Io(K,2,51Y) is a o-ideal, [] H(i) ¢ Io(K,% %% (in fact,
IS
POS(p) ¢ Ioo(K, 2, 35) for p € QL(K,%,55)).
3. If the forcing notion QL (K,¥,%1) satisfies the ccc then the ideal
I (K, X, X4) satisfies the ccc.

To make sure that the ideal I, (K, 3, X+) is invariant we have to assume
natural invariance properties of the semi—creating triple.

Definition 1.8. Assume that H is a constant function, say H(i) = X,
and we have a commutative group operation + on X. Let (K,%,%1) be a
semi—creating triple for H. We say that

1. (K,X,X%4) is directly +—invariant if for each t € K and v € ydomlt]
there is a unique semi—creature s € K (called t + v) such that
dom[s] = dom|[t], nor[s|] = nor[t],
sval[s] = sval[t] + v = {w + v : w € sval[t]},
and LH(t+v) = {{s+ (v] dom][s]) : s € S} : S € X+(L)} (for t € K,
ve Xdom[t])’
and X(t + (vfdomlt]) : t € §) = {/+C : [ € B(S)} (for S €
[K]<9\ {0} and v : U dom[s] — X),
s€S

2. (K,X) is directly permutation—invariant if for each ¢ € K and an em-

bedding 7 : X ~=5 w such that dom[t] € X C w there is a unique
semi-creature s € K (called 7(t)) such that

dom|[s] = n[dom]t]], nor[s] = nor[t],

1

sval[s] = {won * : w € svallt]},
1-1

and 3t (7(t)) = {{n(s) :s€S}:S €T+ ()} (fort e K, m: w — w),
and X(n(t):t € 8) = {n(f): [ € X(S)} (for S € [K]~¥, 7:w = w).
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Proposition 1.9. Assume that H is a constant function (and H(i) = X
for i € w), and we have a commutative group operation + on X (so then
[1 H(i) = X% becomes a commutative group too). Let (K,¥,%+) be a
1w
seemifcreating triple for H.
L. If (K,%,%4Y) s directly +—invariant then the ideal 1o (K,Y,X+) is
translation invariant (in the product group X% ).
2. If (K, %, %4 is directly permutation—invariant then Iy (K, X, 1) is
permutation invariant (see 0.2(4)).

Proof. 1) Note that if v € X* then the mapping
(w,to,t1,...) = (w+ (v] dom(w)), to + (v] domlty)), t1 [ (dom[t]), ... )

is an automorphism of the forcing notion Q% (K, %, ¥+).
2) Similarly. O

In general it is not clear if the ideal Ioo (K, X, ©) contains any non-empty
set. One can easily formulate a demand ensuring this (like [13, 3.2.7]), but
there is no need for us to deal with it, as anyway we want to finish with a
ccc ideal.

2. Getting ccc. In this section we show how we can make sure that
the forcing notion QX (K, X, ¥1) satisfies the ccc. The method for this (and
the required properties) are quite simple and they will allow us to conclude
more properties of the ideal I (K, X, X+). The main difficulty will be to
construct an example meeting all the appropriate demands (and this will
be done in the next section).

Definition 2.1. Assume that (K, X, EJ-) is a semi—creating triple for H.

1. We say that (K,X,%4) is linked if for each tg,t; € K such that

nor(tp],nor[t;] >1 and dom[ty] = dom][t;]
there is s € X(tp) N X(t1) with
nor(s] > min{nor[ty|, nor[t;]} — 1.

2. The triple (K,%,%4) is called semi-gluing if for each tg,...,
tn, € K such that k < £ <n = dom[ty] N dom[t;] = 0 there
is s € X(to,... ,t,) with

nor(s] > min{nor[ty] : k <n} — 1.

3. We say that (K,%,%%) has the cutting property if for every

t € K with nor[t] > 1 and for each non-empty z & domlt| there

are sp,s1 € K such that
(o) dom[sp] = z, dom[s;] = doml[t] \ z,
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() nor[s;] > nor[t] — 1 (for £ =0,1) and
(7) {s0.s1} € TH(¢).

Remark 2.2.
1. Semi-gluing triples (K, 3, ¥+) correspond to gluing creating pairs (as
defined in [13, 2.1.7(2)]).
2. Note that in 2.1(3) we do not require that nor[s,| # oco. However, if
t € K satisfies nor[t] # oo and sg, s1 are as in 2.1(3) then necessarily
at least one of the s,’s has to have the same property.

Definition 2.3. A forcing notion Q is o-x—linked if for every n € w there
is a partition (4; : i € w) of Q such that

if qo,---,qn€A; then (Fg€eQ)(e=<q& ... &g, <q).

