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Abstract:

This paper is mainly concerned with the application of differential subor-
dinations for the class of meromorphic multivalent functions with positive
coefficients defined by a linear operator satisfying the following:

L)Y 1+ A
P 14 Bz

(ne€eNyp; z€U).

In the present paper, we study the coefficient boufisighborhoods and
integral representations. We also obtain linear combinations, weighted and
arithmetic means and convolution properties.
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1. Introduction

Let L(p, m) be a class of all meromorphic functioigz) of the form:

(1.2) f(z):z_p+2akzk foranym>p, peN={1,2,...}, a >0,

k=m

which arep-valent in the punctured unit disk
U'={z:2€C,0<|z] <1} =U/{0}.

Definition 1.1. Let f, g be analytic inU. Theng is said to be subordinate tg,
written g < f, if there exists a Schwarz functiarn( =), which is analytic inU with
w(0) = 0and|w(z)] < 1 (2 € U) such thatg(z) = f(w(z)) (2 € U). Hence
g(z) < f(2) (= € U), theng(0) = f(0) andg(U) C f(U). In particular, if the
function f(z) is univalent inU, we have the following (e.g6[; [ 7]):

g(z) < f(2)(z € U) ifand only if g(0) = f(0) and g¢(U) C f(U).
Definition 1.2. For functionsf(z) € L(p,m) given by (.1) andg(z) € L(p,m)

defined by
(12) g(’Z) :Z_p+zbkzk7 (bk 207p€N7mZp)7
k=m

we define the convolution (or Hadamard product)f¢f) and ¢(z) by

(1.3) (f*g)(z):z_p—i-Zakbkzk, (peNm>p,zeU,).
k=m
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Definition 1.3 ([9]). Let f(z) be a function in the clasé(p, m) given by (..1). We
define a linear operatol.” by

L°f(z) = f(2),

3 > P ()
L1f<Z) =z p‘i‘Z(P-i—k-i—l)akzk = (Z#
k=m Application Of Differential
and in general Waglgjgsgg?t:ioATshan
n o n—1 and S. R. Kulkarni
(1.4) L"f(z) = L(L Ofo(z)) vol. 10, iss. 2, art. 53, 2009
=z P+ Z(p +k+1)"az*
k=m Title Page
p+1Ln—1 /
= (2 1(z)) , (neN). Contents
2P
It is easily verified from1.4) that b dd
(1.5) HL"f(2)) = L f(z) = (p+ DI (2), ) g
(f € L(p,m), neNy=NU{0}). Page 5 of 24
1. Liu and Srivastava4] introduced recently the linear operator when= 0, Go Back
investigating several inclusion relationships involving various subclasses of Full Screen
meromorphically-valent functions, which they defined by means of the linear
operatorL™ (see f]). Close
2. Uralegaddi and Somanath®] introduced the linear operatdr* whenp = 1 journal of inequalities
andm = 0. in pure and applied
mathematics

3. Aouf and Hossend] obtained several results involving the linear operdidr

i : L443-575k
whenm = 0 andp € N. =0
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We introduce a subclass of the function clégg, m) by making use of the prin-
ciple of differential subordination as well as the linear operatar

Definition 1.4. LetAandB (—1 < B < A < 1) be fixed parameters. We say that a
functionf(z) € L(p,m) is in the class.(p, m,n, A, B), if it satisfies the following
subordination condition:

PTHLf(2)) . 1+ Az

(1.6) ’ T B (neNy; zeU).
By the definition of differential subordination].¢) is equivalent to the following
condition: b (L0 f(2)
z n z /+p
1 U).
mn oy | < e
We can write

2
L (p7m7n7 1- _57 _1) = L(p7m7n76>7
p

whereL(p, m,n, ) denotes the class of functions irip, m) satisfying the follow-
ing:
Re{—2"*(L"f(2))} >0 (0<B<p; zeU).
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2. Coefficient Bounds

Theorem 2.1. Let the functionf(z) of the form (.1), be in L(p,m). Then the
function f(z) belongs to the clasé(p, m, n, A, B) if and only if

