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Abstract

Let f be a non-negative function on R", which is radially monotone (0 < f | 7).
For 1 < p < o0, ¢ > 0 and v a weight function, an equivalent expression for

Jan f9

sup————7
»

£ (fon f70)

is proved as a generalization of the usual Sawyer duality principle. Some appli-
cations involving boundedness of certain integral operators are also given.
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An explicit duality principle for positive decreasing functions of one variable
was proved by E. Sawyer iri], and also some applications are well-known.
Here we also refer to the useful proof and ideas concerning this principle pre-
sented by V. Stepanov iY]. See also ] and the proof and comments given
there. Moreover, it is natural to look for extensions to functions of several vari-
ables. Such generalizations were recently obtained]inf¥] and [3]. To be
able to describe some of these generalizations we require some notations: We o

A Sawyer Duality Principle for

write Radially Monotone Functions in
n __ R R"™
R™ = {(x1,29,...,2,) :i=1,2,...,n}

andR! = R. If f : R* — R is decreasing (increasing) separately in each S 8arza Meria Jonansson
variable we write) < f | (0 < f 1). Aset D C R" is said to be decreasing if
its characteristic function p is decreasing, and clearlyf< » | and ¢ > 0,

then the seD),; = {z € R" : h(x) >t} is decreasing. Fal < ¢ < p < oo, Title Page
L =1 -1 itwas shown in{] that P
1 44 44
qU q
(2.1) sup M < >
0<fl Py ) P
s £70) ) Go Back
1 r _r P
nt)? > ! g Close
~ M + sup / / ul d / v ,
(fnv)? 0shl \Jo \JDp, D Quit
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whereu andv are weights, i.e. positive and locally integrable functionsRén
For the cas® < p < g < oo C.f. [7].
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If ¢ =1<p<ooandu =g > 0, then (L.1) with n = 1 is a variant of the
duality theorem given ind] (c.f. also []).

An explicit form of (1.1) for n € Z, was given in [] for g = u, but only
whenv is of product type, that is weights of the fornix) = v (x1, 2o, ..., z,) =
vy (z1)vg (22) - vn (), v; > 0,0 =1,2,...,n.

We say thatf : R” — R is a radially decreasing (increasing) function if

f(x) = f(y) when|z| = |y| and f (z) > f (y) (f () < [ (y)) when|z] < |y
and we writef | randf T r, respectively (see alsa]for further explanations

and applications of these notions). A Sawyer Duality Principle for
In this paper we prove a duality formula of the typelj for radially de- Rl e H s

creasing functions and with general weights (see Theddjn We also state

the corresponding result for radially increasing functions (see TheGr&n

In particular, these results imply that we can describe mapping properties of
operators defined on the cone of such monotone functions between weighted
Lebesgue spaces. Moreover, we point out that these results can also be used
to describe mapping properties between some corresponding general weighted Contents
multidimensional Lebesgue spaces (see Thediéhand c.f. also ] for the «“ b
casen = 1). We illustrate this useful technique for the identity operator (see

Corollary4.2) and for the Hardy integral operator over thxelimensional sphere < 4
(see Corollaryt.4).

Sorina Barza, Maria Johansson
and Lars-Erik Persson

Title Page

The paper is organized as follows: In Sectibwe present some known and Go Back
easily derived results required in the proofs of our statements. The announced Close
duality theorems are stated and proved in Sechiofrinally, in Section4 the Quit
afore mentioned applications are given and also some further results and re- Page 4 of 31

marks.
Notations and convention$ hroughout this paper all functions are assumed
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to be measurable. Constants, denatetl ¢, are always positive and may be
different at different places. Moreoverc Z,,1 < p < oo, p’ = p%l (=00

if p=1), v (x) andu (x) are weights (positive and measurable function®oh
and

12 = L (R")

v

= {f : R" — R, measurable s.t(/ |f ()P v (x) dx)p < oo} :

n
A Sawyer Duality Principle for
Radially Monotone Functions in

Inequalities such a2(1) are interpreted to mean that if the right hand side is R™
finite, then so is the left hand side and the inequality holds. The syrmalfolf. Sorina Barza, Maria Johansson
(1.1D)) means that the quotient of the right and left hand sides is bounded from and Lars-Erik Persson
above and below by positive constants, while expressions sutiras= oo -0
are taken as zero. Other notations will be introduced when required. Title Page
Contents
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Consider the Hardy integral operatérof the form

(Hf) (x) = f(y)dy,

B(z)

whereB (z) is the ball inR™ centered at the origin and with radilug. We need
the following well-knownn-dimensional form of Hardy’s inequality (seg]]:

A Sawyer Duality Principle for

Theorem 2.1.LetW andU be weights oiR™ and1 < p < ¢ < oc. Radially Monotcigg Functions in
(l) The inequa”ty Sorina Barza, Maria Johansson
and Lars-Erik Persson
1
a a v
2.1 W dy | d < U(z)fP(x)d
ey ([ wa ([ o)) <o([ vore) e roge
holds forf > 0 if and only if Contents
. 1 <4 >
a 1= sup ( W(a:)da:) </ Ul_p/(x)dx) < 00 . < 4
a>0 \Jjz[>a le|<a
Go Back
Moreover, ifc is the smallest constant for which. () holds, then p—
a<c< aplﬁpé. Quit
Page 6 of 31
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(i) The inequality

ea ([ we ([ f(y)dy)qdasy

holds if and only if

A Sawyer Duality Principle for

1 Radially Monotone Functions in
7

1
q =
b :=sup W (z)dx / UP(2)de )| < 0. . .
a>0 |z|<a lz|>a Sorina Barza, Maria Johansson

and Lars-Erik Persson

Moreover, ifc is the smallest constant for which.p) holds, then

<<t 1 Title Page
c=oprp Contents
In particular we need the following special case of Theoaen(ii): <4< >
Lemma 2.2. Letv be a weight function” (x fB y)dy and1 < p < co. < >
Thenforf >0 Go Back
(2.3) / o(z) ( / f(y)dy)p de<p [ @)V (@) o) de Close
n R™\ B(x) R Quit
is satisfied. Page 7 of 31
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andq = p. Denote
(2.4) V() —/ s"tu(so)do,
Yn-1

whereY,,_; as usual denotes the unit spher&ih s € R. We note that

= ([ ““)d‘”); (/M ([, vww)
“pvie ([ ( [ ds) @
i@ ([ e ([eo) "
=swvh@ ([T ([ o) (L, etm) d’f) |
—swvi@f [7 ([ o)

oo ([ (G ([ wrae) ) )

1

(x)dx) '

<

|
~
=
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|~

<sup—1 vt (a) (/Oa U, (1) dt)

a>0 (p/ — 1);7’
1 1 1 1 1
=sup——Vr () VYV (o) = —— < 0.
>0 (pf = 1)¥" (p —1)¥
Therefore, by Theorem.1(ii), (2.3) holds with a constant < —1— (p’)ﬁ pr =
=17
p and the proof is complete. O] N
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In the sequel we sometimes delete the integration variable and writé.e.fig

instead of [, f (¢) g (z) dz when it cannot be misinterpreted. Moreover, as

usual,llg|l, = llgll;, = Jgn |9 ()| dz. Our main result in this section reads:

Theorem 3.1. Suppose that is a weight orR™ and1 < p < . If f is a pos-

itive radially decreasing function oR™ and g a positive measurable function

onR", then

(3.2) Cg) = Supr"—fgl ~ I+ I,
flr (fR" pr>P

where B
L= jvlly" llgll,

and

=

I = (/na(t)p’\/(t) ()dt)

with V' (t) = [, v () dz andG (t) = [, 9

Remark 1. Theoren.1for the casen = 1 is S|mply Theorem 1 in9]. How-
ever, our proof below is based on the techniqueSihdnd our investigation in
Sections.
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Proof. If f =¢ > 0, then

Jen 19
C'g) > su BT lglly _ 1.

Ol A L
Moreover, we use the test functigiz) = fmm‘ h(t)dt, whereh (t) > 0 (note
that f is radially decreasing), Lemnia2 and the usual duality id?-spaces to
find that

C(g) = sup Sz S 9@

0=/1 (fan fr(z)v () dx)

> sup Jgo (fwwl<\t| h(t) dtzg(:r) d l

h>0 (fRn (f\w|<\t| h(t) dt) v () d:v>p
= sup fRn h (t> fl:c|<|t‘ g (x) dxdt

0 (o (S p (1)) 0 (@) da:)é
1 Jan P Jjci 9

> —sup

P h>0 (o thpvlfp)%

Ly (] (0 -

v

SR
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To prove the upper bound @f (¢g) we use the monotonicity of. Sincef is

radially decreasing we have

/n 9f = / ng%
:/OOO /Enlf(x)g(x) Vix) (/B(m)v(t)dt) do
_ /n“(t) (/lxbltf(:z:)g(x) ﬁdw) dt

(3.2) < /nv(t)f(t) (/xbt'g(x) V1x>dx) dt.