Theorem 2.4. Assume that (K, %, %1) is a linked semi gluing semi creating
triple with the cutting property. Then the forcing notion QX (K, ¥, 2t) s
o-x—linked.

Proof. Fix n € w. For a finite function w €  [] H(7) let
i€dom(w)

A ¥ {p e QLK 2,51 s w? = w & (Vi € w)(nor[t] > n +5)}.
Clearly U{Ay : w € [I H(i),dom(w) € [w]<¥} is a dense subset of

t€dom(w)
QL (K,%,¥1), so it is enough to show the following claim.

Claim 2.4.1. Let w € [ H(i), dom(w) € [w]<% and po,... ,p, €
i€dom(w)

Aw. Then the conditions py,... ,p, have a common upper bound (in the

forcing notion Q. (K, ¥, %+)).

Proof of the claim: Suppose po, ... ,pn, € Ay (so in particular w = wP° =
. = wP~). Choose an increasing sequence (m; : ¢ < w) C w such that
dom(w) € my and for every £ < n and each i € w:
(35 € w)(dom[tE*] C my), (Jje€ w)(dom[t?‘] C [mi,mit1)) and
(Vj € w)(dom[t*|Nm; #0 = dom[th] Cm;y1) and
(Vj € w)(dom[t ] \m; #0 = mnor[th] >n+5+1).
Fix ¢ < n for a moment.
For each j € w and i € w such that dom[t}*] N'm; # ) and dom[t}*] N

[mi,mit1) # 0 use 2.1(3) to choose s?’o, s§’1 € K such that

o dom([s;"] = dom[t?*] N'm;, dom[s)"'] = doml[t?] N [my, mis1),
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« nor[s/*] > nor(tf*] - 1, nor[s;"] = mor[t?] - 1.

o {s70,s71 ext).
Let Sf consist of all £ (for j < w) such that dom(t}*] C mg and all sﬁ’o
such that
dom[t}*] Nmg # 0 # dom[t5] N [mg, my).
It should be clear that elements of S{ have disjoint domains and |J dom[s] =
seSt

mo \ dom(w). Use 2.1(2) to find r§ € B(S/) such that nor[r§] > n + 3
(remember the definition of A,). Note that necessarily nor[r§] # oo as
there is j such that dom[t}] C mg (remember 1.1(3) and 1.3(3)). Simi-

larly, for each i > 0 we take Sf to be the collection of all t?e such that
dom|[t}*] C [m;—1,m;) and all sﬁ’l such that
dom[tY*] Nm;—1 # ) # dom[tY*] N [m;—1,m;),
and all 55’0 such that
dom[t}] Nm; # 0 # dom[t}*] N [m;, mit1).

Now apply 2.1(2) to get 7¢ € Z(Sf) such that nor[rf] > n+2+1 (remember

the choice of the sequence {(m; : i < w); note that, like before, nor[rf] # o0).
It should be clear that (w,r§,7{,75,...) is a condition in QX (K,X,¥1)
stronger than py. Moreover, for each ¢ < n,

dom|[r§] = mo \ dom(w) and dom[rﬂ_ﬂ = [mj,mit1).

By 2.1, for each ¢ € w we find s; € K such that
sfeXr)n...n2(r")  and  mnor[s}] > i+ 2.

Look at (w, 8§, 8%, 85,...) — it is a condition in Q% (K, X, ¥1) stronger than
all pg,...,pn. The claim and the theorem are proved. U

3. The example. In this section we construct a semi—creating triple
with all nice properties defined and used in the previous section.

Example 3.1. Let (X, +4) be a commutative group, 2 < |X| < wp, and let
H(i) = X. Then there is a semi-creating triple (K31, Y31, ¥3) for H such
that

1. the forcing notion QX (K31,¥31,X5,) is not trivial,

2. (K31,%31,%3;) is directly +—invariant, directly permutation-inva-
riant,
it is linked and semi—gluing,
4. it has the cutting property.

w
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CONSTRUCTION: Let K consist of all pairs (z,A) such that
(a) z is a non-empty finite subset of w, and
(b) A is a non-empty set of non-empty partial functions such that
dom(n) C z and rng(n) C X for n € A.

For (z,A) € K we define

v(z,A) Y {zeX?:~(3ned)(nCa))
n(z,A) = max{k € w : for every A’ C A there is A” C A’ such that
elements of A” have pairwise disjoint domains
and | {J dom(n) > k- |A'[}
neA”
Note that the set in the definition of n(z, A) contains 0. Elements of K and
the two functions n,v are the main ingredients of our construction. Before
we define (K31,Y31,%3) let us show some properties of (K,n,v).