(2.1) > k(1—=B)(p+k+1)"ar < (A—B)p,

k=m
where—1< B< A<1l,peN,neNy,m>p.
The result is sharp for the functiof(z) given by
(A—B)p
k(L=B)(p+k+1)"

m

Z" m>p.

fle) ==+

Proof. Assume that the conditio (1) is true. We must show thgte L(p, m,n, A, B),

or equivalently prove that

L f(2) +p
2.2 1.
2 ‘BZ”“(L”f(z))’JrAp =
We have
p+1(_p—(p+1) S k E+ 1) k—1
T | Sl e ke D)

1 n _ 00

Bzpt (L f(Z))’—f—Ap sz+1(_pz—(p+1) + Z k<p+k+1)nakzk—l) +Ap
k=m

ST k(p+k+ 1) a2t

k=m
(A—B)p+ B > k(p+k+ 1)rapzk+r
k=m
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S k(p+k+1)a
< bem <1
(A= B)p+ B > k(k+p+1)"a

k=m

The last inequality by4.1) is true.

Conversely, suppose thatz) € L(p,m,n, A, B). We must show that the condi-

tion (2.1) holds true. We have

P |,
B (L f(z)) + Ap|

hence we get

[e.°]

N> k(p+ k4 1) a2t

k=m

(A—B)p+ B > k(p+k+ 1)rapzktr
k=m

< 1.

SinceRe(z) < |z|, so we have

N> k(p+ k4 1) ap2*t?
Re hem <1
(A= B)p+ B > k(p+k+ 1)ragzktr
k=m

We choose the values ofon the real axis and letting— 1, then we obtain
S k(p+k+1)a

k=m

(A= B)p+ B Y kp+k+1)"ay

k=m

<1,
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then .
> k(1-B)(p+k+1)"a, < (A-B)p
k=m

and the proof is complete.

Corollary 2.2. Let f(z) € L(p, m,n, A, B), then we have

(A—=DB)p
< k>
CE RO -B)p+k+nm =

Corollary 2.3. Let0 < ny < nq, thenL(p,m, ny, A, B) C L(p, m,ny, A, B).
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3. Neighbourhoods and Partial Sums

Definition 3.1. Let—1 < B < A<1,m >p,n € Ny,p € Nandj > 0. We define
thed - neighbourhood of a functiofi € L(p, m) and denoteV;( f) such that

(3.1) Ns(f) = {g € L(p,m): g(z) =277+ ) bz"*, and

(A= B)p

k=m

Goodman 8], Ruscheweyhd] and Altintas and Owa ]] have investigated neigh-
bourhoods for analytic univalent functions, we consider this concept for the class
L(p,m,n, A, B).

Theorem 3.2. Let the functionf(z) defined by 1.1) be in L(p, m,n, A, B). For
every complex numberwith ;| < 8,6 > 0, Iet%‘f? e L(p,m,n, A, B), then
Ns(f) € L(p,m,n, A, B),d > 0.

Proof. Since f € L(p,m,n, A, B), f satisfies £.1) and we can write fory € C,
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where

Q(z) =27+ Z erzt,
k=m

such thatk,, = 22U=BIe ki) satisfying|e,,| < H1=B@HD" andk > m, p € N,

(A-B)p (A-B)p

n e No. -
Sincef(z)1+’ff e L(p,m,n, A, B), by (3.9),

1 [ f(z) 4+ pz?
g (T * Q(Z)) #0,
and then
L ((f*Q)(2) +pz?
(3.4) ﬁ( o >7é0.

Now assume tha{t”*f%

< 4. Then, by 8.4), we have

| — 0

‘ L f*xQ ‘> w1 ‘(f*@)(Z)
IL+p 277 14+p| ~ T4+ (144 2P

This is a contradiction ag:| < 9. Therefore‘% > 0.

Letting

g(z) =2+ Z be2™ € N;(f),

k=m

1+p =

Application Of Differential

Subordination
Waggas Galib Atshan

and S. R. Kulkarni
vol. 10, iss. 2, art. 53, 2009

Title Page
Contents
44 44
< >
Page 11 of 24
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

then

-0 20) | U=0- Q)
< k:i(ak—bk)ekzk
< i o — bl
<tep 3 [FRE T -
<9

— Y

therefore% # 0,andwe gey(z) € L(p,m,n, A, B),SoONs(f) C L(p,m,n, A, B).

