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Abstract: Upper estimates for the order of Gateaux smoothness of bump functions in ufl Screen
Orlicz-Lorentz spaced(w, M, T'), I uncountable, are obtained. The best pos- Cl
sible order of Gateaux differentiability in the class of all equivalent norms in ose
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1. Introduction

The existence of higher order Fréchet smooth norms and bump functions and its
impact on the geometrical properties of a Banach space have been subject to many
investigations beginning with the classical result fgr-spaces inf] and [6]. An
extensive study and bibliography may be found 2h [As any negative result on

the existence of Gateaux smooth bump functions immediately applies to the prob-
lem of existence of Fréchet smooth bump functions and norms, the question arises
of estimating the best possible order of Gateaux smoothness of bump functions in a
given Banach space. A variational technique (the Ekeland variational principle) was
applied in P] to show that in/; (I"), T" uncountable, there is no continuous Gateaux
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differentiable bump function. Following the same idea and using Stegall’s varia- Title Page
tional principle, an extension of this result to Banach spaces with uncountable un-

conditional basis was given id]Jand to Banach spaces with uncountable symmetric Gz
basis in P]. As an application in4] it was shown that irf,(I"), I" uncountable, there <« by
IS no continuoug—-times Gateaux differentiable bump function whers odd and

there is no continuougp| + 1)-times Gateaux differentiable bump function in the < >

casep ¢ N. This is essentially different from the cas€N), p-odd, where equivalent

p—times Gateaux differentiable and even uniformly Gateaux differentiable norms are
constructed (se€el]] and [8] respectively). As examples of the main result 8, [ Go Back
Orlicz ¢,,(T") and Lorentzi(w, p,T"), I" uncountable are considered and estimates
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for the order of Gateaux smoothness of bump functions are obtained. Recently a Full Screen

deep result on embedding 6f spaces in Orlicz—Lorentz sequence spakés, M ) Close

have been found ing]. It is shown there that, — dy(w, M) iff £, — hy, iff

p € |au, Bu]. From this result naturally arises the question of finding upper es- journal of inequalities
timates for the order of Gateaux smoothness of bump functions in Orlicz—Lorentz ~ in pure and applied
spaces. mathematics

It is worthwhile to mention that results about differentiability of bump functions }3S0iLS ok
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in £,(I") cannot be used directly fdy,(I') andd(w, p,T'). Indeed, in ] it is proved

that/,(A) is isomorphic to a subspace dfw, p, I') iff A is countable. On the other

hand/,,(T") for M = t?(1 + |logt|)? at zerop > 1, ¢ # 0, contains an isomorphic
copy of/,(A) iff A is countable. The problem of embeddifjgA) or ¢,,(A) into
d(w, M, T), T" uncountable is open.

In this note we give one new application of the main result9)fifi Orlicz—

Lorentz spaceg(w, M, T"), I" uncountable for finding upper estimates for the order

of Gateaux smoothness of bump functions.
Let U be an open set in a Banach spaceand letf : U — R be continuous.
Following [4] we shall say thaf is G&k—smoothk € Nin U for somew : (0, 1] —

R*, lim;_ot*w(t) = 0 if forany x € U, y € X the representation holds

ko

fla+ty) = fl@)+ ) SO @) + Bi(r,9,1),

i=1

where f), i = 1,2,... k are i-linear bounded symmetric forms oK and

. |RE ol
lim =Cr— = 0.

If U = X we use the notatio,  , instead ofG?, ,(X) andGy, k € N for
the set of all continuous—times Gatéaux differentiab e functions &n for which
limy_o |R(z,y,t)]/]t|* = 0. We say that the norrff - || in X is k—times Gateaux
differentiable if it is from the clasé&, (X \{0}).
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2. Preliminaries

We use the standard Banach space terminology fridmLllet us recall that an Or-
licz function M is an even, continuous, non-decreasing convex function such that
M(0) = 0 andlim; ., M(t) = co. We say thatM/ is a non-degenerate Orlicz
function if M (t) > 0 for everyt > 0.

A weight sequencev = {w, }>, is a positive decreasing sequence such that
w; = 1 andlim,, .., W(n) = oo, whereW (n) = > ", w;, for anyn € N.