[N
—n

Claim 3.1.1.
1. If (2,A) € K, n(2,A) > 0 then v(z,A) # 0.
2. For each non-empty z € [w]<% there is A such that (z,A) € K and
n(z,A) = |z|.
Proof of the claim: 1) Suppose n(z, A) > 0. Then we know that for each
A’ C A there is A” C A’ such that
m,m € A" & mo#m = dom(n) Ndom(m) =0

and | U dom(n)| > |A’|. Thus we may use the marriage theorem of Hall
neA”

(see [3]) and choose a system of distinct representatives of {dom(n) : n € A}.
So for n € A we have z,, € dom(7) such that

m,m €A & mFm = Ty F Ty
Let w € X% be such that w(z,) € X \ {n(z,)} for n € A. Clearly w €
v(z,A).

2) Take A = {0,}, where 0, is a function on z with constant value 0.

Claim 3.1.2.
1. Suppose that (z,A) € K, ) # z* C z and

e * * 1
A i e A & | dom(n) N 2*| > 5| dom(n)[} # 0.

Then (2*,A*) € K and n(z*,A*) > |3n(z, A)].
2. Suppose that (z9, Ag), ..., (z2n, An) € K are such that the sets zy (for

k < n) are pairwise disjoint. Let z = | 2z, A = U Ak. Then
k<n k<n

(z,A) € K and n(z,A) > min{n(zx, Ag) : k <n}.
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3. Assume (z,A0),(2,A1) € K, A = AgU Ay, Then (2,A) € K and
n(z,A) > min{[ 3n(z, Ao)], [3n(z, A1)}

Proof of the claim: 1) It should be clear that (z*, A*) € K. Suppose that
A" C Ax. For each v € A’ fix i, € A such that

*

1
v=mnlz" and |dom(n,)Nz"|> §| dom(n,)|.

Loot at A* % {5, : v € A’}. By the definition of n(z, A) we find A++ C
AT such that elements of AT+ have pairwise disjoint domains and

| U dom(m)| = (2,4) - [A7].
UUEA++

So now look at A” % {v e A":n, € ATt} Clearly, elements of A” have
pairwise disjoint domains and

U dom) = 5 U domm)| = "E2 a5 Ln(ea)) o)

veA’ n,EATT

2) Suppose that A" C A. For k <nlet A} = A'NAj and choose A} C A},
such that the sets dom(n) (for n € AY) are pairwise disjoint and

| U dom(n)| > n(zk, Ay) - |A}].

77€A”
Let A" = |J AJ. Clearly the elements of A” have pairwise disjoint doma-
k<n
ins. Moreover,
| U dom(n)| = > > [dom(n)| = 3 n(zk, Ag) - |AY
neA’ k<n r]EAg k<n

> |A'| - min{n(zx, Ag) : K < m}.

3) Let A’ C A. Let ¢ < 2 be such that [A’ N A| > 1|A/|. Now we may
choose A” C A’ N Ay such that all members of A” have pairwise disjoint
domains and

1
| U dom(n)] > n(z, A0 - |A' N0 A > [5n(z, A - |A].
T]EA”

Now we are ready to define the triple (K31, X3 1, Eil). A semi-creature
t € SCR[H] is taken to K3 if
o dis[t] = (21, Ay), where either ) # 2 € [W]<%, Ay =0 or (2, 4) € K
and n(z, Ay) > 1,
o dom[t] = z,
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o if (z;,A;) € K then
nor(t] = logg(n(zt, Ay)) and  svallt] = v(z, Ay),
e if A; = () then nor[t] = oo and sval[t] = X'*t.

For semi creatures t,... ,t, € K31 with disjoint domains, 331 (tg,... ,,)
consists of all ¢ € K31 such that

Zt = U Zt, and At D) U Atz
<n <n
(so in particular dom[t] = |J domlty] and sval[t] C {v € ydom[l]
<n
(V¢ < n)(v| doml|ty] € svallty])}). It should be clear that X3, is a semi-
composition operation on K3 (i.e. the demands (a)-(c) of 1.1(3) are sa-
tisfied). Next, for a semi-creature t € K3 we define X3 () as follows. It

consists of all sets {sg,...,s,} C K31 such that
2t = U zs, and (Vne A3 <n)(nlzs, € Ag,)
<n

(note that this implies that at least one Ay, is non-empty, provided A; #
). Again, X3, is a semi-decomposition operation on K3 (i.e. clauses
(a)+—(c)* of 1.1(4) hold). Consequently, (K31,¥31,¥3) is a semi—creating
triple for H, and plainly it is directly +—invariant and directly permutation—
invariant. It follows from 3.1.1 that the forcing notion QX (K31, %31, %3 )
is not trivial. To show that the triple (K31,%31,%3,;) has the cutting
property suppose that ¢t € K31, nor[t] > 1 and () # z & dom][t]. Let

Ao = {n]z:n€ A & [dom(n) N 2| > 3] dom(n)[},
Ar={nl(dom[t]\ 2) : n € Ay & |dom(n) \ 2| > 3| dom(n)|}

and let sg,s1 € K31 be such that dis[sg] = (z,4y), dis[s;] = (dom][t] \
z,A1). Easily {sg,s1} € Y3 is as required in 2.1(3) (remember 3.1.2(1)).
Similarly, it follows from 3.1.2(3) that (Ks31,Y3.1,%3;) is linked, and we
immediately conclude from 3.1.2(2) that it is semi—gluing.