To estimate the inner integral we defipe(s) andv, (s) analogously to4.4),

note thatl” (z) = V (|z|) and find that

/a:|>t| 1y iff) “
/: st /Enl g (so) v (150') dsdo
= /tl </2n1 s" g (s0) da) ﬁds

o 1
- /t| gn (8) V(s)ds
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A (et ([ ) o

< j/(;o@/owg” (2) dz+/|:o V21(S)vn (s) (/Ogn (2) dz) ds.

.

g

~
Kl K2

Hence the inner integral can be estimatediyy+ K- and by substituting this
into (3.2) and applying Holder's and Minkowski’'s inequalities we get

| so< [ pomie w0

: </R f) (/ (6, +K21)pf ) i
< (/nfpv)p (</an,v) v (/ Kg’v) ) |

Moreover,

1
o

(/HK{”U)” - </ (V(loo) /Ooogn(z)dz)p/v(x)dxy
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e

i ([ stison) ([ vi)

= lolly " llgll, = lolly g lglly = 11,
and, according to Lemma 2,
1

1
(L)
1 % = A Sawyer Duality Principle for
o s r Radially M Functions i
_ / / g " (S) / ( )dz ds v(t) dt adially onot?lgs unctions in
A\ VE(s) T

1 Sorina Barza, Maria Johansson
o and Lars-Erik Persson

00 o’ p’
= / (/ 80 (/ / g (26 dzd5) dcrds) v
R» ‘t| Yn—1 Yn—1

N Title Page
_ / (/ ‘;J )) / gy )dy) v (t) dt> Contents
"B 1 “ »»
<p ( < ) dt) =p'L. < >
R B(|zl)
Go Back
The upper bound af’ (¢) follows by combining the last estimates and the proof
is complete. O Close
Remark 2. According to our proof we see that the duality consténty) in ot
(3.1 can in fact be estimated in the following more precise way: Page 14 of 31

max (]1712) S C(g) S Il +p,]2.
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In particular we have the following useful information:

Corollary 3.2. Let the assumptions in Theorein be satisfied ang,,, v = cc.
Then

(33) ]2 S sup L/;Rw—fgl < pllg.

flr ( fRn fpv) ?

The proof above is self-contained and does not depend directly on the one-
dimensional result (only on our investigations in Sectiband similar argu-
ments as V.D. Stepanov used when he proved thecasel). Here we give
another shorter proof where we directly use the (Sawyer) one-dimensional re-
sult.

Proof. Make the following changes of variables
(3.4) t = so andx = yr,

wheres,y € (0,00) ando,7 € > . By using the fact thaf (so) = f (s)
sincef is radial, we get:

fRn fg B fooo fznfl f (so) g (so)s" tdods
(Jon fr0)7 (fooo fz fp SU) v (s0) Sn71d0d5> b
fo s)ds

Y

(2 ()7 s >ds)’1’
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and hence, by using the (Sawyer) one-dimensional result we find that

(3.5) ﬁz (/OmV(s)ds); (/OOOCNJ(s)ds>

Moreover,

f_(/jfznwsmdads) (/ [ st nlm)

w(fi Je, 9 wr)y ldey) .
+ v (so) 8" tdods
/0 <f0 fz Yy 1dey> /Z

:(/an()dt>p (/Rng()dt)

(3.6) N /ﬂ <fB(t) g9 () dm) )

’ (fB(t)v(x) dx)p

The proof follows by combining3.5) and (3.6).

~

n—1
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For completeness and later use in our applications we also state the corre-

sponding result for radially increasing functionsRn:

Theorem 3.3. Suppose that is a weight onR” and1 < p < oco. If fis a
positive radially increasing function dR™ andg a positive measurable function
onR", then

lﬂm:ij@ml%h+h
fir (fRn fpv)p
where »
L=l gl
and

1
Y

hz(/fhwﬂ%@pﬁ&ma :

with G (¢) = fR"\B(t) g (z)drandVy (t) = fR"\B(t) v (x)dx.

Proof. We now use Theorer.1 (i) (instead of (ii) as in the proof of Lemma
2.2) and obtain as in the proof o2 (3):

[ I wiy) dr<p [V @) 0

By using this estimate the proof follows similarly as the proof of Theogein
so we leave out the details. O

Remark 3. In fact, similar to Remark and Corollary3.2, we find that

max (I1,I3) < D(g) <L +p'I;
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and if, in addition to the assumptions in Theor8rf, [,, v = oo, then

I < sup M
I (f]R” fp“)

<p'I.

RS
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Let T" be an integral operator defined on the cone of functibnsR” — R,

which are radially decreasin@ < f | r) and letT* be the adjoint operator.