The Orlicz—Lorentz spacé&(w, M, T) is the space of all real functions= z(«)
defined on the sdt, for which

I(\x) —sup{ZwZ Az () }<oo

for some\ > 0, where the supremum is taken over all sequetiags?, of different

elements o". There exists a sequende;}°,, such thaz(af)| > |z(ad)| >
> x(al)] = -, lim o z(a) = 0, |z(a®)| = 0if @ # «of fori € N and

IA\x) => 2, wiM()\x( ). The spacel(w M, T), equipped with the Luxemburg

norm: .
=i : — ) <
| z|| 1nf{/\>0 ](/\> _1}
is a Banach space.

By supp = we denote the sdiv € T' : z(a) # 0}.

The symbok., v € T will stand for the unit vectors.

If M(u) =uP,1 < p < oothend(w, M,T) is the Lorentz spacé(w,p,T"). If
w; = 1 for everyi € N thend(w, M, T) is the Orlicz spacé,,(T"). In this case we
use the notatiori(x) = ]\7(:1:)
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To every Orlicz functionV the following numbers are associated:

{ 50 M (uv) _ }
ap = su ©osup ———4% <00y,
M P o<u,f§1 uP M (v)

M
BM:inf{q>O: inf M>O}.

0<u,w<1 ut M (v)

We consider only spaces generated by an Orlicz functibsatisfying theA,—
condition at zero, i.e 5, < oo, which implies of course that

(2.1) M(uwv) > u'M(v), u,v € [0,1]

for someq > [y (see []).

Finally we mention that the unit vectofs:, },cr form a symmetric basis of
d(w, M, T") with symmetric constarit, which is boundedly complet&], [7].

For a functiory : (0, 1] — R* denote:

M (uv)
g9(u)M(v)

Let us recall a well known definition. Let have symmetric basi&., },r with
a symmetric constaritand letz € X, z # 0, z = > .o, we,, v # v, fori # j.
A sequencezi 132, 2k = Yoy UiCa,,» Qig 7 oy for (i, k) # (4,1), azp € T is
called a block basis generated by the veetor

dy(g) = Sup{ u,v € (0, 1]} .

We will apply a general result for upper estimates for the order of Gateaux smooth-
ness of bump functions in a Banach space with a symmetric, boundedly complete

basis with a symmetric constahtobtained in 9].
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Theorem 2.1.[9] Let X be a Banach space, I¢t., }.cr, iI' > 8, be a symmetric,
boundedly complete basis X with a symmetric constartand let:

n

P

j=1

lim n_% =0

n—oo

for everyz € X.
Letw : [0,1] — R be such that for every € X there existy € X, suppy N
suppz = () and a sequencg, \, 0, which satisfy the inequality

[l +tuyll — [l = witn), neN.
Then inX there is no continuous:
(i) G2, ,—smooth bump when(t) = o(t");
(i) G? ,.,—smooth bump when(t) = o(t**!), k—even;
(i) k—times Gateaux differentiable bumpift) = t*;

iv) (k + 1)—times Gateaux differentiable bump.ift) = t*+!, k—even.
(iv) ( o
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3. Main Result

Theorem 3.1.Let M be an Orlicz function. Iff is a continuousi—times Gateaux
differentiable bump function id(w, M, T'), then

[OCM], dM<t[aM]> < 0
k< By =

— QN —
Qv 17 Qp € Nv dM(t ) = 0. Gateaux Differentiability
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4. Auxiliary Lemmas

To apply Theoren2.1for d(w, M,T') we need the following lemmas.

Lemma 4.1. Letp > 1 and letM be an Orlicz function satisfying the conditions
lim;_.o Mtp = 0, dy(t") = ¢ < oco. Then every block basig;}32, of the unit
vector baS|§€7}76[‘ in d(w, M,T"), generated by one vector, satlsfles

n
2%
j=1

Proof. Let z = > .7, we,, € d(w, M,T). Let{e;;}2,, j € N be disjoint subsets
of {e,},er. Then we define; = >0 we;;. Let u(t) = Mtff). It follows that

limyou(t) = 0 andu(ty) < cu(te) for every0 < t; < ty < 1. Let A\, (2) =
> i1 %~ Then

1

lim n r =0.
n—oo

Z Z ij(u:-‘).