Conclusion 3.2. Let (X, +) be a finite Abelian group. Let (K31,%3.1,Y3)
be the semi—creating pair constructed in 3.1 for H(i) = X (i € w). Then
Too (K31, X3.1, X3,p) is:

a Borel ccc index—invariant translation—invariant o—ideal of

subsets of XY which is neither the meager ideal nor the null

ideal nor their intersection.

Proof. By 1.9 and 1.7 + 2.4 we know that Hoo(Kgll,Egll,Eil) is a Borel
cce permutation—invariant translation-invariant o—ideal of subsets of X%.
Still we have to show the following claim.
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Claim 3.2.1. I (K31,%31,%3,) is index—invariant.

Proof of the claim: Let w:w 1L U bean embedding. Let

Qx o {p € QL (K31,%31,%3,) : (Vi € w)(dom[t]] Nrng(m) =
or dom(t!] C rng(n))}.

Like in 2.4.1 one shows that Q, is a dense subset of QX (K31,%3.1,%3)
(remember that if tg,... ,t, € K31 have disjoint domains and norms oo
then there is t € X31(to,...,t,) with nor[t] = logg(n + 1)). Define a

mapping fr : Qr — QX (K31,%31,%3,) by
fx(p) = (WP o, (W_l(tf) 11 € w, dom(tf) Crng(m))) for p € Q.

(It should be clear that f,(p) is a condition in QX (K3.1,Y%31,%3;)). We
claim that f is a projection, and for this we have to show that

(a) if p,q € Qr, p < g then fr(p) < fx(q), and
(B) if pe Qn, 7 € QL (K31,%31,%5,) are such that fr(p) < r then there
is ¢ € Qr such that p < g and r < f;(q).

So suppose that p,q € Q,, p < q. Thus the condition ¢ can be constructed
from p by repeating finitely many times the operations described in 1.3:
deciding the value, applying ¥3.1 and applying 23%1. Now we would like to
apply the same procedures but restricting all creatures involved to rng(w)
(remember p,q € Q). However it requires some extra care: in the origi-
nal procedure we may build at some moment a semi-creature ¢ such that
dom[t] N rng(w) # 0 # dom]t] \ rng(w). What should be the result s of
restricting ¢ to rng(7)? We should take z; = z;Nrng(7), but we cannot take
just Ay ={n'lzs :n e Ay & dom(n) Nz, # (0}, as later (in some application
of Eéjl) some functions n € A; may be restricted to sets disjoint from rng(7)
(look at the definition of ¥3). But we know where we are going to finish:
the active elements are v € Ay for those i that dom[t!] C rng(rm). So,
whenever in our procedure of bflilding q from p we create a semi—creature
t € Ks; such that dom[t] N rng(w) # (), we replace it by s such that
zs =z Nrg(m) and Ay C{nlzs:ne A & (v e U Aw)(v Cnlzs)}is
icw ¢

defined as follows. Let n € A;. We ask if there is a sequence of (n;,t; : i < k)
such that Mo =11 € Atia Ni 2 Nit+1, dom(nk) - I‘Ilg(ﬂ'), o=t = t? (fOI'
some j), to, ... ,tx € K31 appear at the successive levels of the construction
(of ¢ from p) after the one we consider. If the answer is positive we take
N zs to Ag, otherwise not.

We ignore any t with dom[t] N rng(7) = () and whenever we apply de-
ciding the values we replace the respective sequence w (extending w?P) by
w | rng(m). This procedure results in transforming the sequence

(w? mg(r), ¥ : domlt?] C mg(r))
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by successive applications of legal operations (and getting results with do-
mains included in rng(7)). The final sequence is (w?,t! : dom|[t!] C rng(n)).
Now we use 7! to carry this procedure to Q¥ (K3.1,¥31, Eéjl) and we get
a witness for fr(p) < fz(q).

To show clause (3) suppose that p € Q., r € QL (K31,%31,%3,) are
such that fr(p) < r. Let w? = (w" o 7~ 1) U (wP \ rng(m)), and ¢! = ¢¥
whenever dom|[t!] N rng(m) = (), and

{t{ 1i € w, dom[t]] Crng(m)} = {7(t}) : j € w}.

