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Abstract

Let 5, be the n-th positive integer number which can be written as a power
p',t > s, of aprime p (s > 1is fixed). Let 7(z) denote the number of prime
powers p', t > s, not exceeding z. We study the asymptotic behaviour of the
sequence t,,, and of the function m5(x). We prove that the sequence t,,, has
an asymptotic expansion comparable to that of p,, (the Cipolla’s expansion).
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Let p,, be then-th prime. M. Cipolla [I] proved the following theorem:
There exists a unique sequenég.X) (j > 1) of polynomials with rational
coefficients such that, for every nonnegative integer

(2.1) p,=nlogn+nloglogn —n

m

Y 'nP;(loglogn) n
2 (i)

log’ n
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The polynomialsP;(X') have degreg and leading coefﬁciengt.

X2 —6X +11 i
PUX) =X -2, Py(X) = 6X + o Title Page
2 Contents
If m = 0 equation {.1) is: % N
(1.2) pn = nlogn + nloglogn —n+ o(n). < >
Let 7(z) denote the number of prime numbers not exceedirten Go Back
mo. Close
(t—1)lx (m—1)l
. = — ~— > .
(1.3)  n(x) (2_; el RGO e (m > 1), ouit
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where lim ¢(x) = 0.
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Proof. Let us consider the closed intenjal |. In this interval,7(z) < z, so
7(z) is bounded. The functio ;gli)f, i=1,...,m and(;ﬁ’fi";)fx are continuous
on the compacdi2, a|, so they are also bounded.

m

-t

i=1

(i — 1)z

log’ =

log™ x

>] (m—1)lx’
e(x) isinits turn bounded of2, a.
Sincea is arbitrary andlim ¢(x) = 0, the lemma is proved.

T— 00

e(z)

]

Let us consider the sequence of positive integer numbers which can be writ-
ten as a powep’ of a primep (¢t > 1 is fixed). The number of prime poweps
not exceeding: will be (in view of (1.3))

1
t

(1.4) ) =

7(x
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Let¢,, be then-th positive integer number (in increasing order) which can be
written as a powep’, t > s, of a primep (s > 1 is fixed). Letr¢(z) denote the
number of prime powerg', ¢t > s, not exceeding:.

Ts(z) = i Sl G YL 1)t +o0 ik
T i=1 log' x log™x |

Proof. If z € [25TF 2s+k+1) (| > 1), then

Theorem 2.1.

(2.1)

k
s(z) = zs ) + T ) |
) =n (s 355 (o)
Using (L.4), we obtain
[ si(i— 1)las 1\ s™(m — 1)z
(2.2) mo(z) = (Z_; bg—ix> te (x) T
=< (s+7) z—l)!xif
()
LY (54 5)" (m = 1)lw#
te <$S+J> log™ x )
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X s+j

S ) e (o) T
f:(zk: s+7) z—l)!xs}rﬂ'>
+§: (

log' x

o > (s+ 7)™ (m — 1)l
log™ x ’

In the given conditions, the following inequalities hold far

k 1 k ;
(s4)" (i=D)lz >+ it JLIPNE-
Z log® Z sm ' )|ZL' +] log
J=1 _J=1
sm(mfl)!az% (L'%
log™ x
) M o D1 PR (25+k+1)
< sm (m_l)l g
— Z (s+k)j—s
j=1 2 s(s+5)

(s+k) (s+k+1)""

1 k
1 <2s<s+1)>

k(s+k) (s+k+1)""

]~

J

= (i=1,...,m).