O

Theorem 3.3. Let f(z) be defined byl( 1) and the partial sums);,(z) and.S,(z) be
defined byS;(z) = z~? and

m+q—2
Se(z) =2"P+ Z apzt, g>m, m>p, peN.
k=m

Also suppose that_,- ~Cyay, < 1, where

F1=B)(p+k+1)"

Ch = (A= B)p

Application Of Differential

Subordination
Waggas Galib Atshan

and S. R. Kulkarni
vol. 10, iss. 2, art. 53, 2009

Title Page
Contents
44 44
< >
Page 12 of 24
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

Then

() f € Lp,m,n, A, B)
(3.5) (ii) Re { éfq((i))} >1- Ciq
(3.6) Re { iq(g>} > 7 chq, 2cUq>m.

Proof.
() Sincezte=" p*“z = 27 € L(p,m,n, A, B), |u| < 1, then by Theoren?.2, we

haveN; (2~ P) c L(p,m,n, A, B),p € N(N;(z?7) denoting the 1-neighbourhood).

Now since
o0
Z Crap, <1,
k=m

thenf € Ni(zP)andf € L(p,m,n, A, B).
(i) Since{C}} is anincreasing sequence, we obtain

m+q—2

(3.7) Zch Z ak<ZCkak<1

k=g+m—1

Setting

o0
k+p
Cq 2 gz

f(Z) 1 k=q+m—1
G1(z):C’q( — (1——)) = p— +1,
5(2) c 1+ +Z a2k tp

k=m
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from (3.7) we get

o0
k
Cq X ap™™?

'Gl(Z) — 1‘ - k=q+m—1
G 1| mq-2
1(2) + 249 Z akzk+p + C Z akszrp
k=m k=q+m—1
Cq Z Q.
< k=g+m—1 <1
< p—— <
2-2 Z ap — Cy Z Qg
k=q+m—1
This proves §.5). ThereforeRe(G,(z)) > 0 and we obtaere{ )} > —Ciq.
Now, in the same manner, we can prove the asserfigi, Oy settln
Sq(2) C,
G =(1+C L - 2 .
(0= 1+0) (0 - o)
This completes the proof. O
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4. Integral Representation

In the next theorem we obtain an integral representatiod fgi(z).
Theorem 4.1.Let f € L(p,m,n, A, B), then

g [T _p(AY@E) — 1)
26 = || G o

where|y(z)| < 1,z € U*.
Proof. Let f(z) € L(p, m,n, A, B). Letting — LG — () we have

<o
or we can wnt% A
( )=l _ 0 . .
By(z)_A =9(2), [W(2)| <1, z€U.
We can write
_Zp+1(Lnf(Z))/ _ 1_A¢(Z)
p 1—By(z)’
which gives P
LI = ST By
Hence

L Pl 1)
Lﬂ”‘ltwm—me“’

and this gives the required result.
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5. Linear Combination

In the theorem below, we prove a linear combination for the ddgsm, n, A, B).
Theorem 5.1. Let

Application Of Differential
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belong toL(p, m,n, A, B), then Waggas Galib Atshan
and S. R. Kulkarni

fi(z) =27+ Zakvizk, (ag; > 0,0 =1,2,....4,k>m,m > p)
k=m

¢ vol. 10, iss. 2, art. 53, 2009
F(Z) - Zczfz(z) S L(p’m7n7A7B)7
=1
where>¢_ ¢ = 1. iR FEER
Proof. By Theorem?2.1, we can write for every € {1,2,...,(} CEniEiE
ik(l—B)(p+k+1)na ) K L
= (A= B)p BT < S
therefore Page 16 of 24
o0 [eS) y4
Go Back
F(z) = Z |z P+ Z ak,izk =zP+ Z Zciam 2", o Fac
i=1 k—m k=m \i=1 Full Screen
However, Close
00 n l J4 0o n
3 k(1-B)(p+k+1) S| =3 (Y k(1-B)p+k+1) wle <1 journal of inequalities
= (A-B)p — ot — | & (A—B)p S in pure and applied
- = R mathematics
thenF'(z) € L(p, m,n, A, B), so the proof is complete. O rE ThLE—ER
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6. Weighted Mean and Arithmetic Mean