It should be clear that ¢ = (w?,¢d,t{,...) € Q is stronger than p and

frlq) =
Thus the mapping fr induces a complete embedding g of the complete

Boolean algebra BA(QZL (K3.1, 3.1, %3 )) determined by Q% (K31, %31, X3,)
into BA(Q,) (the last is, of course, isomorphic to BA(Q¥ (K3.1,X3.1,Y31))).
Assume that A € Io(K31,%31,X3;) is a Borel set. We want to show that
7.(A) € Ioo(K3.1,%3.1,%3;). So suppose otherwise. Then we find a condi-

tion p € Q, such that p I+ W e m«(A) or, in other words, pIF Wor € A.
But W o is the image of W under the embedding g%, so fr(p) IF W € A,
a contradiction. Thus the claim is proved.

To finish the proof of the conclusion we have to check that the ideal
Too(K31,%3.1, 23{1) is really new. For this it is enough to show the following.
Claim 3.2.2.

1. For each p € Q¥ (Ks1,%31,%5,), POS(p) is a nowhere dense set.
2. For every p € Q. (K3.1,%3.1,%3,) there is ¢ > p such that POS(q) is
a null subset of X*.

Proof of the claim: 1) Should be clear.
2) As (K31,Y31,%3,) is semi-gluing we may assume that
(Vi € w)(|dom[t’]| > (3 + i) - |X[*G*) and nor[t!] > 5).

For each ¢ € w choose a family A; of partial functions with disjoint domains
contained in dom[t!] such that

1Al =]X2CH) and neA; = |n=3+i.
Let s; € K31 be such that dis[s;] = (2,2, A;). Clearly nor[s;] = logg(3 + i),
s0 qo = (WP, 80, 81,52,...) € QL (K31,%31,%3,). Note that

Leb({v € X“: (Vv e A;))(v L v)}) = (1 — |X|13+i)|x|2-(3+i) < el

(where Leb stands for the (product) Lebesgue measure on X%). Hence
Leb(POS(qo)) = 0. Since (K31, Y31, ¥4 ) is linked (and dom[s;] = dom][t}])
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we find a condition ¢ stronger than both p and ¢g. As POS(q) € POS(qy),
we are done. O

4. Making the example (perhaps) nicer. Theideal I, (K31, %31, %3)
constructed in the previous section may be considered as a not so nice so-
lution to 0.1. First note that there is no explicit relation between the ideal
and the sets POS(p). One would like to have here that the family of all sets
POS(p) is a basis of some cce topology on X and the ideal is the ideal of
meager (with respect to this topology) subsets of X%, or at least be able
to apply Category Base approach of Morgan (see [10], [11]). But it is not
clear if we may get this in our example. Moreover, the complexity of the
incompatibility relation in QX (K31, X531, X3,) seems to be above X1, so the
forcing notion is not really nice. However, we may modify our example a
little bit to get more nice properties of the forcing notion. But the price to
pay is that we go slightly out of the schema of norms on possibilities.
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Definition 4.1.
0

1. Let N consists of all sequences n = (n0,,nl, : m < w) such that

e 4<nl <nl <nd. . <wforeach m € w, and
o 220 +2) . sn 0 Ll < n0 . for each m* € w, and
m<m*
1
: 1 \V2.,0 __
e lim (n,,)?"m = oo.

2. Let 7 = (nY,,n}, : m < w) € N. We define a forcing notion QX (where
H:w— H(Xy)) as follows.
Conditions are sequences p = (w, 00,01, 02,...) such that
(a) w,0; (for j € w) are finite functions with pairwise disjoint doma-
ins, we I H(i),o;€ I H(@),
t€dom(w) iedom(o;)
(b) for some m* = m*(p) < w there is a partition (VE : m* <m < w)
of w such that for each m > m*
0
nm

.
m*)'

VAl < np, -2 and (V5 € V(] dom(oy)| >

\)

For a condition p = (w, 00, 01,09,...) we let

POS(p) = {n e [[H() : w S n & (Vj € w)(o; £ n)}.
€W
The order is given by: p <gq ifandonlyif POS(q) C POS(p).
3. We will keep the convention that a condition p € QH is (w?, o,
P
075 ).

Proposition 4.2. Let n € N.
1. QY is a forcing notion.
2. Forp,q € Q, p<q if and only if wP C w9 and for each i € w

(Fj € w)(a] Ca}) or (Im € dom(w?) Ndom(a}))(w(m) # of (m)).