=1 j=n(i—1)+
For everys > 0 there existsn € N such that

i=m+1 j=n(i—1)+1

. 5
w;M(uf) < %

By the definition of the function it follows that

> 3 “’j'“?'p“(ux o) = It Yoy ij(HAugz)n)

i=1 j=n(i—1)+ i=1 j=n(i—1)+
= A",
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Using the inequality

1—1(HA ) > v ij<||>\ ) Zwﬂ (HA )||)

=1 j=n(i—1)+

we get thatim,, .., ||M\.(2)]|7! = 0.
For everym € N we have

DS wj|:ﬂp“(|u:gz>n)Swﬁwimwni'““”‘(uAu(z)n)

=1 j=n(i—1)+ i=1

Becauséim;_ ... w; = 0 it follows that for everye > 0 and everyn € N there exists
N € N such that for any: > N holds

> 3 wﬂsﬂp“(nA%u) y

=1 j=n(i—1)+

On the other hand for alt € N such that|\,(z)||~! < 1 we can write the chain of
inequalities

>y wﬂ‘ff"’u(um) SIS —wj';;?mun

i=m+1 j=n(i—1)+1 1=m+1 j=n(i— 1)

m+1 j=n(i—1)+1

’L

€
< —.

2n
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Therefore for every > 0 andn > N we have

HA Z Z wj|uy|? uj <ELf .,
n P\ wel) =2 2

=1 j=n(i—1)+

and thus

n

2

j=1

_1
lim zjlln» =0

n—oo

]

Lemma4.2.Letdy (w) = oo thenforany: € d(w, M, T') there exisy € d(w, M,T")
with supp ¥ Nsupp z = ) and a sequencg, \, 0 such that

(4.1) [+ tayll = 2] + cw(tn)
for some constant > 0 and anyn € N.

Proof. We note first that
t
limint “8 — o,
t—0 t
If = = 0, choose sequendg \, 0 such thatim,, ., w(t,)/t, = 0. Then ¢.1) holds
trivially for any y # 0 with ¢ = ||y|| > 0.
WLOG suppose that/ (1) =
Fix an arbitraryz = > > x,e,, € d(w, M,T') and||z|| = 1. Just for simplicity
of notation we will assume that| > |z3| > -+ > |z, > -
We will choose sequences ~\, 0 andv,, \, 0 inductively:

1.t1:U1:U1:1,/€0:0,]€1:1.
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2. Findky > kq, ko € N such that

1 M(tiv

I~k < M(Ul) and M(l‘,) < M

2 Zj:k1+1 w] 2
fori > ks.
Findt, < tq, v, < vy such that

Gateaux Differentiability
Mt 1
(]\2/;)2) > 22 and M(UQ) < 5 - ) . B. Zlatanov
w(ta) M (vq) 2 Zj:k1+1 w; vol. 8, iss. 4, art. 113, 2007

3. Find k3 > ks, k3 € N such that

Title Page
1 M(t
o < M(vy) and M(z;) < M(tyvs) Contents
2 Zj:k2+1 wj 2
44 44
fori > ks.
_ < >
Findts < ty, v3 < vy Such that
M(t ) ) Page 12 of 18
3U3 3
————>2" and M(vz) < ————.
w(ts) M (vs) 923 Z;?ikgﬂ w; Go Back
Full S
If we have chosen,_, v,,_; andk,,_; then o Sereen
. Close
4. Findk,, > k,_1, k, € N such that
M(t,_qv,_ journal of inequalities
- < M(v,—1) and M(x;) < (bn10n1) in pure and applied
2y e 1 W) 2 mathematics

. issn: 1443-575k
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Findt, < t,,_1, v, < v,_1 Such that

M (t,v,)
w(tn) M (vy)

1
on Y e w;
j:kn—l"l‘l J

For a sequencgA,, }22 ; of finite disjoint subsets df, such thatd,,Nsupp = = 0,
1A, =k, — k,_1, put