Then our results imply the following useful duality result:

Theorem 4.1.Letl < p, g < oo, u, v be weights ofR™ with fRn v (z)dr = oo.
Then the inequality

any ([ @) <o [ revwa)
n Rn
holds for all f | r if and only if

1

(4.2) ( L/ L T90) ) "y @y @ dx) "
<c ( / g (@ (@) dq;) v

holds for every positive measurable functipn

Proof. Assume first that4.1) holds for all0 < f | . Then, by using Corollary
3.2, duality and Holder’s inequality, we find that

/

/ " (/B@) g W) dy>p VT (2) v (z) de
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f]R” () dw

(fR fp )dx)
~ sup Jan Tf ( )d:c

(e 2) 0 () )
(Jon (Tf ()" u (2) de)

Q|

(oo (@0 (@)

< sup

1
flr (f fp (x ) ) P A Sawyer Duality Principle for
R™ L Radially Monotone Functions in
, ra R"™
_ q
=c x)ut” dx .
(/n g ( ) ( ) ) Sorina Barza, Maria Johansson

and Lars-Erik Persson

On the contrary assume thdt?) holds for allg > 0. Then, by using Corollary
3.2again, we have

1 Title Page
ve( [ ) ) ar)” —
n y 3 « ad
>p' </n (/B(z) T*g (t) dt) V7 (z)v (x) dx) < >
fRn (z) d:c  JuT f ( ) dz Go Back
( f]Rn ) da;) ( fRn dx) Close
for each fixed) < f | r. Therefore we have Quit
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where

b - JETRIC

(fee (g0 @) s

Since||h||,, = 1 we obtain ¢.1) by taking the supremum irt(3) and usual
duality in LP-spaces. ]

Remark 4. By modifying the proof above we see that a similar duality result

also holds for positive radially increasing functions In fact, in this case we 2 Sawer Dually Principle for
adially Monotone Functions in

just need to replac,, by [i., g,y ANAV (2) by Vi () =[5, g, v (2) dzin R™
(4.2). - |
orina Barza, Maria Johansson

. . . . . and Lars-Erik Persson
For example wheff’ is the identity operator we obtain the following:

Corollary 4.2. Let1 < p < g < o and suppose that, v are weights orR” Title Page
with [, v = oo andV (z fB Contents
a) The following conditions are equivalent: pp b
i) The inequality < >
L 1 Go Back
(4.4) </ fqu> <c (/ fpv>
- - Close
Quit

is satisfied for alb < f | r.
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i) The inequality

S

@5 ( [ ow W) VI @) dx) p
<¢ ( / g (@ (@) dx) v

holds for allg > 0.

ii) B )
sup (/B(a)v(x)dx) ’ (/B(a) u(x)dx) " <.

b) If Vi (x) = fRn\B(I) v (t) dt, then for0 < f 1 r (4.4) is equivalent to

</" (/Rn\B(I) 7 dy) p, Vi (@) v (2) dx> i

1
<o [ s @)
which in turn is equivalent to

1 1
sup (/ v(a:)da:) ’ (/ u(x)dx) ' <.
>0 \Jr"\B(a) R™\B(a)
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Proof. a) The equivalence of i) and ii) is just a special case of Theofein
Moreover, the fact that ii) and iii) are equivalent follows from Theoram(i)
with f replaced by, ¢ by p’, p by ¢, W by vV andU by «!~¢. In fact, then
(4.5 is equivalent to (note thdt — ¢) (1 — ¢') = 1)

1
I3

1 1 B 1
(L) ([ == (]
sup vV u| =sup-———5— u| < oo.
a>0 || >a |z|<a a>0 (p/ — ]_)F || <o

The proof of b) follows similarly by just using Remarkand Theoren®.1 A srnir RN PEls (7
(“) = Radially Monot(;}gs Functions in

Remark 5. The equivalence of i) and iii) can also be proved using the technique  Sorina Barza, Maria Johansson
from [2]. For the case; < p cf. also [3]. and Lars-Erik persson

The next result concerns the multidimensional Hardy operator, defined on

. . . Title Page
the cone of radially decreasing functionsRA.
.. . Contents
Proposition 4.3. Let1 < p < ¢ < oo and suppose that andv are weights
onR™ with [, v = oo andV (z) = [y v(z)dz. If 0 < f is a radially A 4
decreasing function ifR", then < >
‘ . ’ Go Back
@) ([ ([ fww) i) <o [ pepe
n B(z) R Close
is satisfied if and only if the following conditions hold: Quit
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and

(4.8) ililg (/B(a) |B (z)[" V7P (z)v (2) dx) (/R"\B(a) u(a:)dx) < 0.