7 %
Proof. 2) Assume that POS(q) € POS(p).
First note that necessarily w?Uw? is a function. Suppose that & € dom(w?)\

dom(w?). If k ¢ | dom(o}) then we may easily construct a function in
1EW

POS(q) \ POS(p). So for some i we have k € dom(o]). Take ¢ € dom(o}) \
{k} and build a function n € POS(q) such that n(¢) # ol (¢), n(k) # wi(k).
Then 1 ¢ POS(p), a contradiction showing that w? C w?.

Suppose now that 7 € w is such that for no j € w, a? C o¥. Then for each j €
w such that dom(o§) Ndom(o7) # 0, either there is k € dom(o§) N dom(o})
such that o7 (k) # o7 (k) or dom(c§) \ dom(cy) # 0. Thus we may build a

partial functionn €  [[ H(4) with dom(n) = U dom(c§) and such that
i€dom(n) JEW

nl dom(of) Coi and (Vj €w)(o] L ).
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As any member of [] H(i) extending n U w? is in POS(g) (and thus in
1EW
POS(p)) we conclude that the functions w? and of are incompatible, i.e.

(3m € dom(w?) N dom(o?))(w?(m) # of(m)).

7 %

The converse implication is even easier. ]

Let us recall that a partial order (Q, <g) is Souslin (Borel, respectively)
if Q, <@ and the incompatibility relation Lo are X} (Borel, respectively)
subsets of R and R x R. On Souslin forcing notions and their applications
see Judah Shelah [4], Goldstern Judah [2] and Judah Rosanowski Shelah [6]
(the results of these three and many other papers on the topic are presented
in Bartoszynski Judah [1] too). A new systematic treatment of definable
forcing notions is presented in a forthcoming paper [15] (several results there
are applicable to forcing notions defined in this paper).

Theorem 4.3. Suppose that n € N and H : w — H(Nq).
1. The forcing notion QY is o-x—linked.
2. Conditions py,p1 € QE are compatible (in Q2 ) if and only if
POS(po) (1 POS(p1) £ 0.

3. The forcing notion QE is Souslin ccc.

Proof. 1) For a condition p € QH let m*(p) and (VE : m*(p) < m < w)
be given by 4.1(2b).
Fix n € w.
Form*cw,we [[ H(), dom(w) € [w]<%¥ and sequences
t€dom(w)
m*+n+1
V=V :m"<m<m*+n+2) C[w]<Y and &= (0j:j€ U Vin)
m=m

we let
ANl ={peQl: m*(p)=m* & (Vm € [m*,m*+n+2))(VE = Vpn) &

) m*+n+1 »
Vie U Vm)(aj =0j) & wP = w}.
m=m*
We want to show that any n 4+ 1 members of A:;’f,w have a common upper
bound in Q. For this we will need the following two technical observations.

Claim 4.3.1. Suppose that po, ... ,p, € QHE, max{m*(py),... ,m*(p,)} <
m* and U C U{VEt x {€} : £ < n, m* +n+2 < m} is finite. Then there
are pairwise disjoint sets u; g for (j,€) € U such that

0

n
uj e C dom(ot*) and |uj,| > 2711*7_1%,
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where m is such that j € VPt.

Proof of the claim: Let y(j,¢) = Lw—n%mj + 1 (for (4,¢) € U and m such
that j € V). For (j.£) € U and y < y(j,£) let af, = dom(c7*). We want
to apply Hall’s theorem to the system (aié (1,0 e U &y < y(4,0). So
suppose that A C {(4,4,y) : (j,0) € U & y < y(j,¢)}. For some £* < n we

have [{(j.l,y) € A: 0 =10} > T'%;Jl Now, remembering that

0 0

n n .
0| > Sty = o > (5,0 - 2",

we easily conclude that

Ut £ G 0) € Y 2 {0 by € Ase= )20 2 Lo > g
Consequently we may apply the Hall theorem (see [3]) and choose a system
(ki,:(5,0) € U & y < y(j,£)) of distinct representatives for (aj, : (j,) €
U, y <y(j.0) (so k¥, € dom(0}")). Now let ujr = {kj, : y <y(j. )} (for
(7,€) € U). It should be clear that these sets are as required.

Claim 4.3.2. Suppose po, ... ,pn € QE, max{m*(py),... ,m*(pn)} < m*.
There is a sequence (ujo: € <mn, j €| J{VE:m>m*+n+2}) of pairwise
disjoint sets such that

0

ujp C dom(aﬁ-") and |ujel > WEM,

where m is such that j € V}Pt.