>2" and M(v,) <

Y=t ¥ e, and y=> y,
YEAy n=1
Obviously
[e'e) kn
Iy) = w; M (vy)
n=1 j=ky_1+1
oo kn
=w M(vy) + Z M (vy,) Z w;j
n=2 Jj=kn—1+1
<1+ S <
a n=2 2n -

which ensureg € d(w, M,T'). We havesupp (z + t,,y) = supp « U (U2, A,,) for
anyt # 0 and therefore

4.2) I(z+ty) —I(z) > (x+tyy,) — I(x)

kn+1 kn+2
2 Z w; M (z;) + Z w; M (t,vn)
j=1 =kn 141
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oo oo
+ Z wJM Ljtkni1— kn+2 ij
J=knt2+1 j=1
knt2 knt2
M(t,v,) Z w; — Z w; M (x;)
j=knt1+1 Jj=knt1+1
oo
S (M@ ) — M(2))
J=knt2+1
1 paS
> —M(t,v,) Z w;
2 j=kn41+1
Koo
> =2"w(t,) M (vy,) Z w;
j=knt1+1

> on 1(() > .
- (tn) 2n 1 7‘ r(’l}n 1) - l

Remove as many elements of the sequdngg>® , as necessary to obtain
0<d,=|z+tyl|-1<1

and keep the same notation for the remaining sequence. Rawrfiplies

T+ tay
(4.3) I(x+t,y) —I(x :]<m—|—tny —)—
(@ 1) = 1) = 1 (o + b

<z + tay[|” =1
= (1+dn)? = 1< q2"'dy,

M (z;)
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for someq > ;.
Combining ¢.2) and {¢.3), we obtain

[+ tnyll = 1> cw(tn),

_ 1
WheI’EC = W.

€T

Tol — tn¥

‘ — 1> cw(t,). Obviously fory = ||z||y we have

[z + tnyll = [lz]] = cllz]lw(tn).

Now let x # 0 be arbitrary. Findy such thatsupp 7 N supp z = () and
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5. Gateaux Differentiability of Bumpsin d(w, M,T") andd(w, p,T')

Theorem 5.1. Let M be an Orlicz function and : (0,1] — R*, dy(w) = 0.

(i) If apr € N then there is no continuoug®

w,[aM]—Smooth bump function in
d(w, M,T);

(i) If o € Nthen there is no continuous), , —smooth bump function, provided
dy(t*¥) < oo in d(w,M,T) and there is no continuous?, , _,—smooth
bump function, provided,,(t**) = oo in d(w, M, T).

Proof. The proof in all cases is straightforward, applying Leminefor appropriate
p, Lemma4.2and Theoren?. L H

Proof of Theoren®.1. The proof in the two cases is straightforward, applying The-
orems5. L 0

It is well known that in a Banach spacé a norm of some order of smoothness
generates a bump function with the same order of smoothness (sef] e ihefefore
the next corollary is a direct consequence of Theokem

Corollary 5.2. Let M be an Orlicz function. Iff - | is an equivalent norm in
d(w, M, T), which isk—times Gateaux differentiable thén< E,,.

As a consequence of Theoréni and Theoren3.1we getforM (t) =", p > 1
the results fromg].

Corollary 5.3 ([9, Theorem 3]). Letp > 1, w, \, 0, > 7w, = oo andw :
(0,1] — R* be such that(t) = o(t?). Then there is no continuo@g@]—smooth
bump function ini(w, p,T).
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Proof. Indeed in this case,, = p andd»(w) = co. If p ¢ N then by Theoren®.1
i), it follows that there is no continuomﬁg’[p]—smooth bump id(w, M,T). If p e N

thend (t”) = 1 < oo and by Theorens.1ii), there is no continuou&’, ,—~smooth
bump ind(w, M, T). O
Corollary 5.4 ([9, Corollary 2]). Letp > 1, w, \, 0, > >, w, = co. If fisa
continuousi—times Gateaux differentiable bump functiodj, p, I'), thenk < [p].

Proof. In this case it is obvious thak, (")) < co andd (#?) < oc. Therefore by
Theorem3.1it follows thatk < [p]. O
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