Definition 6.1. Let f(z) and g(z) belong toL(p, m), then the weighted medr)(z)
of f(z) andg(z) is given by

1 _ :
hi(z) = 5l(L = 7)f(2) + (L +7)g(2)].
. ) . Application Of Differential
In the theorem below we will show the weighted mean for this class. Subordinaton
Waggas Galib Atshan
Theorem 6.2.If f(z) andg(z) are in the clasd.(p, m,n, A, B), then the weighted and S. R. Kulkarni
mean off(z) andg(z) is also inL(p, m,n, A, B). vol. 10, iss. 2, art. 53, 2009
Proof. We have forh;(z) by Definition6.1,
oo . Title Page
1 . _ . _
hj(z) = 2 [(1 —J) (Z "t Z ak2k> +(1+7) <Z P+ ; bkzk>] Contents
- <4 »
_z—P+Z (1= f)ax + (1 + )by)=". p R

Since f(z) andg(z) are in the clasd.(p,m,n, A, B) so by Theoren?.1 we must Page 17 of 24

prove that Go Back
b 1 . 1 ‘ Full Screen
3 KL= B)p k1) [—(1 e+ 51+ 0]
2 2 Close
1 s 1 > , : "
= —(1- k(1-B)(p+k+1)"ar+=(1+j E(1—B)(p+k+1)"b journal of inequalities
2 J kZ ) 2( 7 ]; ( )P )" in pure and applied
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The proof is complete. ]

Theorem 6.3.Let f1(2), fa(2), - . ., fo(z) defined by
(61) fi(Z):Zip_FZak,izk? (a’k,iz()?i:1727"'7€7k2m7m2p)

be in the clasd.(p, m,n, A, B), then the arithmetic mean g¢f(z) (i = 1,2,...,¢)
defined by

1 L
(6.2) =3 Z

is also in the clasd.(p, m, n, A, B).
Proof. By (6.1), (6.2) we can write

4 00 o) 14
= %; (zp + l;na;m-zk> =z P4 ;@ (% ;am) z

Sincef;(z) € L(p,m,n, A, B) for everyi = 1,2,..., /¢, so by using Theorer.1,
we prove that
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7. Convolution Properties

Theorem 7.1.1f f(z) andg(z) belong toL(p, m,n, A, B) such that
(7.1) f) =274+ adt,  glz) =27+ bt
k=m k=m

then N
T(z) =27+ (af + )"

k=m

is in the class.(p, m,n, Ay, By) such thatd; > (1 — By)u* + By, where

V2(A - B)
m(m +2)"(1 — B)

Proof. Sincef,g € L(p,m,n, A, B), Theorem?.1yields

() =

k=m

5 ([ ke

We obtain from the last two inequalities

and

1 [k(L=B)p+k+1)") 5 .,
(7.2) 25[ 4By } (ap +07) < 1.

k=m
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However,T(z) € L(p, m,n, Ay, By) if and only if

— [k(1 = B)(p+k+1)"
7.3
(79 2 { (A1 — By)p
where—1 < B; < A; <1, but (7.2) implies (7.9) if

F1=B)p+k+1D" 1 {k(l —B)(p+/g+1)nr‘

}(a%bi)él,

k=m

(A1 — Bi)p 2 (A= B)p
Hence, if : )
1—- 5B k(p+k+1)" , 1—-B
herea = ——.
Al_Bl< o a”, where « 1B
In other words,
1—-B; _ k(k + 2)"@2.
A1 - Bl 2
This is equivalent to
Al - Bl > 2
1-— Bl k(k + 2)”0[2 .
So we can write
A — B 2(A — B)? 5
7.4 = n°.
(7.4) 1-B,  mm+2r(-Be "
Hence we getd; > (1 — By)u? + By. O

Theorem 7.2. Let f(z) andg(z) of the form {.1) belong toL(p, m,n, A, B). Then
the convolution (or Hadamard product) of two functiohand g belong to the class,
thatis,(f x g)(z) € L(p, m,n, Ay, By), whereA; > (1 — By)v + B; and
_ (A-B)
T (I —BR(m 2
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Proof. Sincef, g € L(p, m,n, A, B), by using the Cauchy-Schwarz inequality and
Theorem?.1, we obtain