Proof of the claim: By 4.3.1 we know that for each finite U C |J{V/2¢ x {¢} :
¢<n, m*+n+2<m} we can find a sequence (ujy : (j,¢) € U) with the
respective properties. Of course, for each U* C U the restricted sequence
(uje : (4,€) € U*) will have those properties too. Moreover, for each finite
U the number of all possible sequences is finite. Consequently we may use
Konig lemma and conclude that there exists (uj¢: € <n, j € U{VEt:m >
m* 4+ n + 2}) as desired.

Claim 4.3.3. Suppose pg,... ,pp € A

V.o »
m*w- Then the conditions po, ...,y

have a common upper bound in QﬁH
Proof of the claim: Using 4.3.2 choose a sequence

(uj,g:ﬁgn&jEU{Vni’ff:mZm*+n+2})

of pairwise disjoint sets such that u;, C dom(c%*) and |u;¢| > nd, /2™ +7H1,

where m is such that j € V. Let 0§, = 07 [u;, and let w? be a finite
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function such that w? € II H(),

i€dom (w9)
m*+n+1
dom(w?) = dom(w) U| J{dom(cj):j € [J Vi)

and w C w? and if k& € dom(oj), j € Vip, m* < m < m* +n+ 2 then
oj(k) # wi(k). Look at the sequence

q=(wlof,:l<n, jEU{Vrﬁ@:m*+n+2§m}).

It is a condition in QE with m*(¢) = m* +n+2 and V4 = {(j,¢) : £ <
n & j € VPt} witnessing the clause 4.1(2b). (To be strict, one should
re-enumerate all ag , to have single indexes, but that is not a problem.)

Immediately by the choice of the cr;? ,'s and w? one concludes
POS(q) € POS(pg) N...NPOS(py,),
finishing the proof of the claim.

Since there are countably many possibilities for indexes (V, 5, m*,w) (in
sz*g »)s the first part of the theorem follows from 4.3.3.

2)  Suppose n € POS(pg) N POS(p1). Let m* > m*(py) + m*(p1) + 3 be
such that 2™+ > | dom(w?°) U dom(wP')|. For £ < 2, m € [m*(pg), m*)
and j € V2t choose an integer k% € dom(o}*) such that n(kf) # ol (kf). Let
-1
a = dom(w”®) U dom(w”*) U {kéZ <2, j€ U vbey,
m=m*(p)
Plainly,
0

< D0 D1 2m*+1 . 1 Ty
la| < |dom(w”?) U dom(w”!)| 4+ m;n* M < S
(remember 4.1(1)). Now for £ < 2, m > m* and j € VJI¢ let o7, =
o3’ [ (dom(c%*) \ a). Note that (for relevant ¢, j,m)

0 0 0
" Mm T N,
| dom(o—f,]” > Qm* (pé) 2m* 2m* .

Like in 4.3.3, use 4.3.2 to get a sequence
(0f,: <2, j€ VR - m* <m})

0
“m . Next we let w? = nla and as in

om*

such that O';{E C oz |d0m(0;{£)| >
4.3.2 we see that

q=(wl,0l,:0<2, je| {Vh :m* <m}) e QF
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is a condition stronger than both py and p;. (But note that we cannot claim
that n € POS(q).).

3) Let Y be the space of all sequences (w,0¢,01,...) of finite functions
such that w € [ H(i), o € [T H(i). The space ), equipped

tedom(w) iedom(oy)
with the product topology of discrete spaces, is a Polish space. Now, QH
is a ¥ subset of ), as to express that (w,0q,01,...) € Q we need to say

that “there is a partition (V,,, : m* < m < w) of w as in 4.1(2b)” and the
rest of the demands is Borel. The relation <qu Is clearly »1 if one uses
4.2(2) to express it. Finally, to deal with the incompatibility relation look
at the proof of clause 2) above. To say that conditions pg, p; are compatible
we have to say that, for m* as there, we can find points kf € dom(o??)
(for ¢ < 2, j as there) and a function w? such that w?® U wP! C w? and
wq(kf) # af‘f(kf). O

Remark 4.4. Note that one can easily choose a dense suborder Q* C
QY such that Q* is Borel ccc: take to Q* those conditions p for which

0 .
| dom(0y)| = | 5#ty | + 1 for j € VB, m > m*(p).

Before we introduce an ideal related to Q! let us recall some basic notions
of the Category Base technique.