RN
)
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Now, since
k(s+k) (s+k4+1)""

e
2@)
we find that
k
(s+5)t(i— 1'xS+J
z_: log® x
(2.3) zlijgoj_ pym—— =0 (i=1,...,m).
log™ x

On the other hand, from the lemma we have the following inequality

i&-(g;;j) (5 +9)" m = 55| S ()" = D
: log™ x ' log" =
j=1 pa
This inequality andZ.3) with i = m give
- < (orh) oot

(24) hm j=1 1 _ 0

xr— 00 Sm(m—l)!xg

Tlgmw

Finally, from (2.2), (2.3) and @.4) we find that
(&S - Dl L sm(m = 1)l
7T-S(l‘) - <; ].Ogl T > + € (LE) logm T 9

where lim ¢'(z) = 0. The theorem is proved.

r—00
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From (L.4) and @.1) we obtain the following corollary

1
s

Corollary 2.2. The functionsr,(z) and 7 <x ) have the same asymptotic be-
haviour (s > 1).
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Theorem 3.1.

® =

3.1) () =m0 (5] G20

log" n

Proof. We proceed by mathematical inductionxan
Equation R.1) gives (n = 1)

7s()

(3.2) lim ——= =1.
log

If we putz = ¢, ,, we get

w =

(3.3) lim —Gen)
"= nlog (tsn)

|

From 3.3) we find that

(3.4) lim (log s + log (ts,n)% — logn — loglog ts,n) =0.
Now, since

] H
(3.5) lim 198 Een)" _

n—oo  logn
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we obtain

0 =

(té‘,n)

lim =1
"7 nlog (tsn)
if and only if
tsn s
tim o)™
n—oo n logn
We also derive
im —"— =1.
n—oo n°log®n
From 3.5 we find that
(3.6) lim (—logs + loglogts,, —loglogn) = 0.
(3.4) and (3.6) give
(3.7) log (tw)é = logn + loglogn + o(1).
Equation 2.1) gives (n = 2)
T T T
ms(T) = - ~ +o -
logzs  log? (:v’) log? (3:5
SO
1 1 {L‘% l‘%
s = 7g(x)logxs — - +o -
log x5 log xs
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If we putz = t,,, we get

W |

(tsm)
(3.8) tsn)® =nlog(tsn) — —————F+o| ————= .
ea)” =08 () = o)} (1og< >)

Finally, from 3.9), (3.3) and @.7) we find that

w =

(3.9 (tsn)® =nlogn +nloglogn —n+o(n).

Therefore, forr = 0 the theorem is true because &f4) and @.9).

Letr > 0 be given, and assume that the theorem holds fare will prove
it is also true for + 1.

From the inductive hypothesis we have (in view dfl))

(3.10) p, =nlogn+nloglogn —n

1)~ 'nP;(loglog n) n
S ().

and

o =

(3.11) (ts,n): :nlogn+nlog10gn—n

Y~ nP;(loglogn) n
+ Z +o (1ogrn) .

log’ n
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From (3.10 we find that

logl -1
(3.12) logp, = logn + loglogn + log [1 + %1&
ogn

¥~ 1P loglogn) 1
+ 3 IR o ()|

Let us write (L.3) in the form

2 - 1)l x
(3.13) m(z) = (Z %) +o <10gT+3:13) .

=1

If we putxz = p, and use the prime number theorem, we get

(3.14) - §(¢—1)! +o< ! >
' Pn — log’ pn, log"™@n )"

Similarly, from 3.11) we find that

@ =

logl -1
(3.15) log (ts,n)* = logn + loglogn + log [1 4 oslogn T 2

logn

Y ~1P;(loglogn) 1
+ Z i+, +o (logr—i-l n) :

log

Let us write .1) in the form

3 (1 — 1)!38% T3

(3.16) @)= (D | o m

im1 logi (xl)
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If we putz = t,,, and useg.5), we get

r—+3 .
no (1 —1)! < 1 )
3.17 Y o (e )
O T \Ee () T e

If x > 1andy > 1, Lagrange’s theorem gives us the inequality
logy —logz| < |y — x|
with (3.12 and @.19), it leads to

1
(3.18) log (t.)* — logp, = 0 (T) :
log"" n

From (3.18 we find that

1 1 1
(3.19) _ ., (_>
o2 pn ot \log ™0

1
:0( T+3) (k=1,...,7+3).