Here, as usual B (x)| denotes the Lebesgue measure of the ball with center
at0 and with radiugz|.

% e

Remark 6. For the casen = 1 this result is due to V. Stepanov (se#, [Theo-
rem 2).

Propositiord.3 can be proved by using the method of reduction to the one-
dimensional case but here we present an independent proof:

Proof. SinceT f (z fB t) dt its conjugatel™ is defined byT™*g (z) =
fRn\B(@ (1) dt. Assume flrst thaté(.?) and ¢.8) hold. We note that, according

to Theoremd.1, (4.6) for 0 < f | r is equivalent to4.2) for arbitraryg > 0.
Moreover, to be able to characterize weights for whi€R)(is satisfied, we first

compute:
L(z) Ty = / (/|y>|z < )dy) o
/ (/H / tédédt)d
:/B@(/m n()dt)dz
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_ /0 " /Z e ( / T () dt) dods
iz ( /0 " ( / o) dt) ds + /O : /| ) dtds)
_ |zn_1|/0|x| (/Ots”_lds) o () dt+|2n_1|/0|x ds/|:|ogn (t) dt
:/Om (/2 ) da/ot s"lals/Z ) t" g (t5) d5> dt

+ (/le /Enl dads) Ajo /Enlt”—lg (t0) dédt

=/ |B(y)|g(y)dy + |B () g(y)dy
JB(a) PN R™\|B(z)] ,

]1 12

This means that(6) holds if and only if

1
Y

(4.9) ( / (h(2) + 1y (@) V' (2) v (z) d:c)

<c ( / o7 @)U (@) dm) "

Moreover, by Theoren2.1 (i) with ¢ replaced by’ andp replaced by, we
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have

Y

(4.10) ( / (L@ V@) d:zc)

q’u@)liq/ g
<ec B (x T ——dx
< (/nu @lo @) )

1
7

. </ng<x)<fu<x)1—¢ da;) "

which holds because, according tb7%),

-7’ 4
sup (/ v () (/ v (y) dy) d:c)
>0 \ JR" B(a) B()
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Similarly, according to Theorera. 1 (ii),

(4.11) ( / L@V (@)@ d:z:) ’

1

) (/RH\B(O‘) (lB @ ]R”\B(x)g(y) dy> ’ V¥ () () dx> p,

(o o)

m\‘,_.

because

sup ( /B L @ V7 () (z) d:c) ’ ( /R e dq:); < oo

which holds by 4.8). Thus by using4.9), Minkowski’s inequality and4.10 —
(4.11) we see that4.6) holds.
Now assume that}(6) holds, i.e., that4.9) holds. Then, in particular,

1
7

(4.12) ( / L@V (@)@ d:c) 7 < / g (@) (@) dx) q

and by using Theorerf.1 (i) and arguing as above, we find th&t?) holds.
Moreover, ¢.12) holds also withl; replaced byl so that, by using Theorem
2.1(ii) and again arguing as in the sufficiency part, we see th&j bolds. The
proof is complete. H
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Remark 7. For the case when the weights are also radially decreasing or in-
creasing some of our results can be written in a more suitable form. Here we

only state the following consequence of Propositah

Corollary 4.4. Let1 < p < ¢ < oo and let f (z) be positive and radially
decreasing irR™. Then the Hardy inequality

(L (st fy, 1 0m) 1o tw) <o romera)

holdsifandonlyi-1 <a<p—-1,-1<b<qg—1and

a—i—l_b—i—l
p q

(4.13)

Proof. Apply Propositiord.3with v (z) = | B (z)|* andu (z) = |B (z)|". We
note that some straightforward calculations give

1 1
(4.14) (/ v (x) dx) ’ (/ u () dx) T A
B(a) B(a)

whenevewr > —1,b > —1 and

1 1
7

(4.15) ( /B L @) V7 (2) () dx) ’ ( /R - u(x)dx) q

a,nfa,npl+n+ bn—ng+n
~ »’ q

= an(i p ' q
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whenever < p — 1 andb < ¢ — 1.

Moreover, according to the estimatesi(4) and @.15 the condition ¢.13
(and only this) gives a finite supremum. The proof is complete. O

Remark 8. Itis easy to see that TheoréiriLalso holds ifR" is replaced byR”

or even some more general conéli. Therefore, by modifying our proofs, we
see that all our results in this chapter indeed hold also wRéns replaced by
R” or even general cones IR" as defined in{].
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