Definition 4.5. (Morgan, see [10], [11])

1. A family C of subsets of a space X is called a category base on X if
(a) X = UC,
(b) for every D C C consisting of disjoint sets and such that 0 < |D| <
IC| and for any A € C:
if (3B € C)(B < AnYC) then (ID € D)(IB € C)(B € AN D),
and
if ~(3B e C)(B < ANUC) then (3B € C)(BC A\UD).
2. Let C be a category base on X. A set X C X is called
o C—singular if (VA € C)(3B € C)(B C A\ X),
e C—meager if X can be covered by a countable union of C—singular
sets.
We say that a set X C X has the C—Baire property if for every A € C
there is B € C, B C A such that either BN X or B\ X is C-meager.
3. For a category base C on X, the family of all C-meager sets will be de-
noted by M¢ and the family of subsets of X with the C—Baire property
will be called Bc.
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Remark 4.6. A category base, C—meager sets and sets with C—Baire pro-
perty generalize the notions of a topology, meager sets and sets with the
Baire property (with respect to the topology). Several results true in the
topological case remain true for the category base approach. In particular,
Be is a o-field of subsets of X closed under the Souslin operation A, and
M is a o-ideal of subsets of X. For a systematic study of the category
base method we refer the reader to Morgan [11].

Conclusion 4.7. Letn € N and H: w — H(Ry).
1. The family CE o {POS(p) : p € Qt} is a category base on [] H(i)

1€EW
such that no member of CE is CH-meager.
2. Each X1-subset of II H(i) has the C,%LBaire property. For every set

€W
A C T1 H(i) with the CE~Baire property there is a 113-subset B of A
1EW
such that A\ B is CE-meager.
3. The o-ideal Mu of CH meager subsets of I1 H(i) is a Borel ccc o-

1EW
ideal (in fact, any member of Mcu can be covered by a ¥9-set from

4. Suppose that H(i) = X (for i € w) and X is a finite group. Then
Men is a Borel cce translation—invariant index—invariant o-ideal of

subsets of X%, which is neither the ideal of meager sets, nor the ideal
of null sets nor their intersection. Moreover, the formula “a real r a is
a Borel code for a subset of X* and the set #r coded by r is in M u”

; 1
5 X5.

Proof.  1)-3) Should be clear if you remember 4.3(2,3). Note that each
POS(p) is closed.

4) Plainly, the ideal Mn is translation-invariant. To estimate the comple-
xity of the formula “A € M u"” use remark 4.4. The remaining assertions
follow from the following two observations.

Claim 4.7.1. If A C X% is C};Ifsingular and m: w =3 w is an embedding
then m.(A) is CE-singular.

Proof of the claim: Let p € QH. Passing to a stronger condition if needed
we may assume that

(Vj € w)(dom(c) C rng(m) or dom(a}) Nrng(n)).
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Let ¢ = (wP om,0f om: j € w,dom(c}) C rng(r)). Plainly ¢ QY, so we

find r € QX such that POS(r) € POS(q) \ A. Let m* = m*(p) + m*(r) + 1.
Choose w?" such that

1. dom(w”") = dom(w?) Ur[dom(w")]UU{dom(c¥) : dom(c¥) Nrng(m) =
v&je "U vayuUeldomen) e "UT vi),

m=m*(p) e (r)
2. wP [ (w \ rng(m)) Uw" o™t CwP, and
3. 0% & wP”, of o™t € wP” (for j,i as in 1) above).

Next choose 0‘? " such that <J§-’ Tii< w) enumerates the set
{o} :g(ef) Nmg(m) =0 & j € U vElu{o] oml:ije U vt
m>m* m>m*
Plainly, p* = (wp*,ag*,af*, ...) € Q! and POS(p*) C POS(p) \ m«(A).

Claim 4.7.2. For each p € QY there is ¢ € QY such that POS(q) C
POS(p) and POS(q) is nowhere dense and null.

Proof of the claim: Take m* > m*(p) 4+ 5 such that
(Vk = m")(nj, > |X[*"™)

and choose a sequence (oy; : k > m*,j < n}) of finite functions with
pairwise disjoint domains and such that | dom(oy, ;)| = n{ and
m*—1
dom(oy, ;) N (dom(w?) U| J{dom(c?) :i € ] VE}) =0.
m=m*(p)
Let ¢ = (wP o4 : k> m*,j <n}). Easily ¢ € QH and the conditions p, ¢
are compatible (compare the proof of 4.3(1)). Note that for each & > m*

Leb({n € XY : (Vj < np)(ow; Zm)}) = (1 — —L5)™ <

%%

"I'LO no
(1 — —Lg)lXF"™ < gl
X"k -

Hence POS(q) is a nowhere dense null set and now we easily finish. O

Remark 4.8. There are several possible variants of the forcing notions QH,
each of them doing the job. These forcing notions will be presented in a
subsequent paper [14], where we will systematically study forcing properties
of ccc partial orders build by the method of norms on possibilities. In
particular, we will show there that we may get different forcing properties
of QX (for different n), thus showing that the corresponding ideals are not
isomorphic. Let us note that the forcing notions which appeared in the
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present paper are not o—centered and do add Cohen reals. The proof of
these facts and more general statements will be presented in [14].
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