(3.14), (3.17) and .19 give

n n ( 1 )

- = 0 ,

Po (ty,):  \log™n
that is

(320) (tsm)g —Pn= (tsm)
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If we write

(3.21) (tom)* = pu+ f(n)
substituting 8.21) into (3.20 we find that
_ Pn
f(n) - logr+2n + 0(1)0(1)7
SO
(3.22) fn)=o <logﬁl n)

(3.21) and @3.22 give

The theorem is thus proved.
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Theorem 4.1. There exists a unique sequeneg;(X) (j > 1) of polynomials
with rational coefficients such that, for every nonnegative integer

,’,LS
log™n /)’
The polynomialsP; ;(X) have degregl + s — 1 and leading coefficient
1

The f;(n) are sequences of the fomrilog” n (loglog n)" and thec; are con-
stants.fi(n) = n®log*n andc; = 1, if i # 1 thenf;(n) = o(f1(n)).
If m = 0 equation ¢.1) is

(42) ts,n - Z szz(”) + O(ns>‘

Proof. From (1.1) and (3.1) we obtain §.1)

m

41) t=> afin)+ > (=1)'n°Pyj(loglogn)

log’ n

j=1

m+s—1 1
—1)-"nP:(log1
tsn = [nlogn +nloglogn —n + Z (=1)"'n ]‘(Og ogn)
= log” n

+ . S
O —_—
logm+s—l n

= Z cifi(n) + Z (=1)"'n*P, ;(loglogn) ‘o
j=1

nS
log™ n

log’ n
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if we write
(4.3) Ps,j (X)

=> X () (;) (X = 1P, (X) - Py (X),

(r,k) Jit...tge=j+r

wherer + k 4+t = s.

The first sum runs through the vectarsk) (r > 0, k > 0, r + k €
{0,1,...,s — 1}), such that the set of vecto(g,, j, ..., j:) whose coordi-
nates are positive integers which satigfy+ j» + - - - + j. = j + r is nonempty.
The second sum runs through the former nonempty set of vegiors, . . . , j:)
(this set depends on the vectork)).

If m = 0 we obtain §.2).

Let us consider a vectdr, k). The degree of each polynomial

() (1) - 00 P )

isj + r + k. Hence the degree of the polynomial

@y > () ( . )

Jitgattie=g+r

X (X - 1)kP]1(X) ’ PJQ(X)PJt<X)

does not exceegl+ r + k. Sincer + k € {0,1,...,s — 1}, the greatest degree
of the polynomials4.4) does not exceeg@l+ s — 1. On the other hand, in}(3)
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there ares polynomials ¢.4) of degreej + s — 1. Since in this case= 1, these
s polynomials are

() () DR ks

r

and their sum is

@5 Y v (%) (,277 ) -nipn

=> v

r

—_

S

) (5= P)(X = 177 Py ().

r

Il
o

Since the leading coefficient of the polynomig),,(X) is ]ﬁ the leading
coefficient of the polynomial4.5) will be

- ()3 ey

Hence the degree of the polynomidl3) is j + s — 1 and its leading coefficient
IS (”—1,1) The theorem is thus proved. O

5 n
log"n )’

—_

S—

I
o

T

Examples.

I=InP;(loglogn
]( g log )+

(—1
tl’n:nlogn—i-nloglogn—n—l—z( ) Z
o log’ n
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tyn = n?log?n + 2n*log nloglogn — 2n*logn + n?(loglog n)?

< (—1)7"'n?P, (log] 2
_3n2+z( ) "'n 2,J(Og0gn)+o< n )
j=1

log’ n log" n

Corollary 4.2. The sequences,, andp; (s > 1) have the same asymptotic
expansion, namelyt(l).

Note. G. Mincu [?] proved Theoren3.1and Theorend.1whens = 2.
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