(7.5) Z p—i—k—l—l) /_&kbk

B)p
2 k(1 =B)p+k+1)" \ (& k(1-B)p+k+1)" \°
< a b <1.
‘(Z;L (A-Bp " Z;n A-Bp )
We must find the values oA, B; so that
— k(1—B)(p+k+1)"
7.6 b, < 1.
(7.6) ,;n (Ay — By)p (kT

Therefore, by {.5), (7.6) holds true if
1-B)(A,—B
(7.7) Varby < <(1 — B>1()(;1 — Bl)>, k>m, m>p, ap #0, by # 0.

(A-B)p
R=B)(p+ k11"’

By (7.5), we haveyaiby, < therefore {.7) holds true if

K= B)p+k+ D" _[k(1L=B)p+k+1)"
(A = By)p - (A—B)p ’
which is equivalent to
(1-DBy) _ k(1—-B?*(p+k+1)"
(A1 — By) (A—B)?p
Alternatively, we can write
(1— By) - k(1 — B)*(k +2)"
(A1 — By) (A— B)? ’
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to obtain

Al—Bl> (A — B)? _,
1-B ~ m(l-B2m+2r
Hence we getl; > v(1 — B;) + B. O

Title Page

Contents

:
:

Page 22 of 24
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

References

[1] O. ALTINTAS AND S. OWA, Neighborhoods of certain analytic functions with
negative coefficientd]MMS 19 (1996), 797-800.

[2] M.K. AOUF AND H.M. HOSSEN, New criteria for meromorphievalent star-
like functions, Tsukuba J. Math17 (1993), 481-486.

[3] A.W. GOODMAN, Univalent functions and non-analytic curv&pc. Amer.
Math. Soc.8 (1957), 598—-601.

[4] J.-L. LIU AND H.M. SRIVASTAVA, Classes of meromorphically multiva-
lent functions associated with the generalized hypergeometric funchitaib,
Comput. Modelling39 (2004), 21-34.

[5] J.-L. LIU AND H.M. SRIVASTAVA, Subclasses of meromorphically multiva-
lent functions associated with a certain linear opera#ath. Comput. Mod-
elling, 39 (2004), 35-44.

[6] S.S. MILLERAND P.T. MOCANU, Differential subordinations and univalent
functions,Michigan Math. J,28(1981), 157-171.

[7] S.S. MILLERAND P.T. MOCANU, Differential Subordinations : Theory and

Applications Series on Monographs and Textbooks in Pure and Applied Math-

ematics, Vol. 225, Marcel Dekker, New York and Basel, 2000.
[8] St. RUSCHEWEYH, Neighborhoods of univalent functioRggc. Amer. Math.

Application Of Differential

Subordination
Waggas Galib Atshan

and S. R. Kulkarni
vol. 10, iss. 2, art. 53, 2009

Title Page
Contents
44 44
< >
Page 23 of 24
Go Back
Full Screen

Close

Soc, 81(1981), 521-527.

[9] H.M. SRIVASTAVA AND J. PATEL, Applications of differential subordina-
tion to certain subclasses of meromorphically multivalent functidnsneq.

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

Pure and Appl. Math 6(3) (2005), Art. 88. [ONLINEttp://jipam.vu.
edu.au/article.php?sid=561 ]

[10] B.A. URALEGADDI AND C. SOMANATHA, New criteria for meromorphic
starlike univalent functiongull. Austral. Math. So¢43(1991), 137-140.

Application Of Differential

Subordination
Waggas Galib Atshan

and S. R. Kulkarni
vol. 10, iss. 2, art. 53, 2009

Title Page
Contents
44 44
< >
Page 24 of 24
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au
http://jipam.vu.edu.au/article.php?sid=561
http://jipam.vu.edu.au/article.php?sid=561

	Introduction
	Coefficient Bounds
	Neighbourhoods and Partial Sums
	Integral Representation
	Linear Combination
	Weighted Mean and Arithmetic Mean
	Convolution